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Abstract 


This  dissertation  investigates  the  behavior  of  finite  difference  models  of  linear  hy¬ 
perbolic  partial  differential  equations.  Whereas  a  hyperbolic  equation  is  nondispcrsive 
and  nondissipative,  difference  models  are  invariably  dispersive,  and  often  dissipative 
too.  We  set  about  analyzing  them  by  means  of  existing  techniques  from  the  theory 
of  dispersive' wave  propagation,  making  extensive  use  in  particular  of  the  concept  of 
group  velocity,  the  velocity  at  which  energy  propagates. 

The  first  three  chapters  present  a  general  analysis  of  wave  propagation  in  differ¬ 
ence  models.  We  describe  systematically  the  effects  of  dispersion  on  numerical  errors, 
for  both  smooth  and  parasitic  waves.  The  reflection  and  transmission  of  waves  at 
boundaries  and  interfaces  are  then  studied  at  length.  The  key  point  for  this  is  a 
distinction  introduced  here  between  leftgoing  and  rightgoing  signals,  which  is  based 
not  on  the  characteristics  of  the  original  equation,  but  on  the  group  velocities  of  the 
numerical  model. 

The  last  three  chapters  examine  stability  for  finite  difference  models  of  initial 
boundary  value  prohlems.^Wc  show  that  the  abstract  stability  criterion  of  Gustafsson, 
Kreiss,  and  Sundstrom  (Gj£S)  is  equivalent  to  the  condition  that  the  boundary  permit 
no  rightgoing  signals  in  the  absence  of  ieftgoing  ones.  Wave  propagation  arguments 
yield  a  proof  that  for  the  typical  instability  of  “strictly  rightgoing”  type,  one  has 
unstable  growth  in  the  ti  norm,  not  just  in  the  complicated  GKS  norm.  We  prove 
that  this  growth  is  at  least  proportional  to  the  number  of  time  steps  n  for  models 
driven  by  boundary  data,  and  to  y/n  for  models  driven  by  initial  data. 

We  show  further  that  most  GKS-unstable  boundaries  exhibit  infinite  reflection 
coefficients,  which  gives  an  alternative  explanation  of  instability  with  respect  to  initial 
data.  We  conjecture  that  when  an  infinite  reflection  coefficient  is  present,  the  unstable 
growth  rate  increases  from  y/n  to  n. 

Throughout  the  dissertation,  wave  propagation  ideas  arc  also  applied  to  various 
more  specialized  stability  problems.  Wc  identify  new  classes  or  unstable  formulas, 
including  some  in  two  space  dimensions;  derive  new  results  relating  stability  to 
dissipativity;  give  new  estimates  on  unstable  growth  for  problems  with  two  boundaries 
or  interfaces;  examine  borderline  cases  that  arc  GKS-unstable  but  ^-stable  or  nearly 
so;  and  present  an  explanation  based  on  dispersion  for  known  results  on  instability  in 
I,p  norma. 
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0.  INTRODUCTION 


0.1  Purpose 

Many  problem*  of  physics  ud  engineering  take  the  form  of  kyporioH e  systems 
of  pertiei  different**!  ey—tion*  (Cottj.  Some  examples  of  Adds  in  whteh  theee  equa- 
tiona  are  important  are  fluid  mechanic*  (weather  prediction,  aircraft  and  turbine 
design,  oceanography...),  geophysics  (earth  modeling,  petroleum  prospecting...), 
magnetohyd rody namlcs,  elasticity,  and  acoustics.  In  most  instances  there  is  no  hope 
of  obtaining  analytical  solutions,  and  one  must  resort  to  numerical  approximations. 
Or  these  the  most  important  are  the  finite  difference  model*,  based  on  the  idea  of 
approximating  partial  derivatives  by  discrete  differences. 

An  irony  of  the  finite  difference  procees,  as  b  well  known,  b  that  the  detailed 
behavior  of  Gnite  difference  formulae  b  generally  a  good  deal  more  complicated  than 
that  of  the  differential  equations  they  model.  For  the  moet  part  thb  b  not  a  problem, 
because  the  nonphysical  detail*  are  unimportant  so  long  as  the  numerical  solution 
converges  to  the  correct  physical  result  when  the  grid  b  refined.  Thb  convergence 
will  normally  take  place  provided  that  the  difference  model  b  censtsfeni  and  iteble 
[Ri07,Gu75|.  Therefore  the  analysis  of  the  behavior  of  difference  models  traditionally 
reduces  to  erttmating  truncation  cnors  by  Taylor  expansions,  in  order  to  determine 
consistency  and  asymptotic  accuracy;  and  to  some  kind  of  investigation  of  stability. 
Of  these  the  stability  analysb  b  the  much  more  difficult  task. 

To  check  for  stability  in  the  ease  of  linear  problems  with  smooth  coefficients 
and  no  boundaries,  it  b  essentially  enough  to  make  sure  that  the  difference  formula 
admits  no  exponentially  growing  Fourier  modes  [Ri67,Th69).  But  for  problem*  with 
boundaries,  as  are  almost  always  present  in  practice,  the  question  becomes  more 
difficult.  One  can  still  push  through  an  analysb  based  on  an  extended  notion  of 
"growing  modem,"  but  it  b  not  straightforward.  A  general  theory  of  thb  kind  was 
developed  by  Krebs  and  colleagues  a  decade  ago  and  was  reported  la  an  important 


paper  of  Gustateon,  Krebs,  and  Sundatrdm^hcnccforth  “GKS" — in  1973  (Cu73). 
(See  also  (Co80,Gu75,Kr71,Mifll).)  Thb  theory  is  powerful,  but  mathematically  and 
ronccptuaily  difficult.  The  proofs  involved  are  obscure  enough  that  it  b  fair  to  my 
that  moat  people  apply  the  GKS  results  without  understanding  them. 

Thb  diaeertation  develops  the  view  that  a  finite  difference  model  b  not  just  a 
mathematical  corruption  of  an  ideal  problem,  but  a  physical  medium  of  a  different 
kind  with  analysable  properties  of  its  own.  Finite  difference  modeb  de  not  ex¬ 
hibit  the  characteristic  features  of  hyper  bolldty,  such  aa  I  site  speed  of  propagation. 
Instead,  they  act  aa  duperems  modi a,  a  subject  about  which  a  great  deal  b  known 
|BrgO,Li78,Wh74).  Wave  propagation  in  such  media  b  characterised  by  dispersion  of 
different  frequencies  and  by  energy  propagation  at  a  frequency-dependent  speed  called 
the  group  velocity.  Theee  effects  depend  on  the  interference  of  distinct  frequency 
components,  and  therefore  represent  a  step  beyond  the  superposition  of  individual 
Fourier  modes.  Our  contention  b  that  dbpartive  wave  propagation  phenomena  are 
the  essential  feature  underlying  much  of  the  more  subtle  behavior  of  difference  modele. 
In  particular,  the  CKS  stability  theory  has  a  simple  physical  explanation  in  terms  of 
group  velocity. 

Our  interpretation  of  the  main  GKS  result  runs  roughly  as  follow*.  Let  a 
difference  model  for  an  initial  boundary  value  problem  be  applied  with  homogeneous 
boundary  data-  To  be  stable,  the  model  must  admit  no  solutions  that  grow  exponen¬ 
tially  in  the  number  of  time  steps  (a  result  first  exploited  by  Godunov  and  Ryabenkii 
[Ri67]).  But  in  addition,  it  must  admit  no  solutions  consisting  of  a  collection  of 
waves  radiating  from  the  boundary  into  the  interior.  Such  waves  might  be  physics/ 
(i.e.  smooth,  close  to  waves  admitted  by  the  differential  equation),  or  parasitic  (not 
smooth),  but  this  distinction  does  not  appear  in  the  analytic.  For  a  wave  to  propagate 
"into  the  interior"  means,  in  the  case  of  a  boundary  at  the  left  of  a  region,  for  it  to 
have  a  positive  group  velocity. 

The  analysb  also  makes  no  explicit  distinction  between  dissipative  and  nondb- 
ripative  difference  formulas.  Distipativity,  however,  guarantees  a  priori  that  meet 
wavelike  modes  cannot  occur,  and  this  limit*  the  range  of  potential  radiating  solutions 
that  muat  be  investigated  in  checking  for  stability. 

Thus  wc  show  that  instability  for  initial  boundary  value  problems  b  a  kind  of 
resonance  phenomenon,  in  which  tome  energy- radiating  solution  can  oscillate  con¬ 
tinually  at  the  boundary  without  being  continually  forced  by  inhomogeneous 


boundary  data  or  by  signals  hilling  the  boundary  from  the  interior.  The  ques¬ 
tion  arises  as  lo  the  extent  to  which  such  resonance  will  be  excited  by  rounding 
errors,  truncation  errors,  or  other  data.  Regarding  stimulation  by  boundary  data, 
we  conclude  that  the  eso nance  will  in  genera)  always  be  excited.  But  for  stimulated 
resonance  by  initial  or  field  data,  the  matter  or  reflection  coefficient  becomes  impor¬ 
tant.  Indeed  one  Purpose  of  this  dissertation  is  to  demonstrate  how  closely  stability 
for  initial  boundary  value  problems  is  tied,  both  formally  and  physically,  to  reflection 
phenomena.  We  show  that  the  “standard"  GKS- instability  is  characterised  by  infinite 
reflection  coefficients,  leading  to  great  sensitivity  of  the  solution  to  energy  hitting  the 
boundary,  but  that  there  are  realistic  borderline  cases  with  finite  or  sero  reflection 
coefficients,  and  in  these  the  instability  is  not  so  cssily  excited. 


Several  difficulties  have  inhibited  the  theoretical  and  practical  application  of 
the  GKS  theory.  One,  as  mentioned  above,  is  that  the  mathematics  involved  is 
complicated  and  not  clearly  motivated.  We  hope  that  the  wave  propagation  point  of 
view  can  remove  tome  of  this  mystery.  A  second  is  that  the  GKS  stability  definition  is 
complicated  and  unnatural — it  gives  estimates  in  a  norm  that  one  would  not  normally 
be  interested  in.  We  will  show  that  the  group  velocity  analysis  allows  one  to  derive 
estimates  for  most  unstable  cases  in  the  simpler  f,  norm.  How  best  to  measure 
stability  for  models  of  initial  boundary  value  problems  is  however  a  complicated 
question,  W  which  there  is  no  universal  answer,  and  wc  will  attempt  to  shed  light  on  it 
by  a  variety  or  examples  and  arguments.  A  third  difficulty  is  that  the  algebraic  process 
of  testing  for  instability  can  be  extremely  difficult  for  nontrivial  initial  boundary  value 
problem  models  [CoflO).  Fundamentally  our  ideas  do  not  help  with  this  problem  at 
all.  There  is  probably  not  much  to  be  done  about  this  in  general,  we  believe,  as  the 
algebra  reflects  a  physical  behavior  that  is  truly  complex.  However,  results  will  be 
given  that  shortcut  the  analysts  for  special  classes  of  problems. 

The  “wave  propagation”  approach  to  stability  might  be  contrasted  with  the  more 
standard  “semigroup”  point  of  view.  The  latter  considers  dillcrcm.c  models  as  time- 
evolution  operators,  and  characteristically  investigates  what  “growth"  can  take  place 
from  one  time  step  to  the  next.  The  former  views  spice  and  time  more  equally,  and 
investigates  what  qualitative  changes  occur  between  time  steps  -which  may  indeed 
cause  growth,  but  indirectly. 


The  wave  propagation  view  is  not  always  easy  to  shape  into  mathematical  proofs. 
As  a  general  rule,  one  can  prove  instability  and  determine  a  lower  bound  for  ita 
magnitude  by  studying  unstable  waves  with  behavior  regular  enough  for  asymptotic 
analysis.  This  is  what  we  have  done  for  the  fa  results  mentioned  above.  Proving 
stability,  on  the  other  hand,  or  establishing  upper  bounds  for  unstable  growth  rates, 
takes  a  greater  effort,  because  it  requires  considention  of  arbitrary  signals  with  no 
regular  behavior. 

As  dispersive  media  with  a  periodic  structure,  finite  difference  models  have  a 
great  deal  in  common  with  solid  crystals  (and  also  with  certain  other  periodic  physical 
systems,  such  as  regular  electric  networks).  Accordingly,  the  general  feature*  of 
waye  propagation  that  we  will  discuss  have  close  analogs  in  the  solid  state  physics 
literature  (Bo54,Br53,Ma89,So64).  However,  the  analogy  Is  least  close  in  the  area 
or  stability,  which  corresponds  approximately  to  energy  conservation  for  physical 
systems.  For  crystals,  energy  conservation  is  one  of  the  postulates  from  which  local 
solution  behavior  may  be  derived,  while  in  our  context,  it  is  the  local  behavior  that 
is  given  and  the  stability  that  Is  under  question.  (See,  however,  IVt  (II  of  (Bo$4(.) 

•  •  • 

Three  main  themes  will  occupy  us  throughout  the  dissertation: 

(A)  group  velocity  and  parasitic  waves...  leftgoing  and  rightgoing  solutions; 

(0)  reflection  and  transmission  at  boundaries  and  interfaces; 

(C)  stability. 

Our  first  three  chapters  are  devoted  to  an  exposition  of  the  phenomena  (A)  and  (B) 
and  their  relationship.  Some  of  our  results  are  old,  but  many  are  new,  and  this  is 
the  most  systematic  presentation  of  such  material  that  has  appeared  to  date.  The 
last  three  chapters  are  concerned  with  stability  theory  (C)  for  initial  bounoary  value 
problems.  They  present  our  analysis  of  the  GKS  theory  ss  an  outgrowth  of  (A)  and 
(B).  This  leads  lo  new  results  of  various  kinds.  For  a  detailed  outline  sec  §04,  below. 

The  general  purpose  or  this  dissertation  is  to  shed  new  light  on  the  existing 
theory  of  finite  difference  models,  and  to  extend  the  theory  where  possible.  However, 
wc  suspect  that  most  fruitful  applications  of  the  wave  propagation  point  of  view 
potentially  lie  in  more  novel  and  difficult  areas  that  arc  only  touched  on  here,  such  as 
problems  with  variable  coefficient*,  nonlinear  problems,  problems  with  characteristic 
boundaries,  and  multidimensional  problems  with  irregular  boundaries.  If  our  belief  is 


valid  that  Ihe  essential  features  of  discretisation  for  hyperbolic  problems  are  those  of 
dispersive  wave  propagation,  then  further  work  on  these  lines  ought  to  point  the  way 
to  new  and  hitherto  unrecognised  phenomena. 

0.2  History 

Regarding  the  application  of  ideas  of  dispersive  wave  theory  to  the  theory  of 
difference  models,  I  am  aware  of  two  important  sets  of  predecessors.  The  first  are  G. 
Hedstrom  and  R.  Chin,  who  in  a  variety  of  papers  have  applied  wave  theory  arguments 
to  analyte  many  aspects  of  solution  behavior  and  (Cauchy)  stability  [He65,He66,He68, 
He7S,Ch7S,Ch78,Ch79,Ch83j.  Making  extensive  use  of  saddle-point  estimates,  these 
papers  study  stability  in  the  maximum  norm  (sec  $1.4),  analysis  by  modified  equa¬ 
tions  (see  $$1.1, 1.2),  and  solution  behavior  near  discontinuities.  The  second  are  R. 
Vichnevetsky  and  his  colleagues,  who  for  a  particular  semi-discrete  model  of  a,  =  «a 
(usually),  analyse  wave  propagation  for  both  smooth  and  parasitic  waves  JV175,etc.). 
Vichnevetsky’s  papers  do  not  perform  explicit  saddle- point  analysis,  and  as  a  result 
they  do  not  obtain  the  kind  of  precise  estimates  derived  by  Hedstrom  and  Chin. 
However,  his  interest  in  parasitic  waves  and  in  behavior  at  boundaries  makes  these 
papers  the  most  direct  precursor  to  this  dissertation.  Vichnevetsky’s  work  will  be 
summarised  shortly  in  s  book  with  J.  Bowles  [Vi82). 

Besides  these,  there  are  undoubtedly  a  large  number  of  group  velocity  calculations 
for  difference  models  in  the  literature,  most  of  which  I  am  probably  unaware  of.  To 
the  authors  of  these  I  apologise  in  advance.  Three  references  that  1  do  know,  from 
geophysics,  are  the  reports  of  AJfold,  ct  al.  [A174],  Bamberger,  et  ai.  [Ba80),  and 
Martineau-Nicoletis  (Ma31|.  These  works  are  mainly  concerned  with  smooth  waves 
rather  than  parasites;  the  first  treats  the  acoustic  (standard)  wave  equation,  sod  the 
other  two  the  elastic  wave  equation  (pressure  and  shear). 

Similarly,  there  are  no  doubt  a  number  of  papers  that  compute  numerical  reflec¬ 
tion  and  transmission  coefficients  for  boundaries  or  interfaces,  as  done  here  in  )3  and 
thereafter.  I  am  aware  of  such  calculations  by  Martineau-Nicoletis  (Ma81),  D.  Brown 
|Br79,CI79j,  and  Vichnevetsky  |Vi81bj.  Only  Vichnevetsky  makes  a  connection  with 
group  velocity.  The  general  description  presented  here  of  behavior  at  an  interface  in 
terms  of  left-  and  rightgoing  waves  admitted  on  either  side  appears  to  be  new. 

The  stability  theory  for  initial  boundary  value  problems  that  is  the  main  concern 
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here  has  a  complicated  history.  The  dissertation  refers  primarily  to  the  paper  of 
Gustafsson,  Kreiss,  and  Sundstrum  [Gu72j,  which  seems  to  have  dominated  the  field 
since  its  appearance  in  1972.  However,  this  emphasis  does  not  do  justice  to  many 
important  contributions  by  G.  Strang,  S.  Osher,  and  others.  In  particular,  Osher’s 
paper  (Os69b)  obtains  a  large  part  of  the  main  GKS  result  by  different  means.  Osher 
considers  only  models  that  satisfy  a  certain  root- separation  condition,  which  ml«  out 
many  nondiaaipative  difference  formulas  (those  admitting  a  wave  with  group  velocity 
0);  on  the  other  hand,  his  result  has  the  advantage  of  using  the  ft  norm  rather  than 
the  more  unwieldy  GKS  stability  definition. 

Here  is  s  very  brief  survey  of  the  history  of  stability  theory  for  difference  models  of 
initial  boundary  value  problems.  The  first  contributions  were  made  by  Godunov  and 
Ryabenkii  in  the  early  1960's,  who  observed  that  a  necessary  condition  for  stability 
is  that  the  spectrum  of  the  time-evolution  difference  operator  be  contained  in  the 
unit  disk  in  the  limit  as  the  mesh  rise  becomes  0,  and  derived  conditions  for  this  to 
occur  (RI07].  This  is  the  beginning  of  the  use  of  normal  modt  anmiytis  in  stability 
theory  for  initial  boundary  value  problems,  which  pervades  the  subsequent  results. 
The  Godunov- Ryabenkii  condition  is  an  analog  for  initial  boundary  value  problems 
of  the  von  Neumann  condition  for  initial  value  problems,  and  like  the  von  Neumann 
condition,  it  is  accessary  Tor  stability  but  not  sufficient.  The  next  contributions  were 
due  to  Strang  and  to  Kreim.  Strang  applied  a  factorisation  technique  for  Toeplits 
matrices,  related  to  the  Wiener- Hopf  method,  to  obtain  necessary  and  sufficient 
stability  conditions  for  a  restricted  set  of  difference  approximations,  namely  those 
with  purely  homogeneous  boundary  conditions  (St(4,St66).  By  different  methods, 
Kreiss  [Kr66]  obtained  a  sufficient  condition  for  stability  of  diagonalisable  (essentially 
scalar)  two-level  explicit  dissipative  models.  In  (Os69a|,  Osher  proved  a  similar  result 
by  an  extension  of  Strang’s  approach,  introducing  general  boundary  conditions  by 
means  of  a  finite-rank  correction  to  the  Toeplits  operator  for  the  interior  difference 
scheme. 

These  papers  left  two  mAin  gaps  in  the  available  theory.  First,  they  did  not  say 
much  about  nondissipativc  models.  Second,  they  did  not  deal  with  nondiagonalis- 
ablc  models.  In  another  paper  published  in  1969,  Osher  made  some  progress  on  the 
first  problem,  again  by  the  Toeplits  factorisation  technique,  obtaining  a  result  that 
weakens  dissipativity  to  s  separation-of- roots  condition  (Os69b|.  This  was  a  quite 
general  theorem  along  the  lines  of  "the  absence  of  eigen  solutions  and  generalised 
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cigcnsolutions  ensures  stability,"  which  wc  will  discuss  in  §4.  Kreiss,  on  the  other 
hand,  derived  a  sufficient  condition  for  stability  of  dissipative  nondiagonalizablc  models 
in  [Kr68],  by  making  use  of  a  Dunford  integral  to  bound  the  powers  of  the  discrete 
time-evolution  operator. 

It  remained  to  derive  a  stability  condition  for  general  nondissipative  models,  and 
if  possible,  one  that  would  be  necessary  as  well  as  sufficient.  TV*  groundwork  for 
this  was  work  by  Kreiss  on  matrix  normal  forms  for  initial  boundary  value  problems 
for  partial  differential  equations  (not  difference  models),  published  in  (Kr70).  These 
results  led  to  necessary  and  sufficient  conditions  Tor  weH-posodness  of  hyperbolic 
partial  differential  equations  in  several  space  dimensions.  By  an  extension  of  the 
same  ideas,  the  paper  of  Gustafsson,  Kreiss  and  Sundstrdm  [Gv72)  finally  proved 
a  general  necessary  and  sufficient  stability  theorem  for  (one-dimensional)  difference 
models,  dissipative  or  nondissipative,  diagonalixable  or  nondiagooaliiable. 

Further  additions  to  the  stability  theory  since  1772  have  mainly  taken  the  form 
of  embellishments  of  the  GKS  theory.  Gustafsson  in  |Cu75]  established  connections 
between  GKS-stability  and  convergence;  the  main  problem  here  is  working  around 
the  idiosyncrasies  of  the  GKS  stability  definition  so  as  to  be  able  to  treat  nontero 
initial  data.  Ciment  [Ci7l,Ci72],  Burns  [Bu78],  Tadmor  |Tad8l),  and  Goldberg  and 
Tadmor  [T»78,Go78,Co81]  have  proved  additional  results.  GKS-Hke  theorems  have 
been  obtained  for  method-of-lines  schemes  by  Strikwerda  [St78j,  and  for  parabolic 
problems  by  Varah  (Vo70,Va7J  j  and  Osher  [0*72).  Most  receatly,  attention  haa 
shifted  to  problems  in  several  space  dimensions  |Co80,Mi8l];  in  particular,  new  results 
or  Michelaon's  (Mi81j  offer  promise  of  a  complete  extension  or  the  GKS  theory  to 
dissipative  multidimensional  models.  In  addition,  there  have  bees  numerous  papers 
that  apply  the  GKS  theory  to  study  stability  or  particular  difference  formulas  or 
classes  of  them,  including  |Ab79,Ab81.Be81.Br73,Co$0.Go78b, 0174, 0178, Su74). 

Virtually  all  of  these  results,  both  prcred:  .%  snd  following  )Go72),  can  be  given 
wave  propagation  interpretations.  For  example,  several  of  them  amount  to  statements 
that  spontaneous  radiation  from  the  boundary  implies  instability,  but  with  the  radia¬ 
tion  restricted  to  scro-frequency  components  that  correctly  mimic  the  differential 
equation,  instead  of  the  more  general  posibility  of  parasitic  waves  radiating  energy 
according  to  the  group  velocity  (RuTfl.KHM.TaSll-  None  of  them  are  presented  in  this 
way,  but  the  relevance  to  stability  of  "energy  propagating  in  the  wrong  direction”  is 
mentioned  in  some  of  Kreias's  papers.  In  at  least  two  places  he  performs  a  calculation 


in  which  the  parasitic  solution  of  one  difference  formula  is  related  to  the  sinoo* 
solution  of  another,  whose  speed  of  propagation  is  then  obvious  by  consistency;  It 
is  a  calculation  of  group  velocity  in  disguise  ([Br73j  or  [Kr73j,  §20;  [Kr74]  ->r  (Kr7. 
§17).  In  an  early  paper  with  Lundqvist  (Kr68b{,  Kreiss  also  defines  the  conc-.pi  . 
strictly  noneon  tractive  difference  formulas  in  terms  of  a  quantity  that  is  group  veloci 
without  the  name  (see  also  [Ap66|  and  (Os69c|).  In  fact,  Thm.  4  of  (KrftSb)  is  v« 
closely  related  to  Thm.  4.2.3  here.  However,  it  seems  clear  that  the  central  posit 
of  group  velocity  in  stability  theory  has  not  been  seen  before;  to  my  knowledge,  L 
words  "stability*  and  "group  velocity"  have  not  appeared  together  in  thk  past. 

0.3  Outline  and  summary  of  results 

This  dissertation  is  unfortunately  quite  lengthy,  as  the  following  detailed  outline 
makes  clear.  To  mitigate  this  problem  somewhat,  a  general  index  is  provided  at  the 
end.  Readers  wishing  to  go  as  quickly  as  posible  to  the  stability  theory  for  initial 
boundary  value  problems  should  proceed  to  Chapter  4  after  reviewing  Sections  1.1, 

1.2,  1.5,  2.3,  and  3.1.  For  a  quick  view  of  our  main  stability  ideas,  *>e  Sections  4.1, 

4.2,  and  5.5.  Published  accounts  corresponding  roughly  to  Chapters  1  and  4  can  be 
found  in  [Tr82|  and  (Tr83),  respectively. 

Chapter  1.  We  begin  in  §1  with  a  discussion  of  the  behavior  as  dispersive  media 
of  finite  difference  models  of  the  scalar  equation  v(  =  ou,.  Our  model  approximates 
u(x,t)  =  u(j  h,nk)  by  a  quantity  p”,  where  h  and  k  are  the  space  step  sise  and 
time  step  sise.  In  §1.1  we  define  the  concepts  of  frequency  w,  wave  number  (,  and 
dispersion  relations,  and  relate  these  to  consistency,  accuracy,  and  modified  equations. 
Wc  illustrate  these  ideas  by  applying  them  to  a  number  of  well-known  difference 
formulas,  which  continue  to  serve  as  examples  throughout  the  dissertation.  (These 
are  summarised  in  Appendix  A.)  Section  1.2  defines  phase  speed  c(£,u)  and  group 
speed  C{(,  w),  and  derives  the  latter  by  the  method  of  stationary  phase.  The  effect 
of  group  velocity  is  illustrated  by  numerical  experiments  involving  wave  packets  and 
wave  fronts.  Thm.  1.2.1  points  out  that  Tor  a  general  nondissipative  difference  model, 
errors  in  C  are  greater  than  errors  in  c  by  a  factor  equal  to  the  order  of  dispersion. 
Section  1.3  shows  the  connection  between  group  velocity  and  dispersion,  with  further 
numerical  illustrations.  In  §1.4  wc  apply  these  ideas  to  show  that  certain  known 
results  on  Lp- instability  of  difference  models  for  p  yd  2  can  be  explained  quantitatively 
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in  terms  of  dispersion  and  dissipation.  In  §1.5  wc  examine  parasitic  waves,  and  show 
that  they  loo  are  governed  by  a  group  velocity.  More  numerical  illustrations  are  given. 
New  concepts  «f  x-rev«rj«ny  and  t-reoeramy  formulas  arc  introduced  and  applied  in 
Thm.  1.5.1,  and  Thm.  1.5.2  shows  that  most  nondissipativc  formulas  are  r ■  or  t- 
reversing.  Section  1.8  briefly  surveys  wave  propagation  in  multidimensional  difference 
models,  where  energy  propagation  is  governed  by  a  c ector  group  velocity  C  and  wave 
packets  can  be  tracked  by  a  process  of  numerical  ray  tracing.  Some  of  these  ideas  are 
new,  but  we  do  not  develop  them.  (More  details  can  be  found  in  [Tr82|.) 

Chapter  2.  Chapter  2  sets  out  to  make  the  ideas  of  §1  more  general  and  more 
rigorous.  In  §2.1  we  define  the  general  constant-coefficient  scalar  difference  formula  Q 
in  terms  of  shift  operators  K  and  Z,  and  analyse  what  solutions  it  supports  that  are 
regular  in  *  or  I  (Thms.  2. 1.1,2. 1.2).  In  addition  to  £  and  w,  we  now  begin  to  work 
with  arbitrary  complex  space  and  time  variation  /actors  k  =  «-•<*  and  a  =  «“■'*. 
The  new  concept  of  a  reparable  formula  is  defined,  and  it  is  shown  that  for  separable 
formulas,  C(£,w)  factors  into  C|(()Cj(w).  Section  2.2  defines  Cauchy  stability  and 
relates  this  to  the  von  Neumann  condition  and  a  root  condition  (Thm.  2.2.1).  It  also 
defines  (x)- dissipatixnty  and  relates  this  to  the  new  concepts  of  t-dusipotimfy  and  total 
dusipativity  (Thms.  2.2.2, 2.2.3).  Thm.  2.2.4  points  out  that  if  Q  is  z-  or  t-dissipative, 
it  cannot  be  x-  or  l-reversing.  In  §2.3  we  establish  that  the  group  velocity  makes  sense 
in  a  general  way  by  proving  that  every  wave  admitted  by  any  Cauchy  stable  formula, 
whether  dissipative  or  nondissipative,  has  a  group  velocity  (Thm.  2.3.1).  Thm.  2.3.2 
proves  further  that  C  is  the  limit  of  the  translation  speeds  fc  of  evanescent  waves,  and 
that  the  sign  of  C  can  be  determined  by  a  perturbation  test.  We  also  define  the  new 
ronreptsof  stationary,  righfgoing  and  strictly  rightgomg,  leftgoing  and  strictly  leftgoing 
signals  in  terms  of  group  velocity,  and  these  are  summarised  in  Table  2.1.  Section  2.4 
applies  most  of  the  results  up  to  that  point  to  the  interesting  case  of  three-point  lintar 
multistep  formulas  studied  by  Beam,  Warming,  and  Yec  [Bc79,Be8l].  New  results 
are  proved  relating  A  stability  and  strong  A- stability  of  such  formulas  to  their  wave 
propagation  behavior  (Thm.  2.4.1)  and  t-dissipalivity  (Thm.  2.4.2).  Finally,  Section 
2.5  shows  that  alt  of  the  results  established  for  scalar  models  carry  over  directly  to 
diagonali table  systems.  In  particular,  Thm.  2.5.1  describes  the  general  breakdown  of 
time- regular  vector  solutions  into  leftgoing  and  rightgoing  components. 

In  summary,  Chapters  1  and  2  present  the  essentials  of  dispersive  wave  theory  for 
finite  difference  models  in  the  absence  of  boundaries,  and  document  the  importance 


of  this  theory  by  showing  its  many  effects  theoretically  and  with  numerical  demonstra¬ 
tions.  The  most  original  ideas  here  are  those  related  to  multidimensional  problems 
(§1.6)  and  /^-instability  (§1.4).  None  of  the  results  have  much  technical  depth;  per¬ 
haps  the  least  trivial  is  the  general  justification  of  group  velocity  in  Thms.  2.3.1  and 
2.3.1. 

Chapter  3.  In  §3  we  begin  to  deal  with  boundaries  and  interfaces.  Section  3-1 
describes  our  general  procedure  for  computing  reflection  and  trsiumuaion  coefficients 
for  steady-state  solutions  of  the  form  v*  =  znv°:  first  determine  all  leftgoing  and 
rightgoing  signals  admitted  away  from  the  interface,  as  defined  in  §2,  then  match  these 
by  algebraic  interface  conditions.  This  procedure  depends  upon  a  numerical  analog  of 
the  Sommerfeld  radiation  condition.  Section  3.2  computes  reflection  and  transmission 
formulas  for  a  large  number  of  examples  involving  both  boundaries  and  interfaces, 
and  verifies  two  of  these  with  numerical  experiments;  the  most  complicated  example 
involves  an  abrupt  change  between  two  arbitrary  difference  formulas,  for  which  a 
van  der  Monde  matrix  comes  into  play.  Section  3.3  considers  energy  conservation 
interfaces,  and  §3.4  discusses  cutoff  frequencies  and  stop  bands.  Section  3.5  pe~a  the 
question  of  how  a  knowledge  of  the  bchavi.-r  at  an  interface  of  each  component  z*  can 
be  synthesized  to  predict  the  interaction  of  a  general  xoave  packet  with  a  boundary. 
The  answer  requires  solution  of  an  integral  equation,  and  appears  to  be  related  to  the 
Wiener -Hopf  technique  (but  not  in  the  same  way  as  the  results  of  Strang  and  Osher 
mentioned  in  §0.2).  This  approach  is  new  and,  wc  believe,  quite  promising,  but  we  do 
not  develop  it.  Section  3.6  goes  on  to  extend  our  reflection  and  transmission  results  to 
diagonalizable  systems  of  difference  equations.  First,  interface  problems  are  reduced 
to  boundary  problems  by  a  device  known  as  the  folding  trick.  This  leads  to  a  general 
reflection  coefficient  matrix  describing  reflection  and  transmission  at  an 

arbitrary  boundary  or  interface. 

Many  of  the  ideas  or  Chapter  3  have  appeared  before,  but  it  is  likely  that  this  is 
the  first  general  description  of  how  U  alyze  numerical  wave  behavior  at  boundaries 
and  interfaces.  What  makes  the  general  treatment  possible  is  the  elimination  of  any 
distinction  between  physical  and  parasitic  waves,  and  indeed  of  any  reference  to  the 
system  of  equations  being  modeled,  in  favor  of  the  notions  of  leftgoing  and  rightgoing 
signals  determined  by  the  numerical  group  velocity. 

Chapter  4.  In  §4  the  dissertation  turns  to  stability  Tor  initial  boundary  value 
problems  (or  interface  problems),  which  we  view  as  a  direct  outgrowth  of  reflection 
10 


and  transmission  studies.  Most  of  the  ideas  in  this  chapter  arc  entirely  new.  They 
arc  however  heavily  influenced  by,  and  closely  tied  to,  the  results  of  Gustafsson, 
Kreiss,  and  Sundstrom  [Gu72].  Section  4.1  begins  by  explaining  the  instability  of  a 
simple  example  of  an  initial  boundary  value  problem  model  in  two  ways.  First,  tne 
spontaneous  rightgoing  solution  view  considers  that  the  mode)  is  unstable  because 
it  admits  as  a  solution  a  set  of  waves  all  of  which  are  rightgoing  (pointing  from 
the  boundary  into  the  held).  Second,  the  infinite  reflection  coefficient  view  explains 
instability  as  the  existence  for  some  frequency  as  a  right/left  reflection  coefficient  that 
is  infinite.  Sections  4.2- 4.3  proceed  to  analyse  mainly  the  first  point  of  view,  which 
is  equivalent  to  the  GKS  theory.  In  §4.2  we  first  present  the  Gorfunov-Ayabenhit 
stability  criterion  as  a  statement  on  strictly  rightgoing  solutions  with  |x|  >  1  (Thm. 
4.2.1),  and  as  a  determinant  condition  involving  the  reflection  matrices  I)lr1  and 
(Thm.  4.2.2).  Then  it  is  shown  that  the  existence  of  an  arbitrary  spontaneous  strictly 
rightgoing  solution  implies  It  instability,  with  a  growth  rate  in  proportional  to  y/n 
(Thm  4.2.3).  We  conjecture  farther  that  this  rate  becomes  n  if  an  infinite  reflection 
coefficient  is  present.  Thm.  4.2.4  shows  that  such  an  unstable  solution  always  cause* 
growth  at  rate  n  with  respect  to  boundary  data.  (Proof*  are  deferred  to  Appendix 
B  )  Section  4.3  move*  to  the  stricter  GKS  stability  definition,  showing  by  a  wave 
propagation  argument  why  even  a  non-strictly  rightgoing  steady-state  solution  is 
GKS- unstable  (Thms.  4.3.1,  4.3.2).  In  Section  4.4  the  results  obtained  in  54.1— §4.3 
are  specialised  to  the  case  of  dissipative  difference  models.  Section  4.5  applies  the 
main  stability  results  to  describe  some  general  classes  of  unstable  difference  "•.•Mlels 
in  one  space  dimension,  which  are  extensions  of  known  examples  (Thms.  4.5.1-4.5.4). 
Section  4.6  considers  stability  /or  multidimensional  initial  boundary  value  problems, 
sketching  the  relation  between  instability  in  this  context  and  solutions  with  rightgoiny 
vector  group  velocities  C,  as  described  in  §1.6.  An  example  is  described  in  Thm.  4.6.1. 

Chapter  5.  Although  certain  classes  of  difference  models  are  unambiguously 
stable  or  unstable,  there  are  various  borderline  cases  for  which  the  situation  is  less 
clear.  This  has  always  been  a  source  of  difficulty  in  stability  theories  for  initial 
boundary  value  problems,  and  in  particular  it  is  responsible  for  the  complexity  of  the 
GKS  stability  definition.  Chapter  5  is  devoted  to  a  discussion  based  on  numerical 
experiments  of  four  important  classes  of  borderline  cases  that  arc  GKS-uostable  but 
stable  in  some  other  respects.  First,  Section  5.2  discusses  models  that  have  finite 
reflection  coefficients.  These  arc  found  to  be  unstable  with  respect  to  boundary  data, 
11 


but  in  practice  nearly  stable  with  respect  to  initial  data,  and  stable  with  respect  to 
the  introduction  of  a  second  boundary.  Section  5.3  examines  GKS-unttsble  solutions 
consisting  of  rightgoing  but  not  strictly  rightgoing  signals,  especially  waves  with  group 
velocity  0.  For  this  case  too,  we  conclude  that  instability  appears  in  practice  mainly  in 
response  to  boundary  data,  and  it  is  weak.  In  §5.4  wt  exhibit  a  class  of  GKS-unstable 
problems  with  both  non-strictly  rightgoing  instabilities  and  tero  reflection  coefficient*, 
tbe  transparent  interface  anomaly,  and  these  are  /^-stable.  Finally,  §5.5  summarises 
our  views  of  stability  for  models  of  initial  boundary  value  problems  in  general,  and 
of  the  GKS  theory  in  particular. 

Chapter  6.  Tbc  last  chapter  examines  stability  for  problems  with  several 
boundaries  or  interfaces,  such  as  might  occur  in  modeling  the  domain  x  £  |0, 1], 
or  in  mesh  refinement,  or  in  composite  difference  or  boundary  formulas.  This  is  a 
natural  place  to  apply  wave  propagation  ideas,  because  a  purely  algebraic  approach 
bectffnc*  exceedingly  complex.  We  start  in  §6.2  with  one  interface,  examining  known 
results  of  Cimenl  and  Tadmor  to  the  effect  that  dissipativity  implies  stability.  These 
we  extend  to  more  general  results  in  which  the  notion  of  t-dtss^pafmiy  introduced 
in  §2  plays  a  natural  part  (Thms.  6.2.1 ,6.2.2).  Section  6.3,  however,  it  devoted  to 
proving  by  a  counterexample  that  no  auch  theorem  holds  if  two  or  more  interfaces 
are  present,  contradicting  a  claim  of  Oiiger  [0170].  Thus  dissipativity  is  not  a  strong 
enough  condition  to  yield  stability  in  general.  For  an  alternative  approach,  we  move 
on  in  §6.4  to  consider  reflection  cofflcients  at  the  boundaries.  Thm.  6.4.1  shows  that 
if  all  reflection  coefficients  are  ai  moat  1  in  modulus,  then  stability  for  two-boundary 
problems  is  guaranteed.  We  apply  this  result  to  duplicate  and  extend  certain  results 
of  Beam,  Warming,  and  Yee  related  to  their  concept  of  P-stability  for  two-boundary 
problems  (Thms.  6  4.2,6.4.3).  The  same  reflection  coefficient  arguments  can  be  applied 
quite  generally,  and  in  §6.5  we  consider  what  growth  rates  are  possible  in  several 
important  two-boundary  or  two-interface  contexts.  The  variety  of  possible  growth 
rates  turns  out  to  be  considerable,  and  they  are  summarised  in  Table  6.2.  These 
arguments  justify,  Tor  example,  our  claim  in  §5  that  GKS-uusvnblc  growth  will  not 
be  converted  to  exponential  growth  when  a  second  boundary  is  introduced  unless  aa 
infinite  reflection  coefficient  is  present.  Finally,  Section  6.6  discusses  very  briefly  tbe 
prospects  for  problems  with  three  or  more  interfaces. 
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1.  WAVE  PROPAGATION  IN  FINITE  DIFFERENCE  MODELS 


1.1  Dispersion  relations  and  modified  equations 

Throughout  this  dissertation  we  are  concerned  with  the  artificial  effects  intro¬ 
duced  when  a  partial  differential  equation  is  approximated  by  a  finite  difference 
scheme.  Since  these  effects  appear  no  matter  how  elementary  the  equation  under 
study  may  be,  we  will  mainly  consider  as  a  model  the  simple  on*-iimtntu>n+l  mm 
(fustics, 

«,  — ««..  •  i*  o.  (t.i.0 

U  initial  data  ara  apacified  Tor  t  €  (-no,  no), 

«<x,0)  -  /(a),  (1  11) 

then  the  solution  to  (1.1.1)  Tor  all  I  >  0  is  the  translation 

«(r,l)  =  /(•  +  <*).  (113) 

To  analyse  the  behavior  of  (1.1-1),  one  may  look  for  Fourier  modes 

v(x,  f)  **  e*^***— (1.1.4) 

where  u  is  the  (temporal)  frequency  and  (  is  the  wave  number*.  Obviously  (1-1.4) 
will  satisfy  (1.1.1)  if  and  only  if 

(lib) 

a  condition  known  as  the  dispersion  relation  for  (1.1.1).  Although  standard  Fourier 
analysis  assumes  w,  (  €  K.  (1.1  -Ik)  holds  for  arbitrary  u,  (  £  9  . 

*W(  will  be  concerned  with  linear  equations  only,  to  It  b  enough  to  study  complex  exponen¬ 
tials.  (Jesuits  for  computations  in  real  arithmetic  then  follow  by  taking  real  parts,  or  equiv¬ 
alently,  by  add  ug  a  complex  wave  Vo  its  ton  jugate.  The  use  of  e"**"  rather  than  e***  la 
(1.1.1)  b  designed  to  make  the  formulas  for  phase  sod  group  velocity  come  out  without 
minus  algor,  sec  Jl.J. 
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Let  (1.1.1)  now  be  modeled  by  a  finite  difference  formula.  For  this  we  set  up  a 
regular  grid  in  z  and  t  with  spatial  step  site  h,  temporal  step  site  k,  and  meah  ratio 
X  *=  kfh,  and  seek  to  approximate  u  by  a  grid  function  v : 


v"  ms  u{jk,nk),  j,n£  Z. 


One  difference  formula  for  (1.1.1)  that  we  will  consider  repeatedly  is  leap  beg  (LF), 
given  by 

LF :  a'*'  -  .*_,)  (U.() 

Substituting  (1.1.4)  into  (1.1.4)  given 

e~*  -  «—*  -  X«(«-*«*  -  *•«*), 

that  ta, 

sin  uk  an  -Xasin  (h.  (1.1.7) 

This  is  the  ditpt$i*n  relation  ft  LF.  For  smalt  uk  and  ( k ,  which  is  to  say  for 
wav  at  that  are  wdl  resolved  on  the  grid,  (1.1.7)  approximate*  (1.1.5)  doeely,  but 
as  uk  and  (h  increaoe,  the  approximation  becomes  poor.  Moreover  unlike  (1.1 .4), 
(1.1.7)  is  periodic  with  period  Jx  in  both  (k  and  uk.  The  explanation  of  this  is  that 
because  of  the  discreteness  of  the  grid,  any  pair  ((h.wfc)  is  indistinguishable  on  tbs 
grid  from  all  of  ita  "aliases"  ((h  -f  tftw.uk  +  tvw).  Therefore  it  is  enough  to  consider 
the  fundamental  region  ((h.wfr)  €  (-»,*)*•  Figure  1.1a  shows  a  plot  of  (1.1.7)  in 
this  region  br  s  >  —  1  and  X  ■»  .5.  It  is  apparent  that  even  here,  each  of  (  or  u 
corresponds  in  general  to  two  valuea  or  the  other  variable.* 

Solving  for  w  in  (1.1-7),  one  obtains 

u  t  sin~t(Xosin  (h).  (1.14) 

Dy  taking  the  standard  branch  of  the  inverse  sine  here,  wo  confine  our  attention  to 
the  component  of  the  dispersion  relation  that  passes  though  the  origin  in  Fig.  1.1a. 

*Tbe  high-frequency  lobes  of  the  dispersion  curves  visible  Is  Fig.  1. Is  (and  1. 1 c)  are  suggestive 
of  oplttaJ  modes  of  vibration  is  crystals,  so  called  because  tbeir  frequencies  are  such  that 
ihcy  are  normally  excited  by  light  rather  than  sound  [BoMj.  The  physics  b  quite  different, 
however.  For  optical  modes  represent  alternative  modes  of  spatial  oscillation  caused  by  tbs 
presence  of  multiple  specks  of  atoms,  whereas  the  high'- frequency  components  is  Fig.  t.l 
result  from  the  time  discretisation- 
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PlC.  1.1.  Numerical  dispersion  relations  for  difference  models  LF, 
CN,  and  LF4  of  »  -»*,  plotted  for  mesh  ratio  X  **  .5.  Each  plot 
■hows  the  region  (— */h,w/Aj*  of  ((,h/)-space.  The  slope  at  a  point 
((,<«/)  is  the  corresponding  group  velocity.  Additional  dispersion  plots 
are  given  in  Appendix  A. 
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Expanding  for  (h  0,  we  get  the  series 


(£*)’  ^ 


1  -  10(Xa)*  +  9{\a )« 


120 


(1.1.0) 


The  first  term  here  agrees  with  (1.1.5),  and  this  must  be  true  for  any  < 
difference  model.  From  the  next  term  in  the  scries,  it  is  evident  that  the  errors 
committed  by  LF  will  increase  with  the  square  of  £k.  Formally,  (1-1.9)  is  equivalent 
to  a  differential  equation  of  infinite  order, 

r  1  -  (Xo)*  . ,  1  -  10 (X«)>  +  9 (Xo)4  1  f.  . 

««  -  a U,  + - + -  120  *  - J* 

Since  (1.1.10)  contains  derivatives  of  higher  order  than  1  but  no  even-order  derivatives, 
LF  is  said  to  be  duptrt esc  but  not  dtsatpafriw.  The  significance  of  dispersion  is  that 
different  wave  numbers  will  travel  at  different  speeds,  so  that  an  initial  pulse  will 
change  shape  as  time  passes.  We  wilt  examine  this  in  the  next  few  sections.  Dissipation 
will  be  defined  more  precisely  in  |2.2. 

As  a  familiar  dissipative  scheme,  we  may  consider  Lax- W«n droll  (LW)i 

LW:  -  .J  -  y(.?+,  -  .?-,)  +  -  *•?  +  •*-.)■  («•'•») 

Corresponding  •»  (1.1.7)  nnd  (1.1.10),  w «  «nd  Tor  LW  ths  dispersion  relation 

-.(c~*  -  1)  =  -Xsrfn  (*  +  Jt(Xo)*  dn*  ^  (l.l.ll) 

and  the  formal  differential  equation,  of  infinite  order 


u,  =  o  1 


+  - 


0  "  w~"  8 
1  4-  5(Xo)»  -  6 (Xo)4 


120 


(Xn)  -  (Xo)1 

48 


(1.1.13) 

It  is  the  non-centered  shape  of  the  stencil  Tor  LW  that  gives  rise  to  the  complex 
dispersion  relation  (1.1.12)  and  to  the  even-order  derivatives  in  (1.1.13). 

ir  a  difference  model  it  applied  to  a  set  of  initial  data  that  is  smooth  in  tbe  aenae 
that  most  of  the  energy  in  its  Fourier  transform  has  £h,  wk  <  I,  then  one  may 
expect  that  the  model  will  behave  approximately  like  a  differential  equation  obtained 
by  taking  the  first  few  terms  of  an  expansion  like  (1.1.10)  or  (1.1.13).  This  is  ths 
idea  behind  modified  equations  (also  known  as  model  eqvotion*)  of  difference  formulas 
[Ch83,Wa74]: 


* 
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D«fn-  Let  a  consistent  difference  model  Q  of  (l.l.l)  be  formally  expanded  as  a 
differential  equation  of  infinite  order  as  in  (1.1.13).  The  modified  equation  of  Q  is 
the  differential  equation 

»,=.«.+  A/.-'  0  A,  Brit,  (1.1.14) 

with  a  odd  and  0  even,  obtained  by  dropping  all  but  the  first  dissipative  and  first 
dispersive  terras  from  this  equation.  If  there  are  no  dissipative  terms  we  drop  the 
second  term  and  set  0  —  oo.  jj 

For  example,  the  modified  equation  for  LW  Is 

«.  - «|«. + (i.i.i») 

We  define  further 

Defo.  The  integers  «  and  0  arc  the  order  of  dispersion  and  order  of 
dissipation  of  Q.  The  order  of  accuracy  is  mio{a,0}  -  1.  (Consistency  implies 
that  the  order  of  accuracy  is  at  least  I.)  // 

Thus  LW,  with  o  —  3  and  accurate  of  order  2,  dispersive  of  order  3,  and 

dissipative  of  order'  4.  If  0  <  a,  then  dissipation  dominates  dispersion  at  low  wavs 
numbers,  while  if  a  <  0  the  reverse  holds.  We  will  ace  in  fl.4  that  a  difference  scheme 
for  (1.1.1)  is  stable  in  £*  norms,  p  ft  2,  only  in  the  former  case. 

In  this  dissertation  we  will  mostly  be  concerned  with  nondisaipative  schemes  like 
LF,  because  their  wave  propagation  properties  are  simpler  and  they  are  more  prone 
to  instabilities.  Two  other  nondissipative  models  of  (1-1.1)  that  we  will  often  consider 
are  the  implicit  scheme  Crank-Nicolaon  (CN), 

CN  :  .;*■  -  -  j[|(.,%,  -  •;-,)+  j(.*;,‘  -  •£,')].  (i.i.i*) 

and  fourth-order  leap  fro*  (LP4)  (fourth  order  in  space,  second  order  in  time), 

t.F< :  j(.;+,  -  .;_,)].  (i.i.i7) 

For  CN  the  dispersion  relation  is 


and  for  LF4  it  b 


2  ten  “  —  -Xa  sin  (h. 


da  uk  *  -  “  sin  ( h  +  ^  sin  2(h. 


These  relations  are  plotted,  again  for  a  —  -1  and  X  —  .S,  la  Fig.  l.lb-c.  One  can 
sse  that  LF4  approximates  (1.1. S)  better  at  the  origio  than  LF  or  CN. 

Here  are  two  further  examples  of  dissipative  formulas.  An  implicit  formula  with 
o  —  3,  0  —  2  is  backwards  Euler  (BE): 


An  explicit  f 
»]' 


l  with  a  —  3,  0  —  4  b  leap  fro*  with 


(LTd)  (Kr71, 


Ltd  ■.  -  M»*n 1 +*»r*  -«•£' 

(1.1JI) 

where  <  €  IR  Uss  in  the  range  0  <  c  <  I. 

The  properties  or  the  difference  schemes  we  have  mentioned  are  sura  merited  in 
Appendix  A.  The  Appendix  also  gives  information  os  several  other  formulae:  Upwind, 
Box,  Method  of  Lines,  Lax- Fried  rich*,  and  Leap  Frog  for  the  secoad- order  equation 


1.2  Phase  speed  and  group  speed 

Consider  now  n  Fourier  mode  (1.1.4)  in  which  w  sad  (  arc  both  real.  It  is  obvious 
that  in  this  wave,  each  point  of  fixed  phase  travels  at  a  constant  rate 


which  is  called  the  phaae  speed.  In  the  esse  of  LF,  (l.U)  and  (1.1.9)  show  that  the 
phase  speed  is  given  as  a  function  of  (  by 

C-  «»)*]•  (i  ll) 

Thus  LF  introduces  phase  speed  errors  that  increase  quadratically  as  the  grid  becomes 
more  coarse.  Numerical  analysts  often  evaluate  difference  formulas  by  ex  ami  sing  their 
phase  or  phase  speed  errors  (see  e.g.  H  of  |Ch79b|). 

In  most  applications,  however,  phase  speed  is  of  only  secondary  importance  in 
determining  how  an  equation  behaves.  According  to  s  theory  initiated  by  William 
Hamilton  (1939)  and  Lord  Rayleigh  (1977),  and  developed  further  by  Sommerfeld 
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(1912)  and  Brillouin,  the  flow  of  energy  in  a  dispersive  medium  obeys*  group  speed, 
defined  by 


For  example,  suppose  a  wave  train  is  formed  as  a  sinusoid  with  wave  number  ( 
multiplied  by  a  slowly  varying  envelope  A(x).  Then  as  *  increases  the  envelope  will 
move,  approximately  unchanging  in  shape,  at  speed  C(()>  not  <K0-  As  a  general 
principle,  phase  speed  controls  the  interference  of  waves,  but  group  speed  controls 
their  propagation  in  space. 

Eq.  (1.2.3)  seems  surprising  to  many  people  at  first,  even  impossible.  For  example 
one  might  argue,  how  can  the  energy  aaeociated  with  a  wav*  number  (  fed  the 
influence  of  nearby  wave  numbers,  as  (1.2.3)  implies  that  it  must?  The  answer  is 
that  polychromatic  waves  cannot  be  understood  purely  <n  term*  of  the  individual 
sine  waves  that  make  them  up — which  after  all,  are  r  -h  unbounded  la  extent.  It  is 
obvious  that  the  position  and  structure  of  any  po.,  chromatic  pulse  are  determined 
by  constructive  and  destructive  interference  te tween  sine  waves;  so  thst  the  “energy 
Associated  with  wsve  number  in  the  absence  of  other  wave  numbers,  is  not  localised 
at  all.  Therefore  it  should  not  be  surprising  that  its  propagation  with  t  also  depends 
on  the  interaction  of  wave  numbers.  Nevertheless,  eq.  (1.2.3)  takes  some  getting  used 
to,  and  readers  unfamiliar  with  group  velocity  are  encouraged  to  take  a  look  at  [BrfiO|, 
|Wh74|,  or  JU78). 

As  a  simplest  example  to  motivate  (1.2.3),  suppose  a  dgnal  *»b»i«-fiu)  +*»(*■•-<•») 
is  formed  by  the  superposition  of  two  waves,  with  (t  it  and  ux  w  w,.  Then 
beating  will  occur.  The  composite  wave  is  in  fact  equivalent  to  a  single  wave  of  wave 
number  (£*  4-  £»)/ 2  modulated  by  a  sinusoidal  envelope  of  wave  number  (£|  -  (i)/2, 
and  simple  algebra  shows  that  as  f  increases,  the  envelope  moves  at  the  speed 

f»-6 

This  approaches  (1.2.3)  in  the  limit  it  —  (i.  -•  «i- 

A  more  general  derivation  of  group  velocity  is  baaed  on  the  method  of  ttotionorf 
phase,  due  to  Lord  Kelvin.  (For  further  derivations,  see  [Wli74|  and  (Li78),  and  also 
$2.3.)  Let  an  initial  distribution  *(*,0)  =  /(*)  have  the  Fourier  transform  7(0* 
this  signal  propagate  with  t  according  to  a  dispersion  function  w  *  w(0>*  Then  at 

“For  a  treatment  of  a  multivalued  dispersion  relation,  as  is  needed  for  multilevel  difference 
schemes,  see  Appendix  B. 


time  I  >  0,  the  solution  (ignoring  normalisation  factors)  la 

«(*,<)•  j  ,««< 

-  f  «“< -«>-<■/»/(()  d(. 


(1.3.4) 


Suppose  xjt  is  held  fixed  aa  t  -•  oo.  This  corresponds  to  moving  our  eyes  rightward 
at  a  fixed  speed  s/t  —const.  After  a  long  time,  what  will  we  see?  The  answer  comes 
from  observing  that  as  t  increases,  the  exponential  in  (1.2.4)  oscillates  more  sad  mere 
rapidly  with  C,  hence  tends  to  caned  tfi  0  v  I  -*  oo.  Assuming  that  /  is  smooth 
enough,  which  will  be  the  case  if  /  is  localised,  such  cancellation  will  evidently  taka 
place  everywhere  except  for  any  i  of  lUtenary  phase,  at  which 


i.e. 


As  t  -*  oo,  therefore,  our  eyes  will  see  only  any  wave  numbers  that  satisfy  this 
equation.  In  other  words,  energy  associated  with  wave  number  i  moves  asymptotically 
at  the  group  speed  (1.2.3). 

The  stationary  phase  argument  is  made  quantitative  in  (BrfiO],  (Li 78],  and  (Wb74|. 
In  App-  B  (Lemma  B.1),  we  will  give  a  complete  argument  of  a  related  kind  in  order 
to  prove  the  stability  theorems  of  Chapter  4. 

Since  the  stationary  phase  idea  is  applicable  In  various  contexts,  we  have  left  out 
details  such  as  limits  of  Integration,  but  let  us  now  be  more  precise  for  the  problem 
of  central  interest.  If  /  is  a  discrete  function  defined  only  for  x  —  jh,  j  €  2,  then  J 
is  defined  by  a  infinite  sum  and  has  domain  |-jr/h,s/h],  so  the  limits  of  integration 
in  (1.2.4)  become  ±*fh.  For  /  €  f|(h),  one  has  J  €  Ls|— */h,ir/h|,  and  the  more 
localised  /  is,  the  smoother  )  will  be;  when  /  has  compact  support,  )  will  be  a 
trigonometric  polynomial.  Whether  or  not  /  has  compact  support,  its  domain  can  be 
extended  naturally  from  hZ  to  all  of  Dl  by  simply  evaluating  (1.2.4)  for  arbitrary  x. 
The  result  is  a  function  in  I*(— oo,  oo),  namely  the  (finite  or  infinite)  trigonometric 
inlerpolant  through  the  values  {/(jh)}-  By  ParsevaTs  formula,  the  L\  norm  of  this 
extension  will  equal  the  tt  nor*i  of  the  discrete  function  /  (if  both  are  appropriately 
normalised),  since  both  are  to  the  Lt  norm  of  /.  Therefore  in  later  sections 
we  can  study  the  aum-of-squares  energy  or  a  signal  without  being  too  careful  aa  to 
whether  we  consider  its  domain  to  be  continuous  or  discrete. 
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Now  let  us  examine  the  group  speed  for  waves  under  LF.  Dy  differentiating  (1.1.7) 
implicitly  on  both  sides,  one  obtains 

Ice Mwt  dw  »  -aXA  cos  (k  d(. 


Thru  C  tiff ere  from  tke  ids  si  speed  -*  fcf  a  times  ss  much  ss  c. 

Proof.  Eq.  (1.1.1)  Implies  that  for  small  {A,  ui  tbs  dispersion  relation  is 


C- 


MSjA 

'  toeuk 


This  formula  shows  that  the  effects  of  discretisation  in  *  and  i  multiply  each  other; 
for  small  {A  and  u>A  the  former  will  tend  to  decrease  \C\  and  the  Uttar  to  increase  It 
(cf.  $1.1).  Since  stability  requires  XjoJ  <  1,  the  Rrst  effect  will  domiaate.  By  (1.1.8), 
we  can  eliminate  uk  to  get 


C 


-a  cos  l  A 
\j  1  -  (Xa)*sm* { A 


f*t  —a  1  — 


(1.1.8) 


A  comparison  of  (1.2.1)  and  (1.1.6)  shows  that  for  small  (A  and  wA,  both  c  and  C  will 
be  less  than  the  ideal  speed  -a  in  magnitude,  but  that  C  will  lag  by  roughly  three 
times  ss  much. 

Similarly,  differentiating  (1.1.18)  leads  to  the  group  speed 


C  =*  -a  cos  (A  cos*  m  -ojl  -  — ({A)*j 
for  CN,  and  (1.1.19)  gives 

|'»tH 


(1.1.7) 


(is-*) 


for  LF4.  Since  C  =  dufd(,  these  functions  represent  the  slopes  of  the  dispersion 
relation  plots  In  Fig.  1.1. 

From  these  formulas  one  can  calculate  that  with  LF4  and  CN  as  with  LF,  C  lags 
the  ideal  value  fot  £A  *w  0  by  3  times  as  much  as  e.  This  fact  gcneraBtca  as  follows: 

Theorem  1.3.1.  Lot  Q  Is  e  itendissipettec  model  of  «t  »  sea  sitt  tke  modified 

tfosfisa 

(1.1.1) 

for  tome  odd  integer  a  >  X  Then  as  (A,  w A  -*  0,  the  pAssr  and  frnwp  tpeedt  eetiefg 


iu  mm  -is(  +  AA*“*(— 


Ln. 

»--*{-(- ljVxA-'C- 

The  result  now  follows  from  (1.1.1)  and  (1.1.3).  | 

This  theorem  implies  that  evaluation  of  difference  formulas  by  the  phase  errors  they 
Introduce  may  lead  to  unrealistically  optimistic  conclusions. 

Demonstration  1.1.  As  the  amplest  demonstration  of  group  spoed,  Fig.  1.1 
shows  the  propagation  of  a  nearly  monochromatic  w*»t  packet  under  LF  with  •  ■ 
-1,  X  .4.  Fig.  1.1 a  plots  the  initial  signal  on  a  grid  with  A  «  1/180, 

•(«,«)—  «-<•■>*  *■(*, 

with  (  chosen  so  that  there  are  8  grid  points  per  wavelength:  {A  **  l»/8  ft*  .79, 
(  as  251.3.  The  exact  solution  should  move  right  unchanged  at  speed  1,  but  (1.2.2) 
and  (1.2.6)  predict  phase  and  group  speeds 

c  «e»  .ft,  C  m  .74. 

In  this  experiment  the  exact  solution  was  used  to  provide  values  at  t  ®  A,  and  then 
LF  was  applied  up  to  t  ss  1.  The  result  is  shown  in  Fig.  1.2b.  Apparently  the  wave 
packet  has  propagated  at  just  the  group  speed  C,  not  at  thn  phase  speed,  sad  it 
has  changed  little  in  shape.  If  one  looked  at  the  wave  carefully  as  a  function  of  I, 
one  would  see  phase  crests  continually  appearing  at  the  trailing  edge  of  the  packet, 
advancing  through  it  at  speed  c,  and  disappearing  at  the  front.  The  same  behavior 
appears  in  the  ripples  made  w)>cn  a  stone  is  dropped  into  a  pond,  for  gravity  waves 


e  -  -«  -  +  O(UM'). 


FlC  1.2.  Propagation  of  a  wav*  packet  with  8  point*  p*r  wavo- 
length  {lh  «a  .71)).  The  model  is  LF  for  «*  “  -•«  with  h  *=  1/160, 
X  =■  .4.  The  packet  move*  not  at  the  ideal  speed  1,  but  at  the  group 
speed  C  ,74. 


FIG.  1 .3.  Propagation  or  a  wave  front  generated  by  n  forced  oscilla¬ 
tion  with  uk  =  1  at  the  left  boundary.  The  model  is  CN  Tor  ut  =  — u, 
with  h  sa  1/500,  X  **  5.  The  wave  front  travels  at  the  group  speed 
C  »  .75. 
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on  deep  water  also  satisfy  a  dispersive  equation  characterised  by  C  <  c* 

This  example  demonstrates  a  principle  that  makes  analysis  of  group  velocity 
errors  in  difference  schemes  possible:  there  i«  more  to  the  inaccuracy  of  a  difference 
acheme  than  truncation  error.  The  wave  in  Fig.  1.2b  differs  completely  from  the 
correct  solution  poiotwise,  and  so  an  estimate  of  accumulated  truncation  error  would 
lead  to  the  conclusion  that  the  computation  had  been  useless.  But  in  fact,  it  has  been 
qualitatively  correct.  Errors  caused  by  differencing  are  not  random  perturbations, 
but  a  systematic  interaction  of  dispersions  and  possibly  dissipations  of  various  orders. 

DEMONSTRATION  1.2.  As  a  second  example,  Fig.  1.3  shows  the  propagation  of 
a  wave  front.  In  this  experiment  a  sinusoidal  forcing  oscillation  at  the  left  boundary 
radix  to  a  wave  into  the  interior  of  the  interval  (0,  2].  Here  h  »  1/500,  X  *=  5,  and 
the  scheme  ia  CN  with  a  **  —  1.  The  oscillation 

u(0,t)=- sin  1001 

haa  been  turned  on  at  t  **  0.  At  1  =  1.5,  only  a  low-frequency  forerunner  has 
reached  *  =  1.5;  the  main  onciilation  or  amplitude  1  has  reached  only  x  =*  1.0  or  I.l, 
suggesting  that  the  wave  front  propagates  at  a  speed  roughly  0-7.  Now  to  analyte  a 
problem  like  this  we  need  to  know  bow  C  depends  on  w,  not  (.  From  (1.1.18)  aud 
(1.2.7),  we  obtain 

CM  _  -a  rot*  -  (  jj)’  twi'  y.  (1*10) 

For  the  given  problem  vk  =**  1,  and  (1.2.10)  predicts  C  .75.  This  explains  Fig.  14. 
Throughout  this  dissertation,  wc  will  use  both  spatial  and  temporal  Fourier  transforms 
as  convenient;  most  often  it  will  be  the  latter,  since  boundaries  or  interfaces  will  be 
present. 

For  dissipative  modes,  the  concept  of  group  velocity  breaks  down.  When  dis¬ 
persion  dominates  dissipation,  tbe  predictions  obtained  by  ignoring  dissipation  may 

*!n  fact  for  such  waves  one  haa  C  =  }c.  For  short  ripples  on  deep  water  (surface  tension 
dominated),  on  the  other  hand,  one  has  C  =  je.  Other  physical  problems  with  C  >  c  arc 
wave  propagation  in  elastic  beams  (C  —  2c)  and  movement  of  a  particle  when  viewed  as  a 
quantum  mechanical  wave  packet  (C  =  2c  also).  (The  classical  particle  speed  corresponds 
to  C,  not  c.)  Closer  physical  analog*  to  a  finite  difference  model  of  (1.1.1)  are  presented 
by  problems  In  which  C  «  c  for  long  wavelengths  but  C  ^  e  for  abort  ones.  These 
include  sound  or  electromagnetic  wave  propagation  in  random  media  (air,  glass,  rock)  or 
regular  media  (crystals,  electric  networks).  In  these  cases  C  and  C  begin  to  differ  when  the 
wavelengths  present  become  comparable  to  some  physical  scale  involved,  such  as  a  distance 
between  molecules. 
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not  be  Tar  off,  and  we  will  make  uae  or  this  in  $1.4.  One  justification  of  this  claim 
can  be  found  in  Thm.  2.3.1  together  with  Lemma  D.l;  in  fact,  Thro.  1.2.1  could 
be  extended  to  even-order  dissipative  difference  approximations.  However,  a  general 
analysis  requires  a  steepest  descent  argument  that  is  more  subtle  than  the  stationary 
phase  derivation  (BrttOj.  It  turns  out  that  for  dissipative  waves  one  can  distinguish 
group,  rifnai,  and  energy  velocities,  all  oT  which  coincide  ia  the  nondfampativ*  case. 
This  theory  was  worked  out  by  Brillouin  and  Sommerfdd  in  the  early  1900’s  and  la 
described  at  length  in  (Br60).  The  application  or  steepest  descent  analysis  to  dissipa¬ 
tive  Units  difference  models  of  (1.1.1)  Is  carried  out  by  Serdjukovaln  |Se03,Se66|,  and 
by  Hedstrom  and  Chin  in  [He65,He66,Ue68,He75,Ch7S,Ch7gl.  The  same  approach 
has  been  extended  to  models  or  s  transport  equation  by  Cropp  [GrBlJ. 


1.8  Dispersion 

In  s  signal  consisting  of  a  superposition  of  various  wave  parameter  pairs  (C,w), 
the  energy  associated  with  each  pair  will  propsgstc  at  the  group  speed  appropriate  to 
that  pair.  In  generpl  these  group  speeds  will  be  different,  causing  the  signal  to  change 
shape  as  It  propagates.  This  separation  of  wave  numbers  to  called  dispersion. 

Demonstration  11  The  amplest  configuration  that  may  lead  to  dispersion  to 
a  superposition  of  two  wave  numbers,  a  4Uhr*m*tie  ww  pmtktL  Figure  1.4a  shows 
such  a  rignal,  given  by 

u(x,0)  -  !,-«<— +  lin  in,). 

This  signal  contains  equal  amount*  of  energy  at  wave  numbers  (  w  0  and  (  «  100. 
In  the  experiment  the  LF  formula  was  applied  with  a  ■■  -1,  h  «  1/100,  X  **  .4,  and 
the  exact  solutien  was  used  to  provide  data  at  t  *  k.  For  these  values  (1.2.6)  predicts 
that  the  low  wave  number  energy  should  move  at  speed  C  »  I,  and  the  high  wave 
number  energy  at  C  .60.  Figures  1.4b,e  show  Jic  computed  result  at  t  •*  2,4, 
The  initial  packet  has  split  into  two  pieces,  snd  they  have  evidently  traveled  at  the 
predicted  speeds.  (Compare  Fig.  1  of  (V175J.) 

More  generally,  any  wave  packet  that  to  localised  fa  space  must  contain  a  range 
of  wave  numbers.  Quantitatively,  the  product  of  the  width  of  a  wave  packet  «  and 
the  width  of  He  Fourier  transform  &  is  bounded  from  below  by  a  constant  of  order 
unity  (the  uncertainly  principle).  In  particular,  the  initial  signal  ia  Fig.  1.4  Is  not 

n 


Fig.  1.4.  Separation  of  a  dichromatic  wave  packet  with  (k  m  0 
and  (h  ""  I  into  two  components  The  model  to  LF  for  u,  «  with 

k  -  1/100,  x-J. 


FlG.  1 .5.  Dispersion  of  a  polychromatic  pulse.  The  model  to  LF  for 
m  — •«.  with  h  1/160,  X  ■■  .4.  Higher  wave  numbers  have  lower 
group  speeds  and  lag  belli  ml  the  main  signal. 
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exactly  dichromatic,  but  has  a  Fourier  transform  consisting  of  two  narrow  spikes. 
Similarly  the  signal  in  Fi|  .  1.2  has  a  spectrum  consisting  of  one  narrow  spike.  In  such 
cases  we  must  expect  tha.  each  not-quite-monochromatie  wave  component  present 
will  itself  disperse  with  time,  since  it  contains  energy  with  various  group  velocities. 
Such  dispersion  will  take  the  form  of  a  broadening  of  the  wave  pocket  at  a  steady 
rate  depending  on  the  range  of  group  speeds  present  We  can  formulate  this  in  an 
approximate  way  as  follows: 

Let  «<t  mituU  wove  pocket  %{x,  0)  has «  Fourier  tronxform  4((,0)  uhth  support 
[Co  -  A(/2,  € o  +  &{/2|  for  some  small  value  A( .  Let  W(t)  ke  on  approximate  measure 
oj  the  width  of  the  packet  at  time  t.  Then  for  In rpt  t,  W  will  fro w  rouphJy  according 

to 

(tJi) 

The  aignificance  or  (1-3.1)  it  twofold.  First,  broadening  of  a  pulse  will  be  approximately 
linear.  Second,  the  rate  of  broadening  depends  on  both  the  width  of  the  Fourier 
transform  and  the  derivative  dC/d(. 

In  Fig.  1.2,  there  ware  many  grid  points  in  the  wave  packet,  so  was  small 
and  the  packet  broadened  only  about  '095  or  so  in  the  time  shows.  This  example 
illustrates  a  point  of  practical  important  e:  the  absence  of  conspicuous  dispersion  is  no 
guarantee  that  a  computation  haa  been  accurate.  In  Fig.  1.4  there  are  not  aa  many 
grid  points  within  the  wave  packet,  so  A(  is  large.  The  component  with  (wfl  still 
docs  not  broaden  much,  betfouse  dC/d(  ■  I  it  (  *  0.  But  It  is  evident  that  the 
component  with  (h  »  1  has  broadened  considerably.  In  fact,  for  thin  component 
(1.3.1)  haa  the  approximate  form 

W(I)-W(0)-I(20K^). 

This  leads  to  estimates  like 

W(0)  -  0.2,  W(2)  =»  .8, 

which  are  not  far  off,  considering  that  we  have  been  careless  with  constants. 

Demonstration  1.4.  Figure  1.5  shows  the  dispersion  of  an  initial  pulse  that  is 
so  narrow  aa  to  be  thoroughly  polychromatic  (ef.  [Vi 82]).  This  experiment  takes  place 
in  the  same  laboratory  as  Demo.  1.1:  a  »  -1,  h  —  1/lfiO,  X  *■  0.4,  scheme  *  LF. 
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But  the  initial  distribution  is  now 

u(*,0)=e-MOO<-*>*, 

which  is  much  narrower  than  before  and  has  central  wave  number  (  =  0.  Since  the 
pulse  is  narrow,  its  transform  is  broad,  and  Fig.  1.5b  shows  that  it  disperses  quickly 
into  a  train  of  oscillations. 

Such  oscillatory  effects  of  finite  difference  schemes  are  common  and  wdl  known. 
What  is  not  generally  recognised  it  that  ail  of  the  behavior  of  Fig.  1.5,  except  for  the 
phases  of  individual  wave  create,  can  be  predicted  quantitatively  by  considering  group 
speed.  At  the  front  of  the  wave  train,  the  low  wave  numbers  travel  at  speed  Marly 
1,  as  they  must.  The  further  back  one  looks,  the  higher  the  wave  number  one  asas; 
measurements  in  an  enlargement  of  Fig.  1.5b  confirm  that  the  relationship  la  that  of 
(1.2.6).  Furthermore,  the  amplitude  distribution  can  be  predicted  from  the  fact  that 
the  initial  ft  energy  density  at  each  wave  number  is  conserved  (it  must  first  be  defined 
carefully,  since  Lp  is  a  multilevel  scheme;  see  [Ri67[).  Accordingly,  the  amplitude  of 
a  part  of  the  wave  train  with  wave  number  (  decreases  with  time  according  to  the 
square  root  of  the  rate  of  dispersion  dC/d( ■  These  ideas  are  made  precise  and  applied 
extensively  in  the  field  of  feometruol  optics  [WH74J. 

For  analyses  of  the  dispersion  introduced  by  finite  difference  models  in  the  neigh¬ 
borhood  of  a  discontinuity  in  u,  see  |Ap88,Ch75,He75,Ch78). 

1.4  Instability  In  L,  norms,  p  jd  2 

In  this  section  we  digress  briefly  to  consider  our  first  applicntion  of  wave  propaga¬ 
tion  ideas  to  stability  We  will  show  that  dispersion  is  the  controlling  factor  for 
stability  of  difference  models  of  u(  »  ou,  in  L,  norms,  p  yd  2. 

In  the  last  two  decades  a  considerable  body  of  results  has  accumulated  on  stability 
in  norms  [Dr75].  Some  of  the  contributors  to  this  work  have  been  Brenner, 
lledstrorn,  Scrdjukova,  Sictter,  Thoinfc,  and  Wmhlbin.  This  theory  is  quite  technical, 
and  does,  nol  draw  explicitly  on  the  notions  of  group  velocity  or  dispersion.*  Instead 
it  it  founded  mainly  on  the  techniques  of  Fourier  mu/ttpfart-  Our  contention  is  that 
many  of  these  results  can  be  readily  understood,  and  possibly  extended,  by  simpler 

•However,  C.  Hedstrom  si  least  (private  communication)  ha*  been  aware  or  '.be  interpretation 
of  instability  presented  here. 

:* 
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arguments.  We  will  only  sketch  some  ideas  here  without  developing  them  rigorously, 
as  this  dissertation  is  mainly  concerned  with  stability  for  problems  containing  bound' 
aries  or  n  ter  faces.  However,  the  discussion  should  sufBee  to  provide  support  for  our 
underlying  thesis:  that  the  stability  of  finite  difference  models  is  strongly  affcctod  by 
phenomena  of  dispersive  wave  propagation. 

Let  Q  denote  a  fixed  finite  difference  approximation  to  «t  n  o».  with  time  and 
space  steps  k  and  k  —  k/\,  X  *  const.  We  will  apply  Q  at  all  points  *  €  (-00,00) 
but  at  discrete  time  levels  nJt,  and  denote  the  computed  solution  at  time  step  n  by 
v"(z).  For  simplicity  we  take  Q  to  be  a  two-levd  formula,  and  let  S  denote  the 
solution  operator  *" 

•  ,'M-IS'.V(x).  (1.4.1) 


Theorem  1.4.1  [TH65J.  Let  Q  approximate  u,  =  au,  to  an  even  order  of 
accuracy.  Then  Q  is  unstable  m  Lp  for  all  p  £  (l,oo),  p  ^  2.  | 

It  is  this  and  related  results  that  we  claim  are  due  to  dispersion. 

Here  is  the  explanation.  Consider  as  an  initial  distribution  a  narrow  pulse,  as 
in  Fig.  1.5a,  whose  width  is  a  few  grid  points.  Following  (1.3.1),  we  write  Uua  in  the 
form 

W{  0)«h.  (M.3) 

with  the  understanding  that  denotes  an  order  of  magnitude  agreement,  ignoring 
constant  factors,  without  being  defined  precisely.  As  n  increases,  the  pulse  will 
disperse  into  a  train  of  oscillations  (Fig.  1.5b),  whose  width  will  increase  roughly 
)i nearly  with  n  (cf.  (1.3.1)), 


For  1  <  p  <  00  the  Lp  norm  of  a  function  • :  Bt  -•  (t  la  defined  by 

n»nj - /’ Miir*  (1  <,< («•<•*) 

and  for  p  —  00, 

MU  -  ,up  W*)l- 

«€* 

The  space  4  consists  of  those  functions  e  for  which  this  number  is  finite.  If  $  :  Lp  *-• 
Lp  ms  bounded  operator,  the  induced  operator  p-norm  Is  given  by 

imt,  *  «p  iimu  (1  <  p  <  «>)• 

IML-» 

We  define  stability  in  Lp  as  follows: 

Defn.  Tht  model  Q  is  Lp-stabla  if  Jot  each  T  >  0  there  exists  a  constant  Cr 
such  that 

11m,  <  Cr 

for  all  n  and  k  satisfpnf  nk  <  T. 

For  models  of  hyperbolic  problems  the  L%  norm  is  most  often  used,  mainly  because 
it  is  naturally  connected  to  the  Fourier  transform  by  PhrsevaJ’s  formula.  But  other 
Lp  norms  also  come  up  sometimes,  particularly  the  L\  and  £«»  n  -  when  one  baa 
in  mind  an  extension  to  a  nonlinear  problem  (Lufil).  One  might  expect  that  moat 
difference  formulas  that  are  stable  in  £4  would  be  stable  in  other  Lp  norma  too. 
However,  a  result  due  to  Thomfe  shows  that  this  is  not  so  (see  p.  100  of  |Ui«7|): 

N 


W(n)  «  W(0)  + 1  sw  nk. 


(1.4.4) 


Let  >t(n)  be  some  measure  of  the  average  amplitude  of  the  wave  train.  Then  we  expect 
to  have 

||v"|L,«.A(n)(*(»))'''.  (1.4.1) 

New  if  Q  ia  nondimipative,  |(e"||t  will  be  approximately  conserved  u  n  increases 
(exactly,  if  Q  ia  a  two-levd  formula).  With  (1.4.3)  (14.5),  tbia  implies 


d(n) 

A(0) 


(1.4.») 


Therefore  by  (I.4.3)-(1.4.8)  we  have 


d(o)[  W(n)l* 

d(0)lw(0) 


(1.4.7) 


For  p  <  2,  the  exponent  i»  poaitive,  xnd  to  we  hove  growth  in  the  p  norm.  It  follows 
that  the  operator  power,  j "  must  grow  at  least  this  fast, 


115*11,  >»*-•, 


(1*4.8) 


and  since  n  -*  oo  as  k  -*  0  for  fixed  t  =*  nk,  this  contradicts  the  defiuition  of 
Lp-sUbility.  Therefore  Q  is  unstable  m  Lp  for  p  <  J. 

Thus  Lp  instability  for  p  <  *  can  be  explained  by  the  dispersion  of  narrow  spikes 
into  oscillatory  wave  troins.  Correspondingly,  instability  for  p  >  2  is  implied  by 
the  fact  that  an  oscillatory  wave  train  may  coalesce  into  a  spike.  Suppose  that  the 
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configuration  of  Fig.  1.5b  is  Liken  as  initial  data  ti°(x),  and  then  the  LF  model  of 
(1.1.1)  is  applied  with  a  —  1  instead  of  a  *=  —1.  (Alternately,  one  might  retain 
a  =  -1  but  reflect  the  wave  train  of  Fig.  1.5b  about  x  =  0.)  Then  as  t  increases  the 
wave  train  will  move  left,  and  the  lower  wave  numbers  to  the  right  will  overtake  the 
higher  ones  to  the  left,  whose  group  speeds  are  not  quite  as  large.  The  result  at  t  =  2 
will  be  another  spike  at  z  =  0—  not  identical  to  that  of  Fig.  1.5a,  bat  close.  From 
t  =  0  to  t  =  2,  each  Lp  norm  with  p  >  2  will  have  grown.  Now  W'(O)  and  IV(n)  are 
the  aame  as  before  except  reversed,  hence  4(0)  and  >4(n)  also,  and  (1.4.7)  becomes 


Hr 

M, 


n*-i. 


(»■<••) 


This  time  the  exponent  is  negative  for  p  >  2,  and  (1.4.8)  becomes 


ii**ii,  £»*-*. 


(1.4.1#) 


Eqs.  (1.4.8)  and  (1.4.10)  combine  to  give  the  general  bound 

11**11,  >«'*-»'.  (1.4.11) 

(Actually,  for  the  above  argument  to  go  through  we  must  be  a  little  more  careful. 
The  problem  is  that  the  wave  train  of  Fig.  1.5b  is  no.  at  all  uniform  in  amplitude,  ao 
that  A(ti)  cannot  be  defined  in  such  a  way  that  (1.4.5)  holds  for  all  p.  The  explanation 
for  this  comes  from  (1.3.1)  and  the  discussion  in  $1.3:  our  initial  spike  contains  both 
nonnero  wave  numbers,  which  broaden  and  therefore  decay  in  amplitude  because 
they  have  dC/d£  96  0,  and  ncar-iero  ones,  which  decay  very  little  because  they  have 
dC/d{  0.  One  remedy  is  to  replace  Fig.  1.5a  with  a  signal  that  looks  more  like 
the  derivative  of  a  spike.  The  Fourier  transform  or  the  proper  signs],  instead  of  being 
concentrated  in  a  band  of  width  at  (  =  0,  might  consist  of  s  band  of  width 
centered  at  (  =  A(.  Then  the  broadening  rates  of  the  various  energy  component*, 
hence  their  amplitude  decay  rates  too,  will  agree  up  to  constant  factors,  and  (1.4.5) 
will  be  valid.) 

Now  suppose  Q  is  dissipative.  Here  is  the  explanation  for  the  even-order  hypoth¬ 
esis  of  Thm.  1.4.1.  If  Q  has  even  order  of  accuracy,  then  its  model  equation  has 
a  <  0  (§11),  and  this  means  that  dispersion  is  stronger  than  dissipation  at  low  wave 
numbers.  By  considering  a  spike  as  before  composed  of  energy  with  sufficiently  low 
wave  numbers,  wc  can  again  get  growth  in  all  Lp  norms,  p  jt  2.  On  the  other  hand 
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if  Q  has  odd  order  of  accuracy,  then  dissipation  dominates  dispersion,  and  we  cannot 
achieve  such  growth. 

Let  us  substantiate  these  claims  by  estimating  the  growth  rate  for  an  even-order 
formula  with  o  <  0  <  oo.  In  the  non  dissipative  case,  we  took  an  initial  signal  with 
width  W(0)  =«  h.  The  trouble  is,  the  transform  or  such  a  signal  is  so  broad  that  the 
energy  will  tend  to  dissipate  faster  than  it  disperses.  On  the  other  hand  if  W(0)  is 
taken  too  large,  then  although  the  dissipation  is  small,  we  will  have  a  wide  packet 
broadening  slowly,  and  not  much  growth  will  take  place.  Achieving  a  maximum 
growth  rate  will  depend  on  picking  W(0)  so  as  to  balance  these  effect*.  W'(O)  will 
also  have  to  depend  on  what  time  step  n  it  is  at  which  we  wish  to  observe  growth. 
The  reason  is  thst  the  growth  due  to  dispersion  is  algebraic,  while  the  decay  due 
to  dissipation  is  exponential;  for  'arge  enough  n,  the  simple  kind  of  packet  we  are 
considering  will  decay  to  0  in  all  p  norms. 


The  maximal  growth  solution  is  this:  given  n,  design  an  initial  packet  as  before 
but  with 


W(0I  . 

The  width  of  the  Fourier  transform  is  then 

(1.4.12) 

n“ ^ . 

(1.4  13) 

If  the  order  of  dispersion  is  a,  s  packet  of  this  width  will  have  group  velocities  covering 
a  range  (Thm.  1.2.1) 

wtiT1, 

and  so  W  will  increase  with  n  according  to 

W'(n)>»lV(0)-MAC=ft.>'1j“.  (1.4.14) 


Eqs.  (1.4.12)  and  (1.4.14)  give  the  ratio  of  widths 


W(n) 

W{0) 


n*r. 


(1.4. IS) 


To  get  the  corresponding  ratio  of  amplitudes,  we  observe  that  since  Q  has  order  of 
dissipation  0,  the  La  norm  of  v  will  decay  according  to 


hi,  »(i-(*ao*)* 


or  by  (1.4.13), 


=5  C  '  ■*  I- 
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In  other  word*,  our  initial  packet  is  just  broad  enough  so  that  the  decay  up  to  step 
n  is  not  significant.  (The  width  (1.4.12)  was  chosen  to  be  the  smallest  possible  for 
which  this  would  hold.)  Therefore  as  in  (1.4.6)  we  have  by  (1.4.1$), 


Prom  this  follows  the  analog  of  (1.4.7), 

or  following  (1.4.8), 

(1.4.17) 

For  p  <  2  the  exponent  is  again  positive.  Thtrtfore  Q  it  unatabU  m  Lp  for  p  <  2. 

As  before,  reversing  the  process  gives  the  same  estimate  but  with  the  exponent 
negated,  implying  growth  in  l >  for  p  >  2.  All  together,  we  have  the  bound* 

l|J'IU.2«S?l,',l.  (1.4.18) 

This  agrees  with  the  nondissipstive  result  (1.4.1 1)  if  one  sets  0  **  oo. 

The  above  arguments  constitute  a  sketch  of  a  proof  of  Thm.  1.4.1. 

In  addition,  we  have  obtained  a  lower  bound  for  the  growth  rate  of  the  difference 
operator.  What  is  remarkable  is  that  this  bound  is  as  strong  as  possible.  The  following 
result  was  proved  by  Brenner,  Thomte,  and  Wablbin: 

Theorem  1.4.2  fBr7S,  Thma.  3. 1, S  t}.  Ltt  Q  be  e  conaiaUnt  difftrene «  ap¬ 
proximation  Ion,  s  on,  with  seen  order  of  accuracy.  If  Q  it  diaoipatioe,  the  power* 
•/  the  wfution  operator  S  satis/*  for  1  <  p  <  oo  s  bound 

M,»***l*-Sl  <  ||**||,  <  (1.4.19) 

far  some  constants  M >  end  My.  If  Q  is  nendissipeitve  [0  =»  oo)  this  reduces  to  the 
formula 

A#, nil'll  <  ||»*||,  <  |  (1.4.20) 

•An  application  of  l  be  uniform  bounded  new  principle  shows  that  not  only  does  $*  grow  at 
tbfc  rate  en*«SD,  but  so  does  v*  for  some  suitably  chosen  initial  dale  o°.  In  fact  it  is 
not  hard  to  devise  such  a  function  *•:  let  it  combi  of  a  series  of  spikes,  each  broader  sad 
weaker  than  the  Imt,  and  each  designed  to  achieve  maximum  growth  at  s  particular  thne 
step. 
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The  fact  that  our  estimate  was  sharp  suggests  that  not  only  does  the  dispersion  sad 
gathering  of  spikes  imply  instability  in  Lp  norms,  but  there  is  nothing  more  to  such 
instability  than  this. 

Much  of  the  early  research  leading  to  Thm.  1.4.2  was  concerned  with  growth 
rates  in  of  the  Lax- Weed roff  operator,  Q  *■  LW.  For  this  we  have  at  w  2,0  ■> 
4,p  =  oo,  and  (1.4.19)  becomes 

Mi  ft1'1  <  U$"|U  <  Mtn1'9.  (1.4.11) 

(Obviously  the  instability  is  very  weak.)  This  bound  was  first  established  by  Serdju- 
kova  (So63),  by  means  of  saddle- point  estimates,  and  independently  by  Hedstrom 
(HeM)  in  1966;  see  also  jStto),  lTb65),  |Se«6). 

The  theory  related  to  instability  in  Lp  has  been  carried  well  beyond  Thm.  1.4.2. 
In  particular  one  may  ask,  bow  rapidly  can  |(v"||,  grow  if  v°  satisfies  some  smoothness 
condition?  How  smooth  must  u°  be  to  make  growth  impossible?  The  answers  to  such 
questions  naturally  involve  Bttov  spaces  [Pe76],  and  a  large  number  ere  presented  in 
(Br7$j;  see  also  (HeA8).  Although  many  of  them  could  probably  be  given  disperaioa 
interpretations,  we  do  not  .argue  that  this  would  necessarily  be  productive  la  the  more 
complicated  cases. 

A  more  promising  application  of  tbe  dispersion  idee  may  involve  the  ax  tension 
to  oariabU  coefficients.  We  have  not  discuaacd  this  fact,  but  the  essentials  of  group 
velocity  extend  without  change  to  dispersive  systems  with  variable  coefficients,  so 
long  as  the  scale  of  variation  is  large  compared  to  the  wavelengths  of  interest  (Wb74). 
Therefore  we  propoee: 

Conjecture.  Theorem  1.4.1  continues  to  hold  if  Q  it  a  consistent  difftrtnet 
model  of 

%,  =  ofj)*,, 

whtrt  a(x)  is  e  LtpachiU  continuous  Unction  aatiafpinp  0  <  ani.  <  |a(x)|  for  all  x. 

A  straightforward  exteiuioo  of  the  estimate  (1.4.19)  is  probably  also  valid.  At  present 
no  such  results  appear  to  have  been  proved,  although  some  theorems  for  variable 
coefficients  appear  in  (Ap68).  To  apply  Fourier  methods,  one  would  most  likely  need 
to  move  from  Fourier  multiplier  techniques  to  those  of  paeudodifftrential  operators. 
Technically  this  would  be  intricate,  end  there  is  a  chance  that  the  resulting  theorems 
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would  require  mi  unreasonable  degree  of  smoothness  in  a.  Wo  suspect  that  a  proof 
by  arguments  based  on  dispersion  would  be  easier  lo  carry  out. 

Fur  some  very  interesting  results  on  stability  in  h9  norms  of  nonlinear  difference 
formulas,  see  the  recent  dissertation  by  B.  Lucicr  [!,u8l]. 


1.5  Parasitic  waves 

The  last  three  sections  have  concentrated  on  the  errors  lfcal  result  from  the 
deviation  from  linearity  of  a  numerical  dispersion  relation  near  the  origin  w  =  £  =  0. 
These  might  be  called  the  behavioral  error a  introduced  by  differencing.  However,  a 
finite  difference  grid  can  also  support  completely  nonphysical  or  parasitic  waves, 
with  ( A  or  uk  far  from  the  origin,  and  these  loo  will  propagate  at  the  group  speed 
(1.2.3).  In  general  parasitic  waves  may  travel  not  only  at  the  wrong  speed,  but  also 
in  the  wrong  direction.  This  can  be  seen  from  the  fact  that  in  Fig  1.1  (also  Appendix 
A),  the  dispersion  curves  have  negative  slope  in  various  regions.  In  Chapter  4  we  will 
see  that  energy  propagation  in  the  wrong  direction  is  closely  related  to  instability  for 
initial  boundary  v*JUe  problem*. 

It  is  perhaps  surprising  that  poorly  resolved  waves  should  obey  a  group  speed, 
since  the  discreteness  of  the  grid  might  seem  to  necessitate  a  more  complicated 
analysis.  However,  the  stationary  phase  argument  sketched  in  §1.2  only  required 
ti(£.0)  to  be  smooth  function  of  £,  and  has  nothing  to  do  with  the  discreteness  of  *. 

Demonstration  1.5.  To  illustrate,  Fig.  1.6  shows  the  propagation  of  five 
different  wave  packcta.  In  this  experiment  ut  =  -u,  with  a  —  ~l  waa  modeled 
on  (—15,  1.5]  by  CN  with  X  =s  1  ,k  =  1/100.  In  each  case  initial  data  consisted  of  a 
wave  packet 

v°(.)  =  e-<10*>'  cos  Jr, 

with  varying  values  of  (.  In  each  case  the  solution  was  computed  up  to  t  =  1, 
and  then  the  result  was  plotted.  From  (1.1.18)  and  (1.2.7),  one  readily  obtains  the 
prediction 

C  =  CO*  (h 

l  +  J  sin*  £h 

for  this  demonstration.  Table  1.1  shows  the  wave  numbers  used  and  the  corresponding 
group  speed  predictions: 
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FlC  1.6.  Physical  and  parasitic  wave  packets  with  s=  0,  */4, .... 
*.  In  each  experiment  the  initial  packet  was  located  at  i  =  0  and  the 
figure  shows  the  result  at  t  =  I ,  so  that  the  position  of  each  packet 
plotted  equals  the  group  velocity  for  the  corresponding  wave  number. 
The  model  is  CN  for  u,  =  -u*  with  h  =  1/100,  X  =  1. 
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Figure  (h  C 

1.6*  0  1 

1.8b  */4  .82? 

1.8c  */5  0  TABLE  1.1 

l.U  3*/4  -  .629 

1.6e  *  -1 

The  figure  shows  clearly  that  the  predictions  or  this  table  are  valid. 

DEMONSTRATION  1.6.  Figure  1.7  shows  the  similarity  between  physical  waves 
and  parasites  in  another  way.  In  addition  to  the  spatially  sawtoothed  waves  that  we 
have  already  seen,  which  arise  from  near  ((,«)  =  (w/fc, 0),  Figs,  l.la-c  imply  that 
signals  with  ((,w)  near  (0.*/*)  and  (wfh,*/k)  are  also  possible  under  LF  or  LF4. 
Fig.  1.7  confirms  this  for  the  scheme  LF  with  «  —  -1.  In  the  same  mesh  as  before, 
sinusoidal  forcing  functions  with  wit  =  0,0.1,*  have  now  been  turned  on  at  t  =  0  in 
the  middle  of  the  domain: 

(it.)  .;-i, 

(i.7b)  »;  =«i»(.i»), 

(1.7c)  »S  -  (-1)*. 

Each  plot  shows  the  resulting  distribution  at  time  I  «  .86.  This  is  an  artificial 
experiment,  since  it  amounts  to  specifying  data  on  the  outflow  boundary  of  the  interval 
but  it  highlights  the  completely  predictable  behavior  of  parasites.  In  Figs.  1.7a 
and  1.7b  one  sees  waves  of  type  (*/h,0)  and  (0,0)  on  the  left  and  right,  respectively. 
In  Fig.  1.7c  the  waves  have  become  of  type  (0,  */k)  and  (*/h,  */*),  although  to  display 
the  sawtooth  behavior  in  t  it  would  be  necessary  to  show  an  additional  plot  for  t  = 
.66  ■+  k.  AH  of  these  waves  travel  at  group  speeds  approximately  ±1.  The  remarkable 
r-symmetry  in  each  plot  is  due  to  the  (  symmetry  about  (  =  *J2h  of  Fig.  1.1a,  and 
the  (-symmetry  relating  Figs.  1.7a  and  1.7c  is  due  to  the  corresponding  w-symmetry. 
These  details  are  unimportant,  for  they  would  change  with  the  difference  scheme. 
What  is  important  it  that  smooth  behavior  in  either  z  or  (  is  no  guarantee  or  smooth 
behavior  in  the  other  variable,  and  that  even  extremely  unphysical  waves  obey  a  group 
speed,  which  may  have  the  wrong  sign. 

In  problems  involving  parasitic  waves  the  notion  of  phase  speed  it  not  juat 
inadequate,  but  ill-defined.  According  to  f*  2.1)  the  phase  speed  is  t  =  w /£,  but 
since  w k  and  (h  arc  only  determined  up  to  multiples  of  x,  this  formula  docs  not  give 
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FlG.  1-7.  Sawtoothed  parasites  generated  by  a  forced  oscillation 
sinw!  at  the  middle  of  an  interval,  for  various  frequencies  w.  In  each 
case  the  forcing  function  was  turned  on  at  (  0  and  the  result  is  plotted 

at  t  =  .66.  The  model  is  LF  for  u(  =*  -u,  with  K  —  1/100,  X  =  .5. 


a  unique  value.  The  difficulty  (regarding  wfc)  is  that  since  the  wave  is  only  observable 
at  discrete  time  intervals,  it  cannot  be  said  whether  a  sine  wave  has  moved  left  or 
right  to  gel  from  one  configuration  to  the  next.  Dut  whatever  phase  speed  one  selects 
will  fail  to  capture  the  basic  fact  of  the  speed  at  which  the  edge  of  the  parasite  moves. 
The  group  speed,  by  contrast,  is  well  defined,  because  dw/d(  has  the  same  value  for 
all  choices  of  w  and  (. 

The  above  examples  have  suggested  that  it  is  common  for  sawtoothed  waves 
to  propagate  under  nondissipalivc  difference  formulas  in  the  wrong  direction.  It  is 
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convenient  to  devise  a  name  for  this  property; 


Consistency  implies 


Defn.  Let  Q  be  a  scalar  difference  formula.  Suppose  that  whenever  Q  admits 
a  solution  tr"  =  elut  with  u/  6  IR  and  group  speed  C  €  IR,  then  it  also  admits  the 
solution  u*  =  (— l),c,w‘,  and  this  wave  has  group  speed  C'  €  IR  satisfying  CC*  <  0, 
with  C  0  if  C  ^  0.  Then  Q  is  x-rever»ing.  Likewise  ir  the  existence  of  a  solution 
v"  =*  c~'(t  with  f  €  IK  and  group  speed  C  implies  the  existence  of  a  solution  v*  = 
(-lJ’V-’*'  with  CC'  <  0,  with  C'  5^  0  if  C  ^  0,  then  Q  is  (-reversing.  // 

One  may  show  readily  for  the  schemes  we  have  considered  (see  also  App.  A): 

Theorem  1.5.1. 

(i)  LF  and  LF\  arc  both  r-reveraing  and  (-reversing, 

(ii)  BE  and  CN  ore  z -reversing  but  not  t-reversing, 

( iii )  LFd  m  (  reversing  6u(  not  x-reversing , 

(iv)  LW  is  neither  x -reversing  nor  (-.everjtng. 

Proof.  Let  us  prove  (ii)  for  the  scheme  CN.  Suppose  v*  =  e1"'  satisfies  CM  with 
w  G  IR.  Then  v  has  (  =  0  by  definition,  so  (1.1.18)  implies  tan  ^  =  0,  hence  w  =»  0, 
and  by  (1.2.7)  the  solution  has  C  =  -a  6  IK-  The  dispersion  relation  (1.1.18)  implies 
that  ti"  =  (-1)J  is  also  a  solution,  with  (h  =  x,  and  by  (1.2.7)  this  solution  has 
C  =  +a  £  IR,  yielding  CC'  =  -a2  <  0.  Therefore  CN  is  x-reversing.  On  the  other 
hand  v*  =  1  satisfies  (1.1.18)  but  v"  =  (—1)"  (».c.  (h  =:  0,  uk  —  *)  does  not,  so  CN 
is  not  (-reversing. 

For  the  other  assertions  the  proof  is  similar.  | 


C(0, 0 j  =  —  \  ~  a}  —  ~a 
}■) 

but  it  implies  nothing  about  the  group  velocity  for  a  spatial  sawtooth, 


(1.5.2) 


C(t/h,Q) 


-£(-»v 


Thus  for  examp)  *  formula 


*  v%t) 


(1.5.3) 


has  a i  =s  o/3.  a2  =  a/3,  hence  C(*/h,0)  =  -a/3  <  0  as  weu  as  C(0,0)  =  — a  <  0. 
But  there  will  also  be  values  (  in  (0,*/h)  with  C  or  the  opposite  sign.  Usually,  for 
each  frequency  there  will  be  as  many  wave  numbers  with  C  <  0  as  with  C  >  0.  Thus 
it  is  in  the  nature  of  nondissipative  formulas  to  reverse  some  waves.  In  fact  only  a 
one-sided  formula  can  fail  to  send  some  energy  in  the  wrong  direction,  and  auch  a 
formula  is  usually  cither  unstable  or  dissipative.  (However  the  Box  scheme,  listed  in 
App.  A,  gives  an  example  of  a  ore-sided,  nondissipative,  not  x-reversing  formula.) 

In  practice,  a  nondissipative  difference  approximation  to  a  first-order  derivative 
will  often  be  taken  as  the  optimal  formula  for  the  given  number  of  points.  For  the 
centered  stencil  or  $iic  21  +  1,  this  formula  has  order  21.  (For  example,  LF  and  LF4 
are  baaed  on  x-difTcrcnce  approximations  with  t  =  1  and  t  —  2,  respectively.)  In  this 
important  :ase,  all  formulas  arc  reversing: 


Not  every  nondissipative  difference  formula  is  x-reversing.  One  way  to  see  this 
is  to  observe  that  a  centered  spatial  difference  operator 

9  ^  (*'-*•"') 

2jh  ' 

where  K  denotes  the  shift  operator  Kv}  =  leads  to  a  spatial  factor 

sin  j£h 


(1.5.1) 


Esin  j 
a‘ 


Jf* 


in  the  dispersion  relation.  A  difference  formula  based  on  this  spatial  discretisation 
will  have  ^ 

C(£,0)=  -  j\,co«j{A. 


Theorem  1.5.2.  Let  Q  be  a  difference  model  of  (1-1  l)  whose  tpatu U  (rap. 
temporal)  disere fixation  consists  of  the  optimal  2(  +  i  -point  centered  difference  ap- 
proximzation  to  adfdz  (resp.  d/9l).  Then  Q  is  x-revening  (resp.  t-reversing). 

Proof.  The  optimal  approximation  in  question  can  be  given  exactly  (|Kr72), 
Remark  p.  202):  in  the  notation  (1.5.1)  one  has 


By  (1.5.3)  and  the  alternating  signs  of  these  coefficients,  it  is  immediate  that  one  has 
C[x/h,  0)/o  >  0,  and  since  C(0,0)/a  <  0,  the  assertion  is  proved.  | 

As  mentioned  above,  Chapter  \  will  show  that  the  stability  of  a  difference  model 
of  an  initial  boundary  value  problem  dc  pends  on  whether  the  model  can  support  waves 


i 


with  group  velocity  opposite  to  the  physically  correct  direction.  In  practice,  numeri¬ 
cally  unstable  solutions  often  consist  of  sawtoothed  waves  under  z-  or  (-reversing 
formulas,  .  fact  that  we  will  pursue  in  $4.4  and  $4.5. 

1.6  Wave  propagation  in  several  dimensions 

Mathematically,  linear  wave  propagation  in  several  dimensions  is  much  the  same 
as  in  one,  fof  the  different  space  dimensions  decouple.  Nevertheless,  the  combination 
of  these  one-dimensional  effects  introduces  geometrical  phenomena  that  are  surprising. 
In  particular,  difference  schemes  for  isotropic  equations  are  themselves  anisotropic, 
and  as  a  result  imperfectly  resolved  waves  travel  not  only  at  false  speeds  but  in  false 
directions.  Such  effects  have  received  little  treatment  in  the  literature,  but  there  are 
some  previous  studies,  particularly  by  geophysicists  ( A17 A ,Qa8Q ,Ma&\ ,  WaBQ\ . *  There 
is  also  a  great  deal  known  about  wave  propagation  in  crystal  lattices,  which  is  strongly 
analogous  to  propagation  in  finite  difference  grids,  and  there  the  same  anisotropy 
phenomena  appear.  For  references  see  for  example  {Au73,Bo54,Br53,Je37,So64|. 

In  d  dimensions,  Fourier  modes  take  the  form 

(1.1.1) 

where  w  is  still  a  scalar  frequency  and  (  is  now  a  wave  number  vector  of  dimension 
d.  From  (1.6.1)  one  may  define  the  vector  phase  velocity  e  componentwise  by 

The  phase  velocity  points  normal  to  the  wave  front,  but  has  little  physical  significance. 
Once  again,  a  stationary  phase  argument  |\Vh61,Wh74)  can  be  used  to  show  that 
energy  travels  at  a  group  velocity,  now  given  by 

C  =  Vj  w,  (1.6.3) 

*!n  geophysics  one  faces  the  inverse  problem  of  inferring  the  properties  of  the  earth  from 
observations  of  sound  propagation  through  it.  On  a  global  scale,  the  souod  sources  are 
earthquakes  or  nuclear  explosions,  and  the  goal  is  to  understand  the  large-scale  structure  of 
the  earth's  surface  or  interior.  On  a  scale  of  a  Tew  miles,  the  sound  sources  are  dynamite 
explosions  or  other  man-made  impulses,  and  the  goal  is  to  detect  in  homogeneities  of  sound 
speed  that  may  gives  clues  to  the  location  of  oil  or  other  resources.  In  these  problems 
finite  difference  models  are  used  extensively  [Da80,CI76,Ma£l).  The  fcrids  employed  are  often 
coarse  relative  to  the  wavelength*  present,  so  numerical  group  velocity  errors  are  potentially 
significant. 
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where  Vj  denotes  the  gradient  (d-voctor)  with  respect  to  (. 

For  smplicity,  let  us  confine  ourselves  to  two  dimensions,  and  write  ((,17)  for  (. 
Consider  the  (isotropic)  sec ond- order  wave  efusfton 

(1J.4) 

The  dispersion  relation  for  (1.6.4)  is  a  system  of  concentric  circlrn, 

«*  =  (*+■>*,  (i.».s) 

which  has  two  frequencies  for  each  wave  number  because  (1.6.4)  is  of  second  order. 
From  (1.6.3)  one  obtains  a  group  velocity 

c  -  ±(/iei, 

which  asserts  that  energy  travels  normal  to  the  wave  front  at  speed  1.  As  a  typical 
finite  difference  model  of  (1.6.4),  suppose  wc  define  a  rectilinear  grid  with  step  sise  k 
in  both  z  and  y,  and  consider  second-order  lamp  frog  (LF*): 

-  K, + *V.„ + *?-w  <.-■  -  «»;)•  (>■*••> 

(Tbc  reatriction  of  this  formula  to  one  dimension  is  included  in  the  summary  of 
Appendix  A.)  Easy  trigonometric  manipulations  then  yield  the  numerical  dispersion 
relation  (cf.  [A174],  eq.  (A2)) 

(1.6.7) 

From  a  contour  plot  of  (1.6.7),  one  can  see  the  errors  in  group  velocity  that  LF* 
will  give  rise  to  (cf.  |Au73),  [Jc37,  chap.  IS)).  Fig.  1.8  shows  curves  of  constant  w  in 
(-space  for  u ih  =  e/8, ....  11  e/8.  For  simplicity  X  ha*  been  taken  here  equal  to  0,  so 
that  LF*  is  reduced  to  a  semi-discrete  or  "method  of  lines"  approximation.  The  full 
domain  portrayed  is  ((.»?)  €  |-e/h,e/h)*  (in  crystal  terminology,  the  fint  BritUum 
rone);  any  other  wave  number  vector  is  an  alias  of  a  vector  in  this  region.  The  figure 
shows  that  as  u  increases,  the  curve  of  corresponding  {  vectors  becomes  less  like 
a  circle  and  more  like  a  diamond.  Now  (1.6.3)  implies  that  the  group  velocity  foe 
any  wave  number  (  points  in  the  direction  of  the  normal  to  the  line  of  constant  w 
through  (.  By  contrast  the  phase  velocity,  since  it  is  normal  to  the  wave  front,  lie* 
along  the  ray  from  the  origin  through  (,  and  so  would  the  ideal  group  velocity  for 
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(1.6.4).  Thus  Tig.  1.8  indicate*  that  poorly  resolved  wave  packet*  will  travel  more 
along  a  diagonal  under  LF*  than  they  ought  to.  The  Figure  alto  chows  an  increasing 
separation  between  curves  of  constant  u  as  w  increases.  Dy  (1.6.3)  this  indicates  that 
poorly  resolved  packets  will  travel  too  slowly,  as  in  the  one-dimensional  case,  and 
evidently  tiiip  eiTect  will  be  more  pronounced  at  0*  or  90*  than  at  46*. 

Applying  (1.6.3)  to  (1-6.7)  recapitulates  these  phenomena  algebraically  (ef.  [AJ74)). 
One  obtains  the  group  velocity  components 


Xsin  jh  X  sin  f jk 

sinufc  ’  *  ™  sin  w It  ' 


(1-6-i) 


Therefore  the  group  propagation  angle  (from  the  z  axis]  and  speed  for  the  wave 
number  vector  ((,>?)  are 


Fig.  1.8.  Dispersion  plot  for  the  two-dimensional  Leap  Frog  model 
of  u,,  =  u„  +  in  the  limit  X  -*  0.  The  region  shown  is  the  domain 
|-»/h,  */h)*  of  the  (  *  ((,  q)  plane.  The  concentric  curves  plotted  are 
lines  of  constant  u  for  uh  *  w/8,  2*/8,  ...,U»/8.  The  normal  to  the 
curve  passing  through  a  point  (  is  the  direction  of  the  corresponding 
group  velocity. 


|C1  - - 


(!-•.») 

(l.t.10) 


For  infinitesimal '(h  these  expressions  reduce  to  the  isotropic  and  nondisperrive  for¬ 
mulas 

<»  *  un-‘  5,  |C|  =  I, 


but  for  finite  (k  they  confirm  that  there  is  anisotropy  and  dispersion.  L* 1 1  denote 
the  angle  from  the  z  axis  of  the  normal  to  a  given  plane  wave.  Then  to  second  order 
one  has 


\C\ 


+  eos4# 
t  « 


(1.6.11) 


e  *w#  + 


(lew* 


(!••  U) 


Eq.  (1.6.12)  shows  again  that  waves  will  travel  more  slowly  than  the  correct  spoed  l, 
lagging  twice  as  much  (for  small  X)  at  9  m  0*  (mod  90*)  as  at  9  m  45*  (mod  90*).  Bq. 
(1.6.13)  confirms  that  waves  with  9  m  0*(mod  45*)  will  propagate  perpendicularly  to 
the  wave  front  (a  fact  obvious  from  the  symmetries  of  the  grid),  but  that  all  other 
waves  will  propagate  obliquely,  preferring  diagonals  to  horisontals  and  verticals.  The 
details  would  change  if  the  z  and  y  mesh  spacing*  were  not  equal. 

DEMONSTRATION  1.7.  Fig.  1.9  confirms  these  predictions  experimentally.  Here 
a  Gaussian  wave  packet 

u(z,0)  a*  sin(x  • 


with  #  =s  22.5*  and  |(|h  =16  has  been  set  up  at  t  =  0.  The  experiment  takes 
h  =  .01,  X  =  .4,  scheme  =  LF*.  Superimposed  on  the  same  plot  is  the  packet  at  the 
later  time  t  =  1.4.  Ideally  it  should  have  traveled  a  distance  1.4  at  an  angle  22.5*. 
In  fact,  it  has  closely  matched  the  predictions  of  (1.6.9)  and  (1.6.10):  6  =  30.0*, 
|C|  *  .81. 

In  realistic  problems,  coefficients  will  usually  vary  in  space.  Following  a  standard 
theory  or  ray  tracing  in  inhomogeneous  anisotropic  media  (Li78],  it  is  possible  to 
work  out  in  detail  what  kind  of  errors  discretization  will  introduce.  Now  one  has  a 
space-dependent  dispersion  relation 


w  «  u{s,  0 
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and  Ihc  group  velocity  formula  (1.6.3)  becomes  half  of  a  system  or  equations  in 
Hamiltonian  form, 

^=-V.u.  (1.8.13) 

In  the  special  case  of  a  stratified  medium,  in  which  the  spatial  dependence  involves 
one  dimension  only,  one  can  simplify  this  system  by  replacing  the  second  equation  by 
an  algebraic  formula  £  =  £(r)  derived  from  toe  numerical  dispersion  relation,  and 
this  is  a  numerical  form  of  Snell's  Law.  For  an  example,  see  (Tr82).  Some  further 
remarks  on  Snell's  Law  are  given  at  the  end  of  §3.6. 

One  might  go  further,  and  study  wave  propagation  in  nonlinear  models  by  means 
or  the  fairly  well  developed  theory  of  nonlinear  wave  propagation  i:;  dispersive  media 
(Wh74).  However,  we  will  not  pursue  this  here. 


FIG.  1 .0.  Propagation  of  a  two-dimensional  wave  packet  with  |£| A  — 
1  6,  I  »  22.5*.  The  model  is  the  Leap  Frog  scheme  for  «u  »  uM9  +  u n 
with  h  *  1/100,  X  n  .4.  The  packet  is  shown  at  both  t  **  0  (lower 
left)  and  I*  1.1  (upper  right).  Dots  mark  the  ideal  starting  and  ending 
positions,  and  the  square  the  position  predicted  by  (1.6.6)-(1.6.10). 


2.  LEFTGOING  AND  RIGHTGOING  SIGNALS 


2.1  The  general  icolaur  difference  formula 

The  purpose  of  this  chapter  is  to  make  the  results  presented  so  far  more  general 
*  and  rnoro  rigorous.  The  key  to  this  is  an  algebraic  study  of  the  dispersion  relation  for 

an  arbitrary  scalar  difference  formula  Q— two-lcvc!  or  multilevel,  explicit  or  implicit. 
For  a  complete  analysts  one  must  permit  w  and  (  to  be  complex,  and  one  must  examine 
the  defective  solutions  that  occur  when  u>  or  (  has  multiplicity  greater  than  I.  In 
this  first  section  we  will  define  Q  and  describe  the  solutions  it  admits  with  regular 
behavior  ip  x  and  t  {Thins.  2. 1.1,2. 1.2).  Section  2.2  details  the  relationships  of  wave 
number  and  frequency  to  z  -  dusipativity,  t-dissipatimty,  and  Cauchy  Jfafriitly.  Section 
2  3  then  sets  forth  our  most  important  foundational  material  for  Chapters  3  6.  First, 
Thm  2.3.1  proves  that  if  Q  is  Cauchy  stable,  then  the  dispersion  relation  is  analytic 
about  any  point  with  (,u/  €  IR,  and  there  exist*  a  real  group  velocity.  Second,  Thm. 
2.3.2  describes  the  connection  between  wavelike  modes,  with  u,  £  €  R.  and  evanescent 
modes,  with  ui  or  (  complex.  These  results  form  the  basis  of  definitions  of  rifhtfoinf 
and  leftgoing,  strictly  rightgoing  and  strictly  teftgoing,  and  stationary  solutions  to  Q, 

I  which  will  be  central  to  our  later  work  on  boundaries,  interfaces,  and  stability.  Section 

2.4  then  goes  on  to  apply  these  results  to  the  class  of  three-point  linear  multistep 
formulas,  and  Section  2.5  extends  them  to  diagonalisablc  vector  difference  models. 

We  begin  by  introducing  space  and  time  shift  operators: 

Defn.  The  shift  operators  K  and  Z  arc  defined  by* 

'To  avoid  abuse  of  nota*ion,  we  would  have  to  be  consistent  as  to  whether  v  is  a  doubly 
indexed  sequence,  a  time  sequence  of  space  sequences  (Vj)"i  or  a  space  sequence  of  time 
sequences  Unfortunately  any  such  fixed  choice  is  too  cumbersome  to  be  practical,  and 

we  will  apply  K  frrely  to  any  object  that  has  a  spatial  index,  and  Z  to  any  object  with  a 
lime  index. 
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Let  us  define  complex  numbers  *,  *  by 

«  =  e“*.  (3.1.1) 

Then  the  Fourier  mode  (l.l. 4)  takes  the  form 

»  «•<“-«•>  ,  ,«,<  (,  _  /A,  |  =  „»),  (2.1.1) 

and  it  is  an  eigenfunction  of  K  and  Z  with  eigenvalues  «,  z.  The  ease  in  which  ( 
or  w  is  real  corresponds  to  the  situation  |x|  *=  I  or  |*|  =»  1,  respectively.  In  this 
dissertation  we  will  use  ( ,ui  or  k.s,  or  both,  according  to  convenience.  This  use  of 
*  and  z  follows  the  stability  work  of  Kreias  and  colleagues  [Gu72,etc.|,  and  we  have 
introduced  K  and  Z  by  analogy.  The  remaining  ideas  of  this  section  are  ako  heavily 
influenced  by  those  of  [Gu72|. 

A  general  s  +  2-level  finite  difference  model  Q  of  (1.1.1)  with  constant  coefficients 
esn  be  written 

E  «••*'*•  (*13) 

•—o 

where  each  Qw  »a  a  spatial  difference  operator, 

0.  -  £  (-!<»<  •)■  (1-1-4) 

f— « 

We  assume  that  has  a  bounded  inverse  in  /j.  If  Q. t  s=  1.  (2.1.3)  is  oxpiicit; 
otherwise  it  is  implicit.  We  assume  thst  X  =  kfh  is  fixed  and  that  the  coefficients 
aJ0  depend  on  X,  but  not  on  h  And  k  independently.  The  integers  t  >  0  and  r  >  0 
define  how  far  left  and  right  the  stencil  extends. 

Carrying  the  shift  operator  notation  forther,  we  can  write  Q  in  the  fora 

]»-«,  (1.1.5) 

where  P  is  a  bivariate  polynomial  of  degree  t  +  r  with  respect  to  K  and  degree  •  +  1 
with  respect  Vo  Z.  The  dispersion  relation  for  Q  is  then  simply 

/’(*,  j)  =  0.  (2.1.6) 
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In  this  notation  LI*'  takes  the  form 

\K(2'~  1)  -  \aZ{K*  -  1)]«  =.  0, 

or  equivalently, 

((7-2-')-Xd(jr-/f-,)]»  =  0,  (1.1.7) 

and  ita  diaperaion  relation  (1.1.7)  become 

*  -  J  =  Xd(«  -  i).  (71. 8) 

Similarly  LW  has  the  shift  operator  form 

[2*  -  K  -  ?£(K*  -  I)  -  ^(tf1  -  IK  +  1)].  =  0, 

that  vs,  # 

[*  -  1  -  y  (If  -  K-')  -  ^(tf  -  1  +  *-)].  -  o.  (7.1.8) 

In  these  instances  the  space  and  time  parts  of  the  difference  formula  are  inde¬ 
pendent.  We  define  in  general 

Defn.  The  formula  Q  is  separable  if  it  can  be  written  in  the  form 

(/(2)-»<K)l»=0.  (7.1.10) 

where  /  and  9  arc  rational  functions,  u 

LF,  LW,  and  many  other  difference  formulas  used  in  practice  are  separable.  For 
example,  CN  can  be  written 

and  LF4  has  the  form 

[2  -  1  /*  -  ^(K  -\/K)*  -i (K*  -  1/K>)jv  =  0.  (7.1.12) 

Any  difference  formula  based  on  the  method  of  tines ,  in  which  the  z  discretisation 
is  carried  out  before  the  t  discretisation,  will  also  be  separable.  An  example  of  a 
nonseparable  scheme  is  I.Fd  ($1.1),  which  has  the  shift  operator  form 

[2  -  1/2  -  Xo(K  -  1//C)  -  ~{K  -  1)J(1  -  !/*)’]«  =  0.  (7.1.13) 


Separable  schemes  have  the  property  that  their  group  velocities  factor  into  a 
produet 

C(u»,{)«C,(w)C,(0.  (1.1.14) 

We  have  observed  this  for  particular  examples  in  (1.2.5),  (1.2.7),  and  (1.2.6).  The 
reason  for  the  factorisation  in  general  is  that  if  Q  is  separable,  ita  dispersion  relation 
can  be  written 

/(.-*)  -  «(.-*“). 

Differentiation  gives 

and  hence  by  (1-2.3), 

We  will  be  extensively  concerned  with  the  relation  between  *  and  z  imposed  by 
the  dispersion  relation  (2.1.6).  To  begin  with,  suppose  that  *  is  fixed.  We  ask  the 
question:  what  solutions  of  the  form 

v;  =  *»*„,  (2.1.1$) 

where  {0*}  is  a  sequence  in  n,  does  Q  support?  By  (2.1.5),  (2.1.15)  is  s  solution  of 
Qv  =  0  if  and  only  if 

P(«,Z)*„  =  0.  (2.1.16) 

This  is  an  ordinary  difference  equation  for  <&„,  and  the  solutions  to  such  equations 
are  well  known: 

Theorem  2.1.1.  Let  a  €  (T  6e  arbitrary,  and  assume  that  the  polynomial 

r«(z)  =  />(*,#) 

it  0/ exact  degree  s  +  l,  i.e.  (fir  cot^nent  of  tht  i*'*1  term  u  nonzero.  Let 

denote  its  distinct  root s,  with  z,  of  multiplicity  i/tl  hence  x  */,  =  •+  1.  Then  lAe 

s  +  1  sequences 

d>n  =  :*n*  1  <  1  <  ti,  0<  6  <*»,-!  (2.1.17) 
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art  Itntarly  mdtptnde nt  solutions  of  (t.l.iS),  and  they  span  the  linear  space  of  ail 
such  solutions. 

Proof.  |Or72].  §4  2.  | 

Remark.  By  assumption  Q  _  i  is  invertible  in  f*.  from  which  it  followi  that  for 
|«c|  =  1  (and  hence,  by  continuity,  for  |ie|  sufficiently  close  to  1),  the  assumption  of 
exact  degree  s  +  1  must  hold. 

Now  let  us  switch  the  roles  of  k  and  a,  and  suppose  x  is  fixed.  Corresponding  to 
(2.1.15),  we  may  ask,  what  solutions 

v;  =  (2.1.18) 

where  {d,}  is  a  sequence  in  j,  does  Q  support’  For  this  one  has  corresponding  to 
(2  1.16)  t.-ic  equation 

P(K,t)4,  =  0,  (2.1.19) 

which  is  called  the  resolvent  equation  for  Q  (|Gu72],  eq.  (4.1)).  Again  we  have  mn 
ordinary  difference  equation  whose  solution  can  be  characterised  completely: 

Theorem  2.1.2.  Let  s  €  ®  he  arbitrary,  and  assume  that  the  polynomial 
Pa(K)=P[K,M) 

u  of  exact  deyree  t  +  r.  Let  {k«}|£«£»  denote  its  distinct  rooto,  with  of  multiplicity 
ir,,  hence  —  t  +  r.  Then  the  t  +  r  sequences 

*,  =  »!i'  1  <  ■  <  X.  0  <  6  <  ■/,  -  l  (MW) 

are  linearly  independent  solutions  of  (t.1.19),  and  they  span  the  linear  spate  of  all 
sueh  solutions. 

Proof.  Same  as  for  Thm.  2.1.1.  | 

This  theorem,  which  we  will  use  more  often  than  Thin.  2.1.1,  provides  a  complete 
breakdown  of  all  solutions  with  regular  lime  behavior  that  Q  can  support.  In  later 
sections  the  analyst  usually  comes  down  to  determining  which  combinations  of  those 
solutions  ore  permitted  by  psrticulsr  choices  of  boundary  or  Interface  conditions. 
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2.2  Cauchy  stability  and  dissipativity 

Wc  will  be  concerned  only  with  difference  formulas  that  are  /3-sU.blc  in  the 
absence  of  boundaries  or  interfaces.  The  following  definition  is  the  same  as  the 
definition  of  !/%  stability  in  $1.4,  except  that  Lj  is  replaced  by  and  we  now  cover 
the  case  of  multilevel  formulas. 

Dsfn.  Q  is  Cauchy  stable  if  for  each  T  >  0,  there  exists  a  constant  Cp  >  0 
such  that 

<  Cr  £  ||»'||, 

•  — 0 

for  all  n  and  k  satisfying  nik  <  T,  where  ||  -  ||a  denotes  the  norm  defined  by 

11*111  =  *  £  l*,l’.  II  <«.M) 

J— -« 

The  results  of  the  last  section  lead  to  necessary  conditions  for  Cauchy  stability.  Her* 
and  in  later  sections,  when  we  speak  of  connections  between  k  and  s,  it  should  be 
understood  that  we  are  concerned  only  with  pairs  (a, 2)  that  satisfy  the  dispersion 
relation  (2.1.6). 

Defn.  The  model  Q  satisfies  the  von  Neumann  condition  if  |k|  =  1  implies 

i*:<i.  // 

Theorem  2.2.1.  A  necessary  condition  for  Cauchy  itokthty  is  that  Q  satisfies 
the  von  Neumann  condition.  A  further  necessary  condition  is  (fist  |«c|  =  |*|  =  1 
implies  that  x  it  simple .* 

Proof.  If  the  von  Neumann  condition  docs  not  hold,  then  by  Thm.  2.1.1,  Q 
admits  a  solution 

=  w's",  n  >  0 

with  |sc|  «=  1  and  |x|  >  I.  If  the  simple  root  condition  docs  not  hold,  the  same 
theorem  shows  that  Q  admits  a  solution 

v*  =  a*'*",  n  >  0 

with  [«|  =*  |x|  *=  1.  It  follows  that  in  either  case  the  nth  powers  of  the  amplification 
matrices  corresponding  to  the  Fourier  mode  i  with  e~'*fc  *  «  grow  unboundedly  as 

*1n  fact  in  the  present  constant-coefficient  situation,  the  conditions  given  are  alao  sufficient 
for  stability.  Uui  wc  will  not  need  this  result. 
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ft  — •  30  for  fixed  *  Therefore  tl  j  also  grow  unboundedly  as  k  — »  Q  Tor  fixed  T.  Since 
such  amplification  matrices  are  continuous  function*  of  (,  Cauchy  instability  follow* 
by  Fourier  analysis  (see  §5  A  of  |R»6T|).  | 

The  definition  of  dissipativity  '•»  a  further  strengthening  or  Uk  von  Neumann 
condition: 

Dofn.  Q  is  dissipative  or  x-disaipative  if  it  aatisfie*  tne  von  Neumann  condi¬ 
tion,  and  moreover,  |*c|  =  1,  *  ft  1  implies  |x|  <  1,  or  equivalently,  |«|  =s  |x|  *  \ 
implies  k  =  1.  It  is  strictly  non  dissipative  or  unitary  if  |<c|  =*  1  implies  |x|  =  1. 

// 

Note  that  strict  nondissipali vity  is  a  stronger  condition  than  the  negative  of  dia- 
sipativity  Most  formula*  are  one  or  the  other,  but  an  example  of  one  that  fall* 
between  is  BE  ($1.1).  For  =*  t,  k  yk  ±1,  BE  has  |x|  <  I,  but  the  mode  *  =  —1, 
*  =  1  keeps  it  from  being  x  dissipative. 

In  practice,  what  one  often  needs  is  a  slightly  stronger  property: 

Defn.  Q  is  totally  dissipative  if  it  satisfies  the  von  Neumann  condition  and 
moreover,  |*|  =  |*t  =  1  implies  *  =  a  =  1.  // 

For  two-level  schemes  (•  =  0),  we  will  show  in  a  moment  that  x- dissipativity  and 
total  disaipativity  are  equivalent.  An  tr'mn1:  suffices  to  show  that  Tor  multilevel 
schcnvs  the  situation  is  different:  l.Fd  ($1.1)  r-  lissipativc,  but  it  admits  the  mode 
k  =  1.  x  =  -1,  bo  it  is  not  totally  dissipative.  Th»  Tact  that  x-diaaipativity  does  not 
ensure  total  disaipativity  for  multilevel  schemes  causes  occasional  confusion  and  error 
in  papers  on  finite  difference  methods,  which  is  why  we  choose  to  add  the  prefix  x. 

In  analogy,  one  might  define  a  t  distipeime  formula  to  be  one  Tor  which  |ic|  *= 
|e|  =  1  implies  x  =  I.  For  generality  in  later  applications  (see  especially  §6.2),  we 
choose  to  make  the  definition  slightly  weaker  -  the  minimum  necessary  so  that  x-  and 
t-  dissipativity  together  imply  total  disaipativity.  The  following  definition  is  closely 
related  to  condition  (3.7)  the  paper  [Cofil]  by  Goldberg  and  Tadmor,  and  to  the 
notion  or  tangential  dissipativity  introduced  by  Coughran  in  (Co80). 

Defn.  [Goftl],  eq.  (3.7)).  Q  is  Ldisaipative  if  *  =  1,  |x|  =  1  implies  x  =  1.  // 
Thus,  for  example,  BE  is  f-disaipative  but  not  x-dissipative. 

Theorem  2.2.2.  Q  u  totally  dissipative  if  and  only  if  it  it  both  x  dissipative 
S3 


and  t-rfusspath*. 

Proof.  Roth  total  diaaipativity  and  x-dissipativity  require  the  von  Neumann 
condition,  ao  Lhst  part  of  the  equivalence  holds.  What  remains  is  to  show  that  |xj  = 
|«c[  =  i  e  (sicslii  equivalent  to  |x|  =  |*|  =  1  n  x  a  |  plus  *  =  l,(x|  — 

1  m  x  =-  »  This  ia  immediate.  | 

The  example  of  LFd  showed  that  x-diasipativity  does  not  imply  t-diasipativity. 
However,  for  two-level  schemes  one  has 

Theorem  2.2.3.  Any  consistent  two- lent l  formula  Q  it  t-dissipatne.  Any 
consistent  tvo- level  x-dissipative  formula  Q  it  totally  dissipative. 

Proof.  By  consistency,  Q  must  have  a  solution  k  =«  x  =  1,  and  if  it  is  a  two- level 
formula,  then  by  Thm.  2.1.1  there  can  only  be  a  single  x  for  each  k,  ao  this  ta  the 
only  solution  with  k  =  1.  Therefore  the  condition  of  f-dissipativity  hold*  trivially.  If 
Q  is  also  x-dissipativc,  then  it  is  totally  dissipative  by  Thm.  2.2.2.  | 

One  readily  sees  that  disaipativity  precludes  the  possibility  that  a  scheme  ia 
reversing: 

Theorem  2.2.4.  If  'Q  is  consistent  and  z- dissipative,  it  cannot  he  x-revtrsiny. 
If  Q  is  consistent  and  t- dissipative,  it  cannot  be  t-reversiny. 

Proof.  If  Q  is  consistent,  then  k  =  x  =  1  is  a  solution  with  C  =  —  a  €  IR- 
For  Q  to  be  x-reversing,  it  must  therefore  admit  the  solution  sc  =  -l.x  =  1.  This 
contradicts  the  definition  of  an  x-dissipative  formula.  Similarly  Tor  the  t  case.  | 

For  a  scalar  difference  model  with  constant  coefficients,  dissipativity  almost  com¬ 
pletely  determines  the  behavior  and  stability  oT  solutions  to  the  Cauchy  problem  in 
the  or  Is?  norms  In  the  two-level  case,  its  influence  is  complete.  Each  Fourier 
component  k  will  lose  L?  energy  at  the  rate  IxJiOJ",  and  by  Parseval’s  formula,  the 
overall  solution  will  decay  according  to  the  combination  of  these  effects.  One  might 
say  that  dissipation  acts  on  individual  wave  numbers  independently,  and  the  L,  norm 
measures  them  independently.  For  problems  with  variable  coefficients,  two  important 
theorems  of  Krciss  (Ri67,§6)  show  that  dissipativity  still  goes  s  long  way  towards 
ensuring  La -stability. 

Dispersion,  on  the  other  hand,  has  to  do  with  the  interaction  of  wave  numbers, 
and  the  results  of  §M  show  that  this  interaction  must  be  taken  into  account  for 
stability  in  Lp  norms  other  than  La-  We  will  soc  that  the  same  is  true,  even  the  in  L% 

54 


.  1 
it 

l 


north,  for  problems  containing  boundaries  or  interfaces. 


2.3  Leftgoing  and  rightgoing  solutions 


lly  (2.3.2),  H*o.  zq)  =  0  if  and  only  if  v  >  2.  which  proves  (in). 

Assume  on  the  other  hand  f  =  1,  so  that  *'(*q)  /  0.  and  (2.3.2)  and  (2.3.4)  give 


CK. 

\  IQ 


(235) 


We  now  have  the  material  in  place  to  return  to  group  velocity  and  give  it  a  fuller 
explanation.  First,  the  following  theorem  establishes  that  "group  velocity  always 
makes  sense"  — for  any  wavelike  mode,  the  derivative  (1.2.3)  exists  and  is  real. 


Theorem  2.3,1.  Let  Q  be  a  Cauchy  stestr  scalar  difference  formula  with  con¬ 
stant  coefficients,  as  described  m  §2.1.  Suppose  that  Q  admits  a  solution 

v*  =  *S4  =  «»<-*-«.*)  (z  =  jk,  t  =  «*)  (2.3.1) 

with  |*0|  =  |«o(  =  1,  »-e.  w0,  Co  £  R*  Then 

(i)  In  a  neighborhood  o/(«0.*o),  *  u  a  angle -valued  analytic  function  of  n. 

(tt)  The  group  velocity  derivative  C  =  dw/dC  at  (*<>,  *o)»  «  real. 

(in)  C(*o-*o)  =  ®  */  ®»»d  only  if  *■  o  “  multiple  (i.e.  a  multiple  root  of  the 
polynomial  P,0{*)  —  P{t c,x<>)  oj  §2.1/ 

Proof.  If  Q  admits  the  solution  (2.3.1),  then  P{kq,  *o)  =  0.  where  P  is  the 
bi.ariate  polynomial  defined  in  (2.1.5).  By  the  remark  following  Thm.  2.1.1,  the 
univariate  polynomial  P*(x)  =  P(*,x)  has  exact  degree  t  +  1  for  all  a  in  a  neighbor¬ 
hood  of  k  =  kq,  and  by  the  definition  of  P,  its  coefficients  are  analytic  functions  or 
k  (in  fact  polynomials).  Moreover  since  Q  is  Cauchy  stable,  Thm.  2.2.1  implies  that 
io  i»  a  simple  root  of  /*».(*).  From  these  facts  it  follows  by  the  implicit  function 
theorem  that  in  a  neighborhood  of  (*co<*o)»  equation  P[k,  j)  =  0  determines  a 
unique  analytic  function  x(a),  satisfying 

(«-«,)  =  A(«  -«,)■  +  0((«  1 )  A  /  0,  (2.3.2) 

for  some  A  €  ®  ,  where  u  >  1  is  the  multiplicity  of  as  a  root  of  P^(*c)  =  P(*,*o)- 
This  proves  (if. 

By  differentiating  (2.1.1),  one  obtains  the  formulas 

da  m  —thudi,  ds  «*  ikedu.  (2.3.3) 


Sinee  we  have  shown  that  difdn  exists  at  (*o>  *o).  it  follows  that  C[*o,  Zq)  exists  and 
is  given  by  the  formula 


Figure  2.1  indicates  the  situation  — the  function  *(*)  maps  a  neighborhood  of  ^ 
eonformaily  onto  a  neighborhood  of  *o- 


For  Cauchy  stability  the  von  Neumann  condition  must  be  satisfied,  which  means  that 
x(k)  must  map  |*|  =  I  into  |*|  <  I.  Obviously,  this  can  only  happen  if  z(w)  maps  the 
'.mgent  to  |*|  =  1  at  *o  onto  a  curve  that  is  tangent  to  |z|  =  l  si  *0,  as  indicated  in 
ue  Figure.  This  tangency  condition  is  the  same  as  the  condition  that  the  right  hand 
side  or  (2.3.4)  is  real.  This  completes  the  piuof  of  (ii).  | 

The  significance  of  this  theorem  is  that  it  applies  to  all  wavelike  solutions, 
including  those  involving  defective  roots  k  and  those  admitted  by  formulas  that  are 
z-  or  {.dissipative.  For  example,  BE  admits  the  wave  (-1)*  and  LFd  admits  the 
wave  (—1)",  as  mentioned  in  $1.4,  but  most  solutions  with  |k|  ~  1  under  theae 
formulas  have  js|  <  1.  Thm.  2.3.1  shows  that  nevertheless,  these  waves  have  well 
defined  group  velocities.  (For  another  example,  aec  the  Lax- Friedrichs  scheme  listed 
in  App.  A  )  Though  we  will  not  give  any  details  until  Appendix  B,  the  stationary 
phase  argument  of  $1 .2  or  other  related  arguments  confirm  that  these  group  velocities 
correctly  describe  the  propagation  of  energy  in  these  modes. 

What  Thm.  2.3.1  docs  not  do  is  assign  a  group jpeed  to  signals  with  j*|  y*  1  or 
|#c|  gd  I .  Wc  will  now  show  that  for  |z|  >  1  and  |*|  j*  1 ,  there  is  a  speed  of  translation 


naturally  associated  with  a  signal  x“*J,  and  this  speed  approaches  C  in  the  limit 

WH.WTi. 

Let  Q  again  be  a  Cauchy  stable  formula  aa  in  |J?.i ,  and  suppose  it  admits  a 
solution 

»;  =  ■'*,  -  «■«'/*  (u«i 

as  described  in  Thm.  2.1  2,  with  |x|  >  1  By  Thm  2.2.1,  we  must  have  either  |*|  <  1 
or  |*|  >  1.  Let  us  suppose  |*c|  <  1,  and  assume  first  6  =  0.  Now  from  one  step  to 
the  next,  the  envelope  |v,|  increases  by  the  fixed  factor  |x|  at  all  points  >.  However, 
we  may  equivalently  regard  this  as  a  rightward  translation,  as  illustrated  in  Fig.  2.2a. 


In  order  for  |v|  to  increase  by  the  factor  [x|,  this  translation  must  cover  a  distance 
Ax  satisfying 

-  w, 


that  is. 


Ax  ™  -h 


Mil 

|o«  l«l 


Since  the  time  step  has  length  k  =  Xh,  this  amounts  to  rightward  motion  at  a  speed 
=  (13  7) 

For  |*|  >  l,  illustrated  in  Fig.  2.1b,  the  situation  is  similar  and  we  have  leftward 
motion  at  a  speed  given  by  the  same  formula.  Eq.  (2.3.7)  also  applies  to  signals  with 
|x|  =  1  and  |*|  y*  1,  where  it  gives  the  result  t  =  0. 

In  the  drfcctivr  situation  t  >  I,  we  can  still  view  the  evolution  with  time  as  a 
rightward  or  leftward  motion,  now  coupled  with  s  lower-order  change  of  shape.  One 
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way  U*  make  this  motion  quantitative  would  be  to  measure  the  increase  in  the  total 
fi  energy  to  the  right  of  a  fixed  point  j  (or  to  the  left,  for  a  leftgoing  signal)  from  one 
step  to  the  next  (see  $3.3).  However,  we  will  no’  pursue  this. 

Here  is  the  result  on  £  -*  C  and  related  matters: 


Theorem  3.3.2.  Let  Q  he  a  Cauchy  static  difference  formulu  as  in  Thm.  1.3.1, 
and  suppose  tfsm  that  Q  admits  a  solution 


•: r  -  (ass) 

with  |*ol  =  [*o|  =  I-  Let  *o  have  multiplicity  v  >  1.  Let  0  denote  the  intersection 
o/  {x  €  <t  :  |*1  >  1)  with  s  neighborhood  of  z  =  x0  chostn  small  enough  so  that  for 
x  m  that  neighborhood,  the  map  x(*)  of  Thm.  L3.1  defines  v  continuous  functions 
{*4*)>iS.Sv  vtth  *»(*)  —  *o  as  x  -»  *o- 

(i)  For  each  i,  either  |*,(*)|  <1  Vx  6  0  or  |*,(x)|  >1  Vx£  0.  Let  vr  denote 
the  number  of  *’s  in  the  former  category  and  i n  the  number  m  the  latter  (hence  v  = 
vi  +  vr).  Then  if  v  is  even,  Vf  =  v,  =  v/t;  if  v  is  odd,  either  vt  =  (v  +  l)/2  and 
v.  =  [v  -  l)/2,  or  the  reverse. 

(ii)  Let  d'.(x)  denote  the  translation  speed  (3.3.1)  for  the  signal  *"*£(«).  Then 

Jirn  fc,(x)  =  C(*o.  *o)  (2.3.9) 

sCf) 


for  each  i. 

(Hi)  f  Perturbation  toot)  If  C(*o.*o)  1*  0  (so  that  by  Thm.  t.S.l,  v  =  I, 
and  we  con  write  *(x)  for  *i{x)J,  then  C(*o,*o)  >  0  iff  !*(*)!  <  1  for  x  €  H,  and 
C(«o.*o)  <  0  iff  [*(x)|  >  1  for  x  €  H.  7hat  is,  C(*0.  *o)  «  negative  if  v{  =  l  and 
positive  if  vT  =*  1 . 

Proof.  The  result  |*,(x)|  gL  \  for  x  €  11  follows  from  the  von  Neumann  condition 
together  with  the  fact  that  *,(x)  is  a  eonlinuous  function  of  x.  The  rest  of  claim  (i) 
is  implied  by  (2.3.2)  (cf.  Thm.  9  2  of  [Gu72]). 

The  proof  of  (ii)  requires  only  an  algebraic  verification.  If  *o  ••  multiple,  then 
(2.3.2)  and  (2.3.7)  imply  lim,_,.  t,(x)  =  0,  the  correct  value.  If  *0  is  simple,  then 
by  (2.3.5)  and  (2.3.7),  what  needs  to  be  shown  amounts  to 


Dm  !55M  =  Aa, 

.—.log  1*1  *o 

where  A  is  the  constant  of  (2.3.2).  For  *  €  *(n),  let  us  write 


(2.3.10) 


n  &  ko(1  +  te‘*) 
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with  t  •>  0  Then  by  (2.3.2), 

*  *  *«  +  >4ko«*‘#  ♦  0(<a)  —  *oO  +  >4  —  ««**)  + 

These  two  formulas  imply 

log  Jk)  as  t  CO#  0  +  0(<*) 

and,  since  A* c0/*o  i*  known  to  be  real  by  (2.3.S), 

log  )*)  “  A  cos  ^  +  £)(«*). 

*o 

tty  taking  the  ratio  of  these  equations,  one  obtains  (2.3-10),  and  this  prove#  (it). 

Claim  (iii)  is  a  corollary  of  (ii).  using  (2.3.7).  | 

The  observation  t"  -*  C  amount#  to  our  third  explanation  of  group  velocity,  to 
supplement  those  presented  in  $1.2  (beating  of  two  waves;  stationary  phase)-  The 
idea  is  simple:  since  a  wave  <*(*>«-<•)  has  uniform  envelope  l,  one  cannot  see  how  Taat 
the  envelope  is  moving;  a#  soon  as  (  is  made  slightly  complex,  however,  the  envelope 
acquires  shape  and  its  motion  becomes  apparent.  The  perturbation  test  specialises 
this  to  the  statement  that  if  all  one  cares  about  is  the  direction  of  motion,  then  all 
one  must  cheek  is  whether  |a(  <  1  or  |k|  >  1  for  |*|  >  1. 

Our  goal  in  this  section  has  been  to  set  up  definitions  of  lefigoing  and  rtgMgotng 
signals,  which  will  be  of  critical  importance,  ffere  they  are. 

D«fn.  Let  Q  admit  a  solution  v  of  the  form  (2.3.6)  with  {*(  >  I  and  6  < 
max{i/(,t/r }  (defined  in  Thm.  2.3.2). 

(i)  If  |*(  >  I  and  |*|  <  1  (resp.  )*|  >  I),  or  if  |a|  *  )*|  =  1  and  C(a,  *)  >  0 
(reap.  C(*.  i)  <  0),  then  v  is  strietly  rightgoing  (resp.  strictly  leftgoing). 

(ii)  If  v  is  strictly  rightgoing  (reap,  strictly  leftgoing),  or  if  |a|  =  1  and  |«|  <  1 
(reap.  |ic|  >  1),  or  tf  |«)  *  |*|  =  1  and  C(/,a)  =s  0  and  6  <  t/T  (reap.  6  <  */<),  then 
v  is  rightgoing  (reap,  (oft going). 

(iii)  If  v  is  both  rightgoing  and  leftgoing,  it  is  stationary.  (That  U,  v  is  stationary 
if  )*{  »  )a)  s*  l,  C(*,s) «*  0,  and  i  <  min{v*.  */,).)  // 

These  definitions  divide  the  set  of  solutions  (2.3-0)  with  6  <  {u  +■  1  )/2  into  oine 
classes,  ranging  from  the  strictly  left  going  mode  of  Fig.  2.2b  to  the  strictly  rightgoing 
mode  of  Fig.  2  2a.  Table  2.1  summarises  this  classification.  We  will  sec  in  $4  and  $5 

SO 


that  position?  (5)  through  (0)  m  the  table  ar«  .i*«ki»imI  w;ih  mrreaeniiR  degr.*#  of 
instability  for  initial  boundary  value  problem# 

The  distinctions  between  position*  (4).  \Y|  and  t» )  .t  T*bw  2  l.  bawl  on  Thm 
2.3-2;.  are  perhaps  the  most  diflVult  to  grasp  Table  2  i  elar.fir*  tin  vtualion  by 
illustrating  the  connection  of  (4).  (5).  and  (6)  to  the  behaxur  >»f  the  dispersion  r<  :*tion 
in  the  vicinity  of  a  point  with  (,w  «c  IR  The  figure  makes  .t  clear  why  m  the  raw  of 
v  odd,  the  numbers  of  leftgoing  and  righlgoing  mode*  are  unequal 
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2.4  Application:  three-point  linear  multiatep  formulae 

In  this  section  we  study  the  class  of  separable  difference  models  of  (1-1-1)  with 
spatial  discretisation 

B-a  <*-*'■>•  <l<“ 

These  formulas  have  been  considered  previously  by  Beam,  Warming,  and  Yee  [Bc79, 
Be81j.  In  examining  them  we  wit!  apply  virtually  all  of  the  ideas  that  have  been 
introduced  so  far,  and  in  later  sections  they  will  serve  repeatedly  as  examples.  (See 
especially  §3.2  and  §6.4.) 

We  define  these  schemes  by  means  of  shift  operators: 

•  Defn.  A  three-point  linear  multiatep  formula  for  (1.1.1)  is  a  separable 
scalar  difference  formula 

**)•;  =  £*(*)(*■  - 
where  p  and  a  are  polynomials  in  Z  and  Z~l.  // 

The  notation  and  terminology  come  from  the  theory  of  difference  methods  for  ordinary 
differential  equations:  if  (1.1.1)  is  discretised  in  space  by  means  of  (2.4.1),  one  obtains 
the  system  of  equations 

^  >6  Z, 

and  (2.4.2)  is  the  fully  discrete  formula  obtained  if  one  solves  this  by  a  linear  muttutep 
method  with  characteristic  polynomials  p  and  o  (Be8l|. 

Three  of  the  schemes  we  have  considered  in  previous  sections  are  three-point 
linear  multistcp  formulas: 


LF  : 

*Z)=-(Z-Z~ 

■).  «(/)-! 

CN  : 

MZ)  =  Z-I, 

,,,  z  +  l 

c[Z)  =  — 

BE  : 

AZ)~z-  i, 

N 

II 

The  others  we  have  looked  at—  LW,  LF4,  LFd— do  not  fall  into  this  class.  For  further 
examples  see  jBc79). 

1*1  us  now  examine  the  properties  of  a  three-point  linear  multistcp  scheme  that 
we  assume  to  br  Cauchy  stable  and  consistent  with  (l.l.l). 
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Dispersion  relation  (§1.1).  From  (2. 1.2)  wr  obtain  i  mined  lately  the  dispersion 


or  b>  (2. 1 .1), 


p(*)  <»X,  K 

0(l|  2  *  ~  K  ' 


Orders  of  dispersion,  dissipation,  accuracy  (§1.1).  The  spatial  discretization 
(2  1.1)  has  order  of  dispersion  a  =  3,  Order  of  dissipation  0  =  oo,  and  order  of 
accuracy  min{f»,0)  -1=2.  Kxccpt  in  degenerate  cases  (c.g.  LF  with  aX  «=  1), 
()  cannot  do  better  than  this,  so  it  will  have  r»  =  3  (consistency  rules  out  a  =  1), 
2  <  0  <  oo.  ami  order  of  accuracy  1  or  2  depending  on  whether  0  is  2  or  >  4.  The 
consistency  condition  (t,0  >  2  can  also  be  written 

=  (*-»  +  °«»  -  ')’)  *•«-!.  (2  <  5) 

Group  velocity  (§1 .2).  Differentiation  of  (2.4.3)  gives 

which  by  (2.3.4)  gives  the  group  speed 

for  any  wave  with  )*|  =  |z|  =  1.  From  this  and  (2.1.1),  or  from  (2.4.4)  and  (1.2.3), 
one  obtains  equivalently 


C  =  -oifccos 


where  p  denotes  dp(e"4,k)/du/,  and  similarly  for  b. 

Reverting  properties  (§1.5).  If  satisfy  (2.4.3)  with  «  =  l,  then  the  same  holds 
with  k  =  -I.  Moreover  by  (2.1.6),  the  latter  solution  has  the  negative  of  the  group 
velocity  of  the  former.  Therefore  is  x- reversing.  One  cannot  determine  whether  Q 
is  {-reversing  without  further  information  on  p  and  o.  (For  example,  LF  is  t-reversing, 
but  CN  and  BE  are  not.) 

Separability  (§2-1).  That  Q  is  separable  follows  from  the  definition  (2.4.2).  Eqa. 
(2.4.8)  and  (2.4.7)  confirm  the  consequence  (2.1.14),  that  C  factors  into  the  product 
of  a  spatial  and  a  temporal  term. 


Cauc/iy  stability  (§2.2).  By  assumption  Q  is  Cauchy  stable,  which  means  that  p 
and  it  must  be  such  that  |x{  <  1  whenever  |*|  =  1,  with  simple  roots  z  for  any  k,i 
with  (k(  =  |z(  =  l. 

Dusipaticily  (§2-2).  By  consistency  (cf.  (2.4.5))  ic  =  z  ■=  1  is  a  solution  to  (2.4.3), 
and  from  (2.4.3)  it  follows  that  k  =  —  1,  z  as  1  is  also  a  solution.  Therefore  Q  cannot 
be  x -dissipative,  or  totally  dissipative.  (This  also  follows  from  Thin.  2.2.4  and  the 
fact  that  Q  is  x-reversing.)  It  can  however  be  f- dissipative,  depending  on  p  and  o, 
and  will  necessarily  be  so  if  it  is  a  two-level  scheme  such  as  CN  or  BE  (Thm.  2.2.3). 

Leftgoing  and  rxghtgotng  loluhonj  (§2.3).  From  (2.4.3)  follows  the  quadratic 
equation  Tor  *t, 

*I  -  TTi*  *  1  = 

qXo(s) 

and  from  this  it  is  evident  that  for  all  z  g  (T  there  are  two  roots,  say  and  k,, 
satisfying 

=  (2.4.8) 

For  (c(  >  1  these  must  have  modulus  different  from  1,  so  we  can  write 


(*,)  <  l  <  |ic*|  for  |x|  >  1, 


and  hence  by  continuity, 

M  <  l  <  |*||  for  |x|  >  1,  (2.4.10) 

The  subscripts  t  and  r  refer  to  “leftgoing"  and  “rightgoing",  respectively;  in  fact 
(2.4.9)  implies  that  the  waves  xjz"  and  kj,zw  are  strictly  left-  and  righlgoing,  respec¬ 
tively,  for  (*(  >  1.  Fcr  |z|  =  1  the  strictness  will  be  lost  if  |«<|  >  l  and  |n,|  <  l,  but 
it  will  be  preserved  if  |*f|  =  |<r)  =  1,  unless  C  =  0,  which  by  Thm.  2.3.1  and  (2.4.8) 
will  happen  if  and  only  if  kt  =  a*  =  ±i.  In  any  case  there  is  exactly  one  leftgoing 
value  *<(*)  and  one  rightgoing  value  *,(*),  continuously  defined  for  |x|  >  1. 


fn  many  cases  where  one  picks,  say,  LF  to  illustrate  a  point  about  difference 
models,  it  is  really  its  spatial  discretiiation  that  the  illustration  depends  on,  and  any 
three- point  linear  multislcp  formula  will  show  the  same  thing.  With  this  in  mind 
wc  have  described  this  class  pa  My  to  avoid  having  to  present  future  examples  in  too 
limited  a  context. 
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For  some  applications  we  will  be  interested  m  two  gubcl.uwem  of  the  m  t  of  three- 
poinl  linear  rnullistcp  formulas.  The  following  definitions  are  d«-riv<-d  from  the  theory 
of  linear  muilistep  methods  for  ordinary  differential  equation* 

Defn  [Bc8lJ.  Let  Q  be  a  three- point  linear  muilistep  formula  consistent  with 
(1.1.1).  We  say  that  Q  is  ,4-*table  if  it  is  Cauchy  stable  arid  b.qp  the  property 

(i)  Reo(*  -  \/k)  <0  =»  |*|  <  I,  with  *  simple  if  [*|  *  I.  (2  4  11) 

Q  is  strongly  .4-stobl*  if  (i)  holds  and  furthermore 

(ii)  Rea(*  -  1/k)  <  0.  *  *  ±1  »*  |*|  <  1.  (2.4  12) 

(iii)  p(t)  =  0,  |«|  =  I  2  —  1  (cf  2  4  5)  ,,  (2  4  13) 

The  motivation  for  these  definitions,  which  is  discussed  in  most  b*ok<  on  the  numerical 
solution  of  ordinary  differential  equations,  is  that  they  provide  renditions  for  Q  to  b* 
stable  for  arbitrarily  large  mesh  ratios  X.  Ream  et  al  have  painted  out  chat  this  is 
a  desirable  property  if  one  wishes  to  apply  a  time-dependent  ABrrence  mod-l  to  find 
the  steady-state  solution  of  a  physical  problem,  w.thout  being  roncern-1  a.  >ut  the 
accuracy  for  the  transient  compulation  (see  §6.4). 

/1-stable  schertu-s  have  some  simple  properties  Ih  »t  will  lurs  out  to  lx-  important 
to  their  stability  analysis: 

Thror-  m  2.4.J.  Let  Q  b*  a  three  »oinl  /i*»ro»  msllulry  jbrmuJi  comulcnl  with 
t»,  =  aut  with  a  >  0. 

(i)  If  Q  u  A  stable,  then 

Ren.  <  0  <  Re r.t  (2.4  14) 

for  all  z  wtlA  |*|  >  1 . 

(u)  If  Q  u  strongly  As  table,  then 

Ren.  <  0  <  Rent  (2.4  15) 

and 

l*,|  <  1  <  |«,l  (2.4  18) 

for  all  2  with  |*|  >  I,  except  when  *,  =  -  k.  =  ±1. 

If  a  <  0,  tAr  same  result*  hold  with  the  tnrftoa/UUrt  m»  ft  4  14}  and  (t.(  1$) 
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Proof.  Asbumr  a  >  0,  the  proofs  for  a  <  0  arc  similar. 

If  Q  is  A-slablr,  Ihrn  the  ronlrapositj  ve  to  (2  4.11)  asscrLg  that  for  |z|  >  1,  one 
has  Re  (a  -  I/a)  >  0  Taking  a  =  a*  and  using  (2.4.9),  one  obtains  Rc  a*  >  0.  With 
(2  4.8)  this  implies  Rea,  <  0  <  R.  a,  for  |*|  >  1,  and  (2.4.14)  follows  by  continuity. 

If  Q  is  strongly  /4-stable,  then  the  eontraposilivc  to  (2.4.12)  implies  further  that 
for  >  1.  either  a  =s  ±1  or  Rc(a  -  1/a)  >  0.  Together  with  (2-4.8),  (2.4.10),  and 
(2.4.14),  the  latter  formula  implies  (2.4.15)  and  (2.4.18),  as  required.  § 

So  far  we  have  not  used  condition  (2  4.13),  but  it  has  a  simple  consequeoee: 

Theorem  2.4.2.  Let  Q  be  a  three-point  linear  multistep  formula  for  (t.t.l).  If 
Q  is  strongly  A- stable,  then  it  u  t  dissipative 

Proof.  Suppose  a  =  1  and  |z|  =  l.  The  first  of  these  conditions  implies  p(z)  = 
0  by  (2.4.3).  and  by  (2.4.13),  the  second  then  implies  2=1.  This  establishes  t- 
dissipativity.  | 


2.5  Extension  from  scalars  to  diagonalisabte  systems 

In  practice  one  is  generally  concerned  not  with  one  scalar  equation,  but  with  a 
hyperbolic  system  of  equations.  Such  a  system  lakes  the  form 

««  =  Aut,  (2.5.1) 

where  u(z,t)  is  an  ,V-vcctor  and  A  is  a  square  matrix  of  dimension  N.  For  simplicity 
we  assume  as  before  that  A  is  constant,  and  wc  continue  to  oinit  any  undifferentiated 
terms. 

Following  (2.1.3).  wc  can  write  a  general  constant  coefficient  model  Q  of  (2.5.1) 
in  the  form 

(2.5.2) 

•  —o 

Now  each  v"  is  an  S-  vector,  and  each  Qa  is  a  constant  spatial  difference  operator 
with  square  matrix  coefficients  of  dimension  N.  If  these  coefficients  are  denoted  by 
A}0,  then  the  analog  of  (2.1.4)  becomes 

o.  =  E 

, — t 
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matrix  cnclficicrits, 

P{K,Z)v  =  \  £  £  ,l„ /<’*'*"  "j»  =  0.  (2.5.4) 

Lj--<  . — ■'  1 

If  the  system  ( 2 . f> .  1 )  is  hyperbolic,  then  A  can  be  diagonalized  and  it  has  real 
eigenvalues  In  principle,  the  matrices  {AJC}  might  not  have  this  property,  or  they 
might  each  bo  diagonal! zable  without  the  existence  or  a  single  matrix  to  diagonalize 
all  of  them  simultaneously.  But  this  rarely  happens  in  practice,  and  indeed  usually 
each  A,„  is  a  polynomial  in  A,  so  they  arc  all  diagonalized  by  the  same  matrix  as  A. 
Therefore  we  will  make  the  assumption  (=  Ass.  5.4  of  (Gu72|): 


equation 


r.[K)*,  =  p{k,2)*,  =  o. 


(2.5.9) 


The  following  theorem  is  an  extension  of  Thm.  2.1.2  (cf.  [Gu72],  eq.  (5.5)): 


Theorem  2.5.1.  Let  Q  satisfy  Assumption  2.1,  and  let  z  satisfy  |z|  >  1.  For 
\  <  a  <  N  let  (ic[“^ }j <.,<*<•)  d'nott  the  distinct  nonzero  roots  of  P^\  untA 
of  multiplicity  Then  the  sequences 

1  <  o  <  iV 

*,  =  1  <  i  <  »'“>  (2.5.10) 

0  <6  <  i.;*’  -  1 


Assumption  2.1.  The  matrices  {A,«}  are  simultaneously  diagonal! zable.  That 
IS.  there  exists  a  constant  nonsingular  .V  X  S  matrix  T  such  that 

=  TA]t  T-'  =  diag(«;V . .J?*),  (2.5.5) 

with  a}*  €  IK  for  all  o,j,o.  ,, 

With  this  assumption,  the  study  of  wave  propagation  unoer  difference  models  or 
(2  5.1)  reduces  directly  to  the  results  already  established  for  scalar  problems.  From 
(2  5.4)  and  (2.5.5),  one  obtains 

/VC,  *>*  =  [£  .*>♦**"•  j*  =  0,  (2.5  6) 

where  u  denotes  Tv  am1  I*  denotes  TPT~X .  Now  P  is  a  bivariate  polynomial  with 
diagonal  matrix  coefficients.  This  system  is  equivalent  to  the  N  scalar  systems 

p''\k,  Z)vm  =  £  o£’K>+<Z'-'jiw,  l<o ,<N.  (2.5.7) 

Bach  equation  (2.5.7)  has  the  same  form  as  (2.1.5).  Corresponding  to  the  polynomials 
f\  and  Pn.  of  §2.1,  we  can  also  define  matrix  polynomials  Pa,  P«,  P«,  and  PK  in  the 
obvious  way,  and  P,  and  P„  arc  diagonal  with  scalar  components  Pa  and  PH  . 
Following  (2.1.18),  we  now  ask:  given  z  €  <E  ,  what  solutions  of  the  form 

v;  =  (2.5.8) 

where  {♦,}  is  a  sequence  of  JV- vectors,  docs  Q  support?  Such  solutions  will  be 
precisely  those  sequences  satisfying,  in  extension  of  (2.1.19),  the  matrix  resolvent 


are  linearly  independent  solutions  of  (2.5.9),  and  they  span  the  linear  space  of  all  such 
solutions.  Here  v‘o1  denotes  T_l(0 . 0.1,0 . Q)r,  where  the  1  u  in  position  a. 

Proof.  Diagonalization  of  (2.5.9)  by  T  gives  P,(K  )Q  =  0  with  ♦  =  7'4».  The 
solutions  to  this  equation  are  given  componentwise  by  Thru.  2  ’.2,  ami  have  the  form 
<t>,  =  \K[o)yj*(0 . 0, 1.0 . 0)r.  Multiplying  by  T~x  completes  the  proof.  | 

This  theorem  completely  desc  ribes  the  solutions  with  regular  behavior  in  f  that 
arc  admitted  by  Q.  Bach  pne  is  nothing  more  than  a  scalar  signal  transformed  to  the 
basis  determined  by  T.  Therefore  all  of  the  theory  derived  earlier  applies  directly. 
For  6  =  0  and  ]z|  =  =  l,  t»"  =  represents  a  wave  that  propagates 

uniformly  at  the  group  velocity  (cf.  (2.3.4)) 


We  say  that  the  signal  t'"  is  leftgoing,  rightgoing,  strictly  leftgoing,  strictly 
rightgoing,  or  stationaiy  precisely  when  the  corresponding  terms  hold  for  the  scalar 
signal  znI«J"*),j*. 

The  definition'  of  the  von  Neumann  condition  and  Cauchy  atability  given 
in  §2.2  apply  as  written  to  the  vector  model  Q.  (The  symbol  \d>j\  in  the  definition  of 
the  latter  must  be  interpreted  as  the  two-norm  of  N- vectors  rather  than  an  absolute 
value.)  It  follows  from  these  definitions  that  Q  satisfies  the  von  Neumann  condition, 
or  is  Cauchy  stable,  precisely  when  the  same  is  true  for  all  of  the  scalar  problems  in 
the  diagonalization  (2.5.7). 

Let  n/  and  n,  denote  the  total  number  of  linearly  independent  leftgoing  and 
righlgoing  signals,  respectively,  admitted  by  Q  for  some  z  with  |»|  >  1.  Then  by 
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(2.5.10),  the  general  solution  of  the  form  (2.5.8)  can  be  written 

«.  ■».  +«i 

»;  =  5Z  (2.5.12) 

It  is  obvious  that  Assumption  2.1  has  rendered  the  developments  of  this  section 
fairly  trivial,  and  one  may  wonder  why  it  is  worth  mentioning  systems  of  equations 
at  all  if  they  are  only  to  be  reduced  immediately  to  scalars.  The  answer  is  that  as  we 
turn  to  calculations  of  reflection  and  transmission  coeflicicnts,  and  then  to  stability 
for  initial  boundary  value  problems,  boundary  terms  will  appear  that  couple  the 
scalar  components  together  and  cannot  be  diagonalited  away.  The  meaning  of  this 
Tor  practical  applications  it  that  although  a  hyperbolic  system  of  equations  can  be 
reduced  to  cAararecrtjftc  variables  in  the  interior,  it  may  be  desired  to  give  boundary 
conditions  in  terms  of  primitive  variables.  For  more  on  this  distinction  see  (Co80j  and 
(Gu82). 

Let  us  finish  the  section  with  a  simple  example  of  a  difference  model  for  a  system 
of  hyperbolic  equations  (cf.  §5.1  of  |Co80j  and  §4  or  (Gu75|). 

Example  2.1.  Let  the  hyperbolic  system 


ch  n 


be  modeled  by  the  vector  leap  frog  scheme 


CP-CPK  - 

where  we  have  abused  notation  by  using  the  letters  u,  v  for  both  exact  and  computed 
variables.  Eq.  (2.5.13)  can  be  diagonalited  by  the  matrix 


which  converts  it  to 


ch."  :jo. 
cm:k:d 


Thus  tt  —  v  and  u  +■  v  arc  the  characteristic  variables  for  (2.5.13).  The  same  matrix  T 
diagonaliscs  (2.5.14),  and  therefore  the  vector  leap  frog  model  decouples  into  LF  for 
each  of  the  two  scalar  problems  a,  =  (a  -  l)v«  and  v,  =  (a  +  l)vs.  It  follo-vs  that 
for  any  *  with  (*{  >  1,  (2.5.14}  admits  four  fundamental  solutions  (2.5.10),  namely 


(->•'-  mh 

CH-  CM- 


If  |*|  =  =  1,  the  first  two  have  equal  and  opposite  group  velocities  in  the  range 

between  ±|a  -  l|,  and  the  latter  two  have  equal  and  opposite  group  velocities  in  the 
range  ±|a  +  1|. 
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3.  BOUNDARIES  AND  INTERFACES 


3.1  Reflection  and  transmission  coefficients 

Most  practical  finite  difference  models  arc  complicated  by  the  presence  of  bound- 
aril's  or  interfaces,  at  which  the  properties  of  the  model  change  abruptly  with  respect 
to  x.  \  boundary  may  be  imposed  physically  by  the  problem  bring  modeled,  or  it  may 
be  a  numerical  artifact  required  to  krop  the  grid  finite  {En?7].  Likewise  an  interface 
may  represent  a  discontinuity  in  the  physical  medium  (Hr79.Ma.SI  ,Su74j,  or  a  numeri- 
<  a!  discontinuity  such  as  a  change  of  mesh  size  (mesh  refinement)  (Ci71,!lr73,Vi81b| 
or  of  difference  Formula  (hybridisation)  (Ci"2,OI76).  Also,  if  the  solution  to  a  partial 
differential  equation  contains  shocks  or  other  discontinuities,  it  may  be  useful  to  think 
of  these  as  moving  interfaces  [Ap68.Ch78.Ch79).  Whether  a  boundary  or  interface  is 
physical  or  purely  numerical  does  not  affect  the  procedure  for  analyzing  its  numerical 
behavior,  which  we  will  describe  in  this  chapter.  Of  course  it  does  affect  the  results  of 
this  analysis  and  their  interpretation.  For  example,  a  physical  boundary  or  interface 
may  be  caper  ted  to  reflect  some  energy  backwards  when  a  wave  strikes  it,  even  for 

=k  0.  whereas  any  energy  reflected  by  a  purely  numerical  interface  is  spurious, 
and  must  approach  0  for  w  =  (  =  0. 

Our  approach  to  the  analysis  or  reflection  and  transmission  problems  is  baaed  on 
the  examination  of  steady- stale  solution*  with  regular  behavior  2"  in  t.  On  the  race  of 
it  this  is  Fourier  analysis  with  respect  to  t,  but  the  subtlety  of  the  problem  cornea  from 
the  inevitable  need  to  make  a  connection  between  the  Fourier  spectrum  in  (  and  that  in 
x.  Fundamental  to  this  connection  is  the  distinction  between  Uftgoinj  and  rightgoing 
solutions  presented  in  Chapter  2.  In  §53.1  3. -I  wc  study  scalar  monochromatic  signals, 
and  in  §3.5  we  superpose  these  to  consider  reflection  of  s  general  wave  packet.  In 
§3.6  the  formulation  is  generalised  from  scalars  to  diagonalitablc  systems,  and  we 
introduce  a  general  notation  for  reflection  problems. 

Here  is  the  main  idea.  Suppose  that  the  wave  front  of  a  monochromatic  wave 
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Vkilh  6  IU,  or  more  generally  or  any  signal  2"*^  v2.l.2)  with  *0.  *  6 
<t  and  |z|  >  1,  hits  a  boundary  or  interface  from  one  side.  The  interaction  will 
be  complicated  at  first.  As  t  increases,  however,  a  steady-state  solution  will 
normally  be  approached  in  which  the  incident  signal  is  balanced  by  a  collection  of 
monochromatic  reflected  and  possibly  transmitted  signals  All  of  these  signals 

will  have  the  same  lime  variation  factor  2,  hut  their  space  factors  <c,  will  vary.  For 
the  case  of  an  interface  at  j  —  jo,  with  the  incident  wave  coming  from  the  left,  the 
steady-stale  solution  will  lake  the  form  (cf.  Thm.  2. 1.2) 


(3  11) 


Here  /*  and  f.  are  “left"  and  “right"  index  sets,  respectively  In  this  notation  a  k 
value  of  multiplicity  v  appears  t  times  in  the  index  set,  with  corresponding  t  values 
0, . . . ,  p-1 .  The  modifications  of  (3.  t  .1 )  for  incidence  from  the  right,  or  for  a  boundary 
instead  of  an  interface,  are  obvious.  Depending  on  labeling  of  points,  the  precise  form 
of  the  solution  might  also  change  in  unimportant  ways  for  j  «  >o- 
Two  principles  determine  what  c’s  may  appear  in  (3.1.1): 


The  set  indexed  by  It  (reap  !,)  consuls  0 }  precisely  those  distmet  pairs 

(re,,  6,)  for  which: 

(1)  (<c,,2)  satia/iei  the  dispersion  relation  for  the  difference  formula  spited  in 
J  <  }q  (resp-  J  >  jo),  with  re,  of  multiplicity  v  >  6,  (Thm.  2.1  2);  and 

(2)  The  signal  (2.3.6)  with  parameters  k,.z,6x  ts  leftgoing  (resp.  rightfmang)  (set 
Table  2.1). 

The  interesting  restriction  is  (2).  for  it  shows  that  the  numerical  behavior  of 
boundaries  and  interfaces  depends  fundamentally  on  group  velocity.  The  principle  is 
simple:  a  wave  impinging  on  the  interface  can  stimulate  only  energy  that  propagates 
outward  from  the  interface,  not  energy  coming  in  from  infinity.  In  physics  this  is 
called  the  Sommerfeld  radiation  condition.  Wc  will  not  attempt  to  jvslify  the 
condition  mathematically  in  the  sense  of  showing  that  transient  signals  approach 
(3.1.1)  as  f  -*  00  Uy  construction,  however,  (3.1.1)  is  itself  guaranteed  to  bcasotution 
or  the  difference  model. 

Wc  emphasize  that  the  signals  present  in  /<  and  /,  are  determined  by  numerical 
wave  behavior  entirely,  so  they  may  be  any  mix  of  physically  realistic  waves,  parasites, 
or  signals  in  between.  For  |z|  =:  1  some  may  have  |*|  =  l,  and  others  |«|  <  1  or 
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|k|  >  I  Only  the  amplitudes  {a,(^)}  of  the  stimulated  signals  arc  alTectcd  by  the 
algebraic  details  at  the  interface,  and  determining  them  will  be  a  matter  of  linear 
algebra.  These  amplitudes,  one  for  each  outgoing  signal,  are  the  reflection  And 
transmission  coefficients  for  the  given  problem- 

For  setting  up  interface  conditions  we  need  to  rule  out  possible  degeneracies  in 
the  difference  model.  We  will  assume  that  the  difference  formulas  Q  appearing  on 
either  side  of  the  interface  satisfy  the  following  condition  (cf.  Ass.  5.5  of  )Gu72]). 

Assumption  3.1.  Q  is  Cauchy  stable,  and  for  all  i  with  |*|  >  1,  the  polynomial 
f>»(K)  of  §2.1  ha*  nontero  Oth  and  (<  +  r)th  coefficients.  Moreover,  of  the  t+r  solutions 
(2.3.6)  admitted  by  Q,  exactly  r  arc  leftgoing  and  exactly  t  are  rightgoing.  // 

Wc  will  let  the  symbol  Q  denote  the  complete  difference  model,  consisting  of  one 
or  more  “interior"  difference  formulas  Q,  Q_,  <?♦,  etc.  together  with  additional 
(ondilions  imposed  at  the  boundary  or  interface. 


3.2  Examples 

The  best  way  to  show  how  reflection  and  transmission  coefficients  are  calculated 
is  through  examples.  Wc  will  now  give  a  number  of  these,  deferring  a  more  formal 
treatment  to  §3.6,  and  in  the  process  explore  various  problems  of  interest  in  theiT  own 
right.  Most  of  the  results  derived  here  will  be  applied  in  later  sections. 

Example  3.1:  LF  with  abrupt  coefficient  change 

Consider  a  first-order  equation  with  discontinuous  coefficients, 


“i 


(*<o) 

(*>0) 


o_,a+  0. 


(32.1) 


If  o..,a+  <  0,  the  solutions  to  this  equation  consist  of  rightgoing  waves,  which  pass 
through  t  —  0  with  no  alteration  but  a  change  in  wave  number.  In  particular,  no 
energy  is  reflected  backwards.  However,  let  (3.2.1)  be  modeled  by  LF  (1.1.6)  on  the 

grid  i,  =  jh  for  ;  =  | . with  o,  =  a_  for  j  <  -J  and  a,  ~  o+ 

for  j  >  Now,  when  a  smooth  wave  passes  rightward  through  the  interface,  a 
leflgoing  reflected  parasite  will  be  generated.  If  a_,a  +  >  0,  on  the  other  hand,  then 
a  sawtoothed  wave  can  travel  rightwards  through  the  interface,  and  it  will  generate 
a  reflected  signal  of  low  wave  number. 


Let  us  determine  the  steady- stale  configuration  that  results  when  a  strictly 
righlgoing  signal  *?zn  (2.1-2)  with  [z|  >  1  hits  the  interface  from  the  left.  Whatever 
the  signs  of  o_  and  a  +  l  there  are  three  signals  to  consider:  one  incident,  one  trans¬ 
mitted,  and  one  reflected.  Their  functional  forms  are  indicated  in  Fig.  3.1: 


AkI*"*- 


FIG  3.1 


The  j’ s  in  these  expressions  are  half- integers.  We  will  ignore  the  question  of  the  choice 
of  square  roots;  it  does  not  affect  the  final  result. 

Civen  z,  the  quantities  k,,x,,k,  arc  determined  by  the  dispersion  relation  (2  1.8) 
on  the  left  and  right: 

t  -  |  =  Xa-.(*,  ~  *f ')  =  Xa_(x,  -  *7 1 )  =  Xo*(*,  -  *7*  )■  (3  2.2) 

Our  purpose  is  to  find  the  reflection  and  transmission  coefficient*  A  and  U.  The 
equation*  needed  to  determine  them  are  the  “interface  formulas"  at  ;  —  which 
assert  that  the  steady-state  solution  satisfies  the  difference  formulas  at  those  point*: 

vZ*/i  ~  =  Xa-K/»  ~  v- j/j)< 

*7,V  “  v"Jt  ~  Xa*(v3/»  “  l'-i/a)- 

Inserting  the  wave  forms  of  Fig.  3.1  in  these  equation*  gives 

(,  -  - )«1/’  +  A*;"')  =  Va.iB.;'’  -  «,-•'*  - 

*  ,  (3*3) 

(« -  ))»*,''’  =  x0.( uk’J'  -  «,-‘/*  -  A*.;ut). 

Wc  could  solve  these  equations  for  A  and  H  and  get  formula*  involving  z,  x»,  K\,  ■_ , 
and  o+ .  In  general,  this  is  the  best  that  can  be  done.  However,  for  simple  problems 
one  may  conveniently  eliminate  z.  In  the  present  case,  applying  (3.2.2)  to  (3.2.3) 
eliminates  not  only  z  but  a±  as  well,  leaving 

*;,/a(*,  -  «,-»)  +  /U7,/a(x,  -«;')  =  Hk1/7  -  «;»'*  -  ak;*'\ 

(«,  -  =  Bk™  -  x;1/a  - 
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hence  because  of  cancellations, 


bk','’  = «;/!  +  ak'j\ 

The  solution  to  this  pair  of  equations  is 


(3.2.4) 


(3.2.5) 


We  have  now  solved  the  reflection  and  transmission  problem:  given  *,  first  compute 
*i  from  (3.2.2),  then  derive  A  and  B  l>om  (3.2.5). 

Eqs.  (3.2.5)  have  a  pleasing  symmetry  that  becomes  particularly  useful  in  the 
rase  of  strictly  wavelike  solutions,  i.e.  |c|  =  |*,|  =  |«(|  —  |*r|  =  1.  Let  us  write 


e‘<*  = 


Then  (3.2  5)  is  readily  seen  to  take  the  form 

.  =  _  »'"(*«  -  0,)  _  »in(0,  -  0,) 

sin(0,  -  0r)'  sin(0,  -  0,)" 


(3.2.6) 


(Of  course,  these  formulas  are  also  valid  for  0  £  IR.) 

A  further  simplificaUon  follows  from  the  fact  that  for  LF,  a,  and  or  0,  and  0, 

arc  related  in  a  simple  way.  From  (2.4.8)  one  has  a,  =  hence 


(3  2  7) 


With  these  substitutions  (3  2. 5)  and  (3.2.6)  become 


.  1  *1  -  *1 

»  (,S|  +  l  ’ 

(3.2.8) 

(3.2.9) 

These  equations  show  that  in  the  limit  of 

a  vanishing  interface,  Lc.  a. 

0.  and 

hence  0,  0%,  one  obtains  the  physically  correct  value*  A  «»  0,  B  tv  1.  In  fact  they 

imply  A  »  0(s>  -  •_)  as  0. 

Demonstration  3.1.  Fig.  3.2  shows  an  experiment  with  «_  *«  —1,  a+  **  -.5, 
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X  =  .5,  h  =  .01  on  the  interval  j— l,  I],  At  I  =  0  the  oscillation 
t*(  — 1,1)  =  sin  301 

has  been  turned  on.  This  generates  a  rightgoing  wave  that  is  well  resolved  on  the  mesh 
(553  21  points  per  wavelength),  and  Fig.  3.2a  shows  that  by  1  =  .5,  it  has  traveled  at 
the  correct  group  speed  C  =  1  and  should  hit  x  =  0  at  1  es  1.  In  Fig.  3.2b,  showing 
1  =  1.5,  it  is  evident  that  the  transmitted  wave  must  have  traveled  at  approximately 
its  correct  speed  C  =  We  arc  interested  in  the  reflected  parasitic  wave  that  appears 
as  wiggles  in  the  region  (—1,0).  Apparently  it  has  moved  at  speed  C  «s  -1,  which  is 


1  =  1.5 

high*  pass  filtered 


t  =*  2 

high-pass  filtered 


FlC.  3.2.  Reflection  and  transmission  at  an  LF  interface.  A  forcing 
oscillation  with  wfc  =  .15  has  bceo  turned  on  at  1  *  0  and  blta  a 
coefficient- change  interface  at  1  **  I.  The  model  is  LF  for  ut  »  — on 
the  left,  «,  =  -.5n«  on  the  right,  with  h  »  1/100,  X  —  .5. 
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what  wc  expect  Tor  LF.  From  (3.2.9}  we  can  predict  ita  amplitude.  We  have 
0.  =  *s  »h/2  =  .15, 


9,  -  ttH/2  ~  2(,h/2  ft*  .30. 


Eq.  (3-2.9)  therefore  givea 


The  exact  value  for  (3.2.9)  turns  out  to  be  A  =  .1884 -  It  is  hard  to  tell  from 

Fi^.  3.2b  how  wdl  this  agrees  with  the  amplitude  of  the  wiggles  in  the  experiment. 
Therefore  Fig.  3.2c  isolates  these  wiggles  by  showing  the  result  of  passing  the  function 
in  (-1,0)  of  Fig.  3.2b  through  a  high-pass  Biter  (discrete  Fourier  transform;  seroing 
of  lower  half  or  spectrum;  inverse  transform).  Fig.  3. 2d  gives  a  similar  filtered  plot 
for  t  =  2,  after  the  initial  transients  in  the  reflected  wave  have  died  down.  The 


agreement  with  the  prediction  |>lj  =  .1884,  represented  by  the  daahed  line  in  Fig. 
3.2d,  is  obviously  excellent. 


Example  3.2:  Abrupt  change  between  arbitrary  3-point  schemes 

Consider  eqs.  (3.2.4)  of  the  last  example.  Although  our  derivation  made  use  of 
the  dispersion  relation  for  LF,  it  is  obvious  that  what  these  equations  really  assert  is 
this:  at  j  =  -1/2  and  at  j  =  1/2,  the  lefthand  representation  wj*  =  (xj  +  Ax*)*" 
and  the  righthand  representation  v"  =  Ok3,*"  are  both  valid.  (A  priori,  we  knew  only 
that  the  former  was  valid  at  ;  =  -1/2  and  the  latter  at  j  ;=  1/2  (Fig.  3.!).)  Thia 
suggests  that  the  calculations  of  Example  3.1  have  a  wider  applicability.  This  is  in 
fact  the  case. 

Let  Q -  and  Q+  then  be  arbitrary  three-point  difference  formulas  as  described  in 
§2.1,  to  be  applied  for  j  <  -1/2  and  j  >  1/2,  respectively.  By  this  wc  mean  that  the 
stencils  satisfy  =  r_  =  1,  =  r+  =  1.  (In  fact  ail  we  need  ii  f+  =  r_  =  1.) 

Assume  further  that  Asssmption  3.1  holds.  The  following  argument  shows  that  eqs. 
(3.2.1)  must  hold.  We  know  that  the  representation  u"  =  OicJ*"  is  valid  for  j  >  I/J. 
By  the  definition  of  k,,  it  follows  that  if  v",^a  =  Bk^,7x*  also,  then  Q+  will  be 
satisfied  at  j  =  1/2.  But  Q+  is  satisfied  there,  and  Asa.  3.1  implies  that  if  the  values 
v"  are  fixed,  then  this  can  only  happen  for  a  unique  value  of 

Therefore  v",/a  =  xn.  The  result  at;  =  1/2  is  similar. 

Thus  most  of  the  calculations  of  Example  3.1  apply  not  just  to  (3.2.1)  modeled  by 
LF,  but  to  any  interface  at  which  one  three- point  difference  formula  changes  abruptly 
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to  another.  The  interface  may  involve  just  a  change  of  coefficient,  as  before,  or  it 
may  include  a  change  of  difference  formula  also,  for  example  from  LF  to  LW.  For  any 
such  problem,  one  is  led  by  (3.2.4)  to  (3.2.S)  and  (3.2.6).  After  this,  eqs.  (3.2.8)  and 
(3.2.9)  are  oot  univeraally  valid,  but  since  all  they  depend  upon  is  (2.4.8),  they  will 
hold  whenever  is  a  three- point  linear  multistep  formula. 

As  an  example,  suppose  (3.2.1)  is  replaced  by  the  second-order  wave  equation 

~-{i:  . -  '■■■•> 

modeled  by  the  leap  frog  scheme  LF*, 

v;+l  -  2t>*  +  «;-■  =  (Xoi)*(v;+l  -  2«;  +  »;_»).  (3.2.11} 

This  formula  has  the  dispersion  relation 

+  =  {*.«*)*(« 

from  which  one  may  see  that  instead  of  (2.4.8)  and  (3.2.7),  x,  and  *»  now  satisfy 

x,x,  =  1,  0,  =  -0,.  (3.2.12) 

Now  both  the  incident  wave  and  the  reflected  wave  can  be  physical  (smooth)  at  the 
same  time,  for  (3.2.10)  permits  wave  motion  in  both  directions.  The  reflection  and 
transmission  coefficients  for  (3.2.10)  can  be  obtained  by  enforcing  Cx  continuity  at 
x  =  0,  and  are  independent  of  u  and  (  (sec  e.g.  [C176J,  §8.1): 


t/o—  -  l/a+ 
l/o_  +  l/o+  ’ 


l/o_  +  1  /a+ ' 


These  formulas  are  written  in  a  standard  form  in  terms  of  the  admittances  I  fa±;  one 
could  also  use  the  impedances  a±  directly.  For  the  LF2  model,  the  corresponding 
results  arc  by  (3.2.5),  (3.2.6),  and  (3.2.12), 


X,  -  X, 

x.x,  -  r 

X,X,  -  1 

(3.2.14) 

sin(0,  -  0e) 
sin(0,  +  0,)’ 

sin  20, 
sin(0,  +  0«)‘ 

(3.2.15) 

This  last  pair  of  formulas  is  a  trigonometric  analog  of  the  admittance  formulas 
(3.2.13),  and  approaches  them  for  small  (  and  u,  but  it  is  not  the  tame. 


78 


Our  calculations  apply  to  dissipative  schemes  also.  I«t  (3.2.1)  be  modeled,  say, 
by  LW  (1.1.1 1).  For  a_,a+  <  0,  a  physical  signal  will  then  have  Kt,Kt  ss  1  and  (it 
follows  from  (2-1.9))  |*cr|  as  >  1.  Therefore  the  reflected  wave  is  evanescent, 

and  will  have  negligible  amplitude  except  near  the  interface.  It  can  by  no  means  be 
ignored  in  computing  B,  however,  for  it  need  not  be  negligible  at  x  =  0 — i.e.  A  itself 
need  not  be  small.  This  situtation  is  typical  for  both  dissipative  and  nondissi  native 
models:  evanescent  modes  are  often  present  that  have  negligible  sise  away  from  the 
interface,  but  their  influence  is  still  global  because  they  affect  the  amplitudes  of  the 
non-evanesccnt  modes. 

Example  3.3:  Abrupt  change  between  scheme*  with  larger  stencils 

The  principles  of  Example  3  2  apply  directly  to  difference  schemes  with  larger 
stencils.  Let  Q-  and  have  stencil  sues  /_,r_  and  t+,r+,  and  assume  that  both 
formulas  satisfy  A&sumption  3-1  •  We  seek  the  reflected  waves  that  result  after  an 
incident  signal  with  |a|  >  1  hits  j =  0  from  the  left.  For  j  <  0  there  are  r- 

Irftgoing  signals,  and  if  we  denote  their  amplitudes  by  - A\ . —  A._,  these  may  be 

written 

1  <  If  <  r_. 

(We  ignore  the  possibility  of  defective  modes.)  For  >  0  there  are  rightgoing 
signals,  and  we  denote  their  amplitudes  by  + 

A„«***t  r_  +  1  <  m  <  r_  +  <+. 


Exactly  as  n  the  last  example,  Assumption  3.1  implies  that  the  righthmnd  repre¬ 
sentation  of  v"  must  hold  not  just  for  j  >  1/2,  but  for  >  1/2-  f+.  This  follows  by 
the  same  argument  aa  before  by  considering  in  succession  j  =  -1/2,— 3/2,  ...,l/2  — 
f+.  Likewise,  the  lefthand  representation  must  hold  for  all  j  <  -1/2  ♦  r_.  All 
together,  there  are  1+  +r_  matching  conditions  in  extension  of  (3.2.4),  and  they  take 
the  form  of  a  van  der  Monde  system  of  equations: 


(3.2.16) 


The  determinant  of  this  matrix  is 

n /«.-*«)/  n  4*'* 

According  to  Cramer’s  rule,  the  solution  to  (3.2.16)  can  be  expressed  in  terms  of  ratios 
of  such  determinants.  Wc  find  (cf.  (3.2.5)  and  (3.2.6)): 


Mr** 


(«»-«o)/IIo*  * 
(«„  -  «.)/«!*"* 


=M  TT  >lntg.  -go)/*.\i(f.-.-) 


(3.2.17) 


These  formulas  give  the  complete  solution  of  the  reflection  and  transmission  problem. 
In  practice,  if  the  incident  signal  is  wavdike  (|x|  =  |«o|  =  1),  then  often  some  reflected 
and  transmitted  signals  will  be  wavelike,  others  evanescent.  However,  this  distinction 
afTects  the  values  of  {*„}  and  {0*},  not  the  form  of  (3-2.17). 

DEMONSTRATION  3.2.  As  a  particular  example,  let  us  again  eonsiiitf  the  problem 
of  Example  3.1,  but  with  l.F  replaced  by  LF \  (1.1.17),  whose  stencil  .-overt  five  grid 
points  in  r  Eq.  (3.2. 1C)  now  becomes  a  system  of  dimension  4,  and  for  typical 


FtC  .3.4.  Itr flection  and  transmission  at  an  LF4  interface.  Same  aa 
Fig  3  2  but  with  l.F  replaced  by  LF 4. 
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value*  of  z  with  |j|  =  1  we  expect  one  wavefike  r>«.«ie  arid  one  evanescent  mode  on 
each  aide,  as  shown  in  Fig.  3.3. 


-  A|k{/  i 

K}0Mn  - 


Fig.  3.3 


Fig.  3.4  shows  a  repetition  of  Fig.  3.2  with  LF  replaced  by  LF4.  Qualitatively,  the 
behavior  appears  as  before,  except  for  one  interest>ng  change:  the  reflected  parasite 
now  travels  at  speed  C  ==>  -5/3,  not  -1.  This  is  in  keeping  with  Fig.  1.1c  and  with 
(1.2.8)  (or  (1.5.3)  fot  t  =  4).  Let  us  predict  the  amplitude  of  the  reflected  parasite. 
For  the  given  problem  I,  and  so  (2.1.12)  implies 


Otol- 


1 


l.«. 


*4  -  8a*  +  8«  -  1  «s  0 


on  both  sides  of  the  interface.  The  scros  of  this  polynomial  are 
*  =  1,  -1,  4  -  y/\l,  4  +  VTS. 


The  first  two  values  correspond  to  right*  and  leftgoing  wave  modes,  respectively,  and 
the  second  two  to  right*  and  leftgoing  evanescent  modes.  We  will  order  the 
according  to 

«,«!,  -c.oH+v'IS, 

but  we  will  need  a  little  more  precision  for  ro  and  #cj,  namely  (as  in  Example  3.1) 
kc  e  30*  »»  1  +  .30*,  *a  e  *°*  *»  1  +  .80*. 

Now  from  (3.2.17)  we  obtain  the  amplitude  sought, 

A  _  (m  -  «oK«»  -  «oX«<  - 
(«•  -  tiK'i  -  «,K  ««  - 
(a  ±  yiSX  3Q.X3  -  /isM--)  r  -i.»  w 
(s  +  >A*X*XS  -  vTisHi)  M 


An  exact  calculation  from  (3-2.17)  gives  the  slightly  larger  result 
A\  as  -.100478  +  .001248*,  |A,|  «  .100484. 


These  numbers  are  in  good  agreement  with  Lbe  magnitude  of  the  wiggles  observed  in 
Fig.  3.4b,  which  are  once  again  isolated  by  a  high-pas*  filter  in  Fig.  3.4c. 

Example  3.4:  Mesh- refinement  interfaces 

Instead  of  considering  a  discontinuous  coefficient,  let  us  now  look  at  problems 
where  the  mesh  site  changes  discontinuously  at  *  *  0.  We  will  stick  to  y*e  equation 
u«  =  au,  and  to  models  with  one  leftgoing  and  one  rightgoing  mode.  Assume  that  a 
rightgoing  signal  k{j*  hits  the  interface  from  the  left,  generating  steady  state  reflected 
and  transmitted  signals  Ax}*"  and  We  will  calculate  A  and  B  for  three 

different  kinds  of  mesh  refinement. 


(i)  Crude  mesh  refinement.  The  reflection  snd  transmission  properties  of  the  fol¬ 
lowing  mesh- refinement  scheme  (in  its  semi-discrete  limit)  are  analysed  by  Vkhnevet- 
sky  in  [V18 1  b).  Let  x,  denote  jh-  for  j  <  0  snd  jh+  for  j  >  0,  where  h_  and  h+ 
arc  arbitrary.  Let  (3.2.51)  be  modeled  at  all  points  j  ^  0  by  LF,  or  more  generally 
by  any  three-point  linear  mullistep  formula  (2.4.2), 


k*(Z)  *  2 h± 

and  at  >  =  0  by  the  related  formula 

ko{Z)  *  h_  +  h*' 


(3.2.18) 


(3.3.19) 


as  illustrated  in  Fig.  3.5. 


k~  h+ 


The  interface  formulas  for  this  model  are  then 
1  +  A  =  B, 


Fig.  3.5 
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Alter  making  use  of  the  first  formula,  the  second  can  be  rewritten 

The  quantities  i,k,h±,a  cgn  be  eliminated  from  this  equation  by  means  of  (3.2.18) 
or  (2-4-3),  and  one  obtains 

i(*.  -  !/«,)  +  |/»(*.  -  !/«,)  +  -  1/'.)  *  (1  +S)«,  -  1  /*.-A/k., 


(«.  +  !/«,)  +  A{ *,  +  l/«.)  -  (l  +  A)(«,  +  !/«,)  =  0, 


which  implies 


(*.  +  l/"«)  ~  (*»  +  1/k.) 


A  = 


n  = 


(re,  +  !/*,)-{«*  +  l/*») 

My  (2  18).  this  leads  to 

(a,  +■  1/rcJ  -  (re,  +  l/*t) 

‘  (a,  -M/rc.)  +  (*, +  1/*,) 

An  alternative  expression  for  these  results  is 
A  _  cos  (%h  -  cos  (t  h 
~  cos  (,h  +  COS  h ' 

Compare  [Vi8lb|,  iq.  (28). 


2(«,  +  1/rc^) 


(«»  +  1/*,)  +  (*»  +  >/**)' 


D  = 


2  cos  ( th 

cos  (,h  +  cos  (tH‘ 


(3.2  20) 

(3.2.21) 


fit)  Coartt  mesh  approximation.  Suppose  that  in  the  above  setup,  h+  is  an 
integral  multiple  of  h_:  =*  mh_.  Then  instead  or  (3.2.19),  it  is  natural  to  consider 

applying  the  coarse  mesh  formula  used  for  j  >  0  at  j  0  also,  with  the  lefthand 
value  needed  taken  from  j  *  -m,  as  illustrated  in  Fig.  3.6: 


Fra.  3  9 


WUk  this  interface  condition  In  effect,  the  interface  formulae  become 

l+A-fl. 

^(1  +  A)  - 


which  by  means  of  (3.2.18)  reduce  to 

<2A.».(xt  —  !/*«)(  1  +  A)  =  ak,  (*»(1  +  A)  —  x,  "  —  Ax,-"*), 


i.e. 


(1  +  A)/<c,  =  K~m  -f  Aa,  ■*, 

and  therefore 

.  -  >/*. 
l/*t- 

(3.2.23) 

By  (2.4.8),  this  leads  to 

I/«I  l/«l -(-*.)*' 

(3.2.24) 

(itt)  BKO  mesh  refinement.  The  following  “BKO”  scheme  was  proposed  by 
Drowning,  Krciss,  and  Oligcr  in  [Dr73),  and  some  of  its  reflection  properties  are 
analysed  in  [ViSlbj.  Suppose  again  that  /»_  and  h+  are  arbitrary.  Now  let  the  lefi- 
and  righthand  grids  overlap,  as  follows: 

right:  x*  —  }h+  3  * -J.  J. 

left:  z~  =  jh_  •.  >=  ~\ . 


X 


h+ 


x 


Fig  3.7 


Then,  m  a  discrete  analog  of  C*  continuity  at  *  =  0,  consider  the  interface  conditions 
t»T  ♦  ■*  "t  +  ** 


(with  obvious  notation).  The  corresponding  interface  formula*  are 
+  «T*  ♦  A(a*  +  <**)  *  +  <*). 

ip(«?  -  «r*)+  -  *r*)  “  ^(*J  -  <b 


(3.2.26) 


84 


83 


.  1 
* 


13  £,n«rgy  flux  and  energy  conservation* 

Suppose  that  a  Cauchy  stable  difference  formula  admits  the  wave  solution 

(3.3.1I 


Of  the  mesh- refinement  problems  considered  in  Example  3f>  of  the  last  section, 
two  conserve  energy  exactly:  "crude  mesh  refinrmcnl"  for  any  three- point  linear 
multistep  formula  Q,  and  0K0  mesh  refinement  for  I, l'3.  bet  u *  verify  these  claims. 
For  Q  applied  to  Ut  aux  we  have  by  (2.4.7), 


for  some  constant  A,  with  )*|  =  1.  If  (*(  —  l,  then  by  Thm.  2.3.1,  the  wave  has  a  well 
defined  group  velocity  C  €  IB  It  is  natural  to  define  the  energy  flux  (magnitude)  $ 
of  (.1 .1  ||  m  the  absolute  group  speed  times  the  square  of  the  amplitude, 

♦  ^  |A|a|C|  if  |*|  =  (*|  =  l.  (3.3.2) 

One  might  prove  that  asymptotically,  measures  the  fj  energy  flow  per  unit  time 
across  a  given  line  x  =  Xq  Other  definition*  could  be  used  for  energies  other  than 
t%  |r  |a'  =s  I  and  |*(  ^  I,  then  there  is  no  energy  flux, 

♦  =*  0  Tor  )*)  =  !,  |x)  jk  1.  (3.3.3) 


If  |*|  >  I,  m  which  rase  j*J  ^  1  by  Thm  2  2 .1,  then  a  sensible  definition  of  ♦  would 
haw  vo  vary  with  *  and  increase  with  t  But  we  will  not  define  ♦  in  this  case. 

<;ivrn  a  difference  model  containing  a  boundary  or  interface,  we  naturally  ask: 
ijoes  the  interface  conserve  energy’  If  not,  how  close  doe*  it  eomeT  tor  the  steady 
state  solutions  of  the  last  section,  we  have  all  the  machinery  in  place  to  answer 
these  questions.  Assume.  Tor  example,  that  u*  »  aum  it  modefed  by  one  three- point 
difference  scheme  for  x  <  0  and  another  for  x  >  0,  and  that  a  rightgoing  wave  (3.3.1) 
is  incident  on  the  interface  at  *  =  0.  In  the  steady  state,  reflected  and  transmitted 
waves  will  be  generated.  We  define  the  efficiency  of  the  interface  for  the  given  wave, 
£,  by  the  formula 

t:  =  (33<) 

Energy  is  absorbed,  conserved,  or  created  at  the  interface  if  £>  <  I,  ^  *  l,«r  fi  >  1, 
respectively  More  generally,  if  an  interface  generates  a  collection  of  outgoing  signals 
m  response  to  a  collection  of  incoming  one*,  then  the  efficiency  Tor  that  configuration 

s-  £  ♦./  £  ♦,  <3.3.11 

••i *#»«* 

*Mnay  of  the  idem  la  thla  section  appear  in  (VWb). 


r  [C.  -  C,)7  +  4 CtC,  , 

,*~~icT?cF  *• 

as  claimed.  Similarly,  for  the  case  of  I,F3  with  BKO  mesh  refinement,  eqs,  (l.fi.7)  and 
(1.6.8)  (ignoring  the  terms  in  *7)  imply 

^  _  X_  sin  2X_  sin  0,  cos  ft, 

’  sinwfc  2  sin  cos 

X_  sin  0,  eos0,  f  sina  ^  N  h_  cot0. 


*0  ^  cos  ^  sin3  ®,  J  k  cot  ' 


with  corresponding  expressions  for  C,  and  Ct.  From  this  formula  and  (3. 2. 28),  it 
follows  that  (3.3-6)  holds  for  this  problem  too,  and  this  implies  E  =  1  as  before. 

However,  it  is  only  in  exceptional  cases  that  a  boundary  or  interface  conserve* 
energy  exactly.  The  reason  is  that  for  this  to  happen,  the  errors  introduced  by  the 
interior  formulas  and  the  interface  formulas  must  exactly  counterbalance,  so  the  two 
sets  or  formulas  must  be  fortuitously  compatible  in  some  sense.  In  particular,  the 
other  mesh  refinement  problems  of  the  last  section,  such  m  LF  with  BKO  or  with  the 
coarse  mesh  approximation,  do  not  exactly  con  serve  energy. 

Energy  conservation  is  an  attrsclivr  properly,  especially  if  extensions  to  nonlinear 
problems  arc  being  considered,  but  one  should  not  automatically  assume  that  if  one 
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interface  exactly  conserves  energy  ami  another  dors  not.  then  the  former  is  belter. 
For  LF  applied  Ui  u,  —  ou„  for  example,  (3.2.27)  implies  that  the  nonconserving 
BKO  interface  generates  a  reflected  parasite  of  amplitude  A  =  0(h*),  while  (3.2.21) 
gives  A  =  0(ha)  for  the  "crude"  interface.  Surely  it  is  no  virtue  of  the  latter  scheme 
that  the  spurious  signal  it  generates  on  the  left  is  large  enough  to  balance  the  flux 
error  it  introduces  on  the  right. 

3.4  Cutoff  frequencies  and  evanescent  waves 

We  have  observed  earlier  that  although  a  non  dissipative  difference  model  Q  must 
admit  waves  of  all  wave  numbers  (  6  j-x/h,  */AJ,  the  same  is  not  true  for  all 
frequencies  wr  €  |-»/4,  »/fc].  A  frequency  that  corresponds  to  no  wave  solutions  may 
be  said  to  lie  in  the  stop  band  or  forbidden  band  for  Q.  In  Figs,  la-c,  these  are 
the  values  of  w  for  which  no  value  of  £  appears  on  the  plot.  Of  course  there  will  be 
some  wave  number  (  for  every  w,  since  Q  must  do  something  in  response  to  a  forcing 
oscillation  sin>«/(,  but  for  w  in  the  slop  band  (  will  be  complex,  corresponding  to  an 
evanescent  mode  that  by  (3.3  3)  carries  no  energy. 

In  a  problem  involving  an  interface,  it  may  happen  that  a  frequency  for  which 
a  wave  may  exist  on  one  side  lies  in  the  stop  band  on  the  other.  In  this  event  the 
response  to  such  an  incident  wave  will  be  =  0  total  reflection.  Given  an 
interface,  one  may  look  for  the  minimum  frequency  u/(,  the  cutoff  frequency,  at 
which  a  transmitted  wave  cannot  exist  The  solution  to  this  problem  will  satisfy  the 
cutoff  condition 

rU(,m,)  =  0.  (3.4.1) 

One  can  see  this  by  considering  that  in  a  dispersion  plot  such  as  Fig.  1.1,  w*  is 
associated  with  a  lero  slope.  Algebraically,  the  explanation  is  that  if  *(*)  has  |x|  =  1 
for  arg*  <  arg  it*  and  ja|  ^  1  for  arg*  >  arg*,,  then  a,  must  be  a  multiple  root, 
which  wc  know  by  Thm.  2.3.1  corresponds  to  C  =  0. 

Cutoff  frequencies  for  finite  difference  and  finite  element  models  have  been  dis¬ 
cussed  previously  in  [Ok  76),  (Dr73j,  and  (Vi80). 

The  primary  significance  of  (3  4.1)  is  that  it  enables  one  to  determine  cutoff 
frequencies  by  solving  an  algebraic  rqualion.  Another  interesting  implication  is 
that  although  the  vanishing  of  the  transmitted  wave  as  w  rises  above  u>*  may  be 
discontinuous  (the  transmitted  wave  abruptly  becomes  evanescent,  but  its  amplitude 


docs  not  become  sero),  the  vanishing  of  the  transmitted  energy  flux  is  not.  Instead, 
♦  decreases  smoothly  to  0  as  w  1  u.-*,  since  C  decreases  smoothly  to  0. 

Vichnevetsky  points  out  that  in  the  case  of  interfaces  between  LF  modrls,  the 
evanescent  wave  that  appears  for  ui  >  w*  always  has  wavelength  Ah  [Yi80,Vi8lb]. 
The  explanation  la  that  by  (2.1.8),  |x|  —  1  and  |*|  \  can  only  happen  with  *  pure 

imaginary,  which  amounts  to  wavelength  Ah.  The  “4/»  phenomenon”  does  not  extend 
to  arbitrary  difference  models,  however. 

3.5  Reflection  of  a  general  wave  packet 

By  the  methods  described  so  far  wc  can  now  determine  exactly  how  a  monochrom¬ 
atic  signal  **<•**-•<«)  j*  reflected  and  transmitted  at  a  boundary  or  interface.  The 
question  is,  how  can  i:  is  informstion  be  used  to  predict  (he  reflection  and  transmission 
of  a  general  wave  packet*  The  problem  is  one  of  Fourier  synthesis  in  an  inhomogeneous 
medium,  and  it  is  subtle.*  One  might  expect,  for  example,  that  if  the  reflection 
coefficients  satisfy  |A(£)]  <  <  oc  for  all  (,  then  a  general  estimate  ||u"||j  < 

Am*m||v°||2  will  hold.  However,  Thm.  4.2.3  will  show  that  this  is  not  the  case. 

We  will  study  the  simplest  possible  example.  Let  the  equation 

u,  =  u,.  r,<  >  0 

be  modeled  by  a  finite  difference  scheme  Q  on  the  grid  (ij.  t«)  =  (j h,nk)  for  j,n  >  0, 
with  h  =  1  for  convenience.  lx-t  Q  consist  of  Q  =ON  (1.1.16)  for  all  points  j,n  >  I 
coupled  with  some  two- level  boundary  equation  for  j  =  0,  n  >  1.  For  initial  data  we 
take 

«?  =  /,.  ;>o 

for  some  sequence  /.  Now  v"*1  is  completely  determined  by  v".  Since  CN  ia 
nondissipative  and  x- reversing,  we  expect  significant  reflections  at  the  boundary. 

lx>t  denote  ihr  set  of  squarc-su  run  table  sequences  (/j)j2;o  If  /  G  f},  then  it 
has  a  Fourier  representation 

/< =  L  (»■»■>) 

*A  solution  for  a  special  rxv  of  ihis  problem  is  sketched  in  §6  of  [VifMhJ.  bul  it  appears  to 
be  invalid  except,  perhaps,  in  some  asymptotic  sense  l  or  example,  this  solution  begins  by 
considering  a  wave  packet  with  compart  supfrort  whose  transform  also  has  compact  »up|>ort, 
and  such  a  combination  cannot  occur. 


for  some  function  /  €  /-v  |  ~  *  >  *  1  •  and  /  is  given  by  ibr  Fourier  transform 

/(£)  =  f)  /,«'<>  (3.5.2) 

,-0 

By  (1.118)  and  { 1  2-7).  we  know  that  for  each  (t  €  [-j,  Jj,  CN  admits  a  leftgoing 
wave,  and  at  the  same  frequency  there  is  one  corresponding  rightgoing  wave  with 
wave  number  {,  =  *-(<  (Fig.  l  ie).  (Here  (,  should  be  taken  modulo  2*.)  Let  A(() 
denote  the  corresponding  reflection  coefficient  function  for  monochromatic  solution* 
for  the  given  boundary  conditions.  Now  suppose  that  by  chance  /  happens  to  satisfy 
the  reflection  condition 

/(*  -0=  Mi)hi)  for  Ul-M).  (3.5.3) 

Then  by  the  definition  of  ,t({).  /  is  the  superposition  of  steady  state  solutions  of  Q: 

(3's<) 

Therefore  if  {«•"}  is  computed  with  /  as  initial  data,  then  each  steady-atate  solution 
evolves  under  Q  in  a  uniform  fashion,  oscillating  according  to  a  factor  e"*'((,t,  and  we 
obtain  a  Fourier  repesenlation  for  t1*  valid  for  all  n: 

«;  =  ~  I  J*, «  =  »*)■  (3.5.5) 

In  general,  of  course,  /  will  not  satisfy  (3- 5.3).  The  main  idea  of  this  section  is 
as  follows.  Consider  choosing  arbitrary  values  /,  for  j  <  0  so  that  /  is  extended  to  a 
biinfinite  sequence  (/),<*  €  Any  such  sequence  will  have  *  Fourier  representation 
(3.5.1).  where  now  /  6  »|  i»  given  by 


ItKKI.KCTION  PKOtU.fcM 
£7it»en.  (i)  /,  for  J  >  0 

(ii)  /  satisfies  (3.5.3)  for  a  known  function  A(£) 

Find  (i)  fj  for  all  j  6  Z 

(ii)  /(£)  tor  *11  £€(-«,») 

In  effect  (i)  gives  us  half  of  /,  and  (ii)  gives  us  half  of  its  transform.  The  parameter 
count  appears  right  for  the  problem  to  be  well  posed. 

The  reflection  problem  as  stated  has  &  simple  interpretation  (liven  initial  data 
l  ft),  >o.  we  seek  a  distribution  of  dual  initial  data  (/, );  <•  0  such  that  as  n  increases, 
the  solution  vn  obtained  by  applying  v‘N  for  all  j  t  Z  satisfies  the  boundary  equation 
of  0  J  —  0-  In  other  words,  the  dual  packet  must  be  chosen  so  that  it  contains 
rightgoing  components  that  exactly  duplicate  any  reflections  of  the  initial  data  that 
should  be  observed  under  Q.  The  idea  is  illustrated  in  Fig.  3.9: 


Mathematically,  the  reflection  problem  amounts  to  the  problem  of  solving  an 
integral  equation.  I-et  /+  and  /+  denote  the  restrictions  of  /  and  /  to  j  >  0  and 
(  €  \~  j.  j],  respectively.  According  to  (3  5. 4),  \vc  need  to  solve  the  equation 


/(()=  £  A«'°  (3.5.#) 

Suppose  an  extension  /  can  be  found  for  which  (3.5.3)  holda.  Thtn  again,  (3.5.5)  must 
give  **  for  all  n.  In  fact,  (3.5.5)  will  determine  a  function  { v *}  that  aatisfles  CN  for 
til  j  6  2,  and  in  addition  aatisfles  the  boundary  equation  imposed  by  $•()«=  0. 
Therefore  its  restriction  to  )  >  0  must  be  exactly  the  solution  we  seek. 

We  car  therefore  determine  the  reflection  in  ;  *»  0  of  a  general  wave  packet  1/ 
we  can  solve  the  following  problem: 


*/+  =  /♦. 

for  /+,  where  :  £*[- 1 ,  fj  -•  fj'  denotes  the  integraf  operator 

(*/+)»  =  I  *0,  «/.«)#«. 


where  K  denotes  the  kernel 


*0-0  =£ U-^  +  AU)e“‘(-<b  • 


(3.5.7) 


(3.5.8) 


(359) 


•I 
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Unfortunately,  we  have  not  yet  made  any  progress  in  solving  the  problem  as 
formulated  here.  It  appears  that  it  might  be  possible  to  treat  the  integral  equation 
by  some  variant  of  the  Wiener- Hop/  technique  |Mo53j,  which  is  designed  to  handle 
Fourier  transforms  that  arc  split  into  two  halves.  However,  the  solution  remains  to 
be  worked  out.  It  seems  that  despite  the  obvious  likelihood  that  there  is  a  connection 
between  this  problem  and  the  Wiener-Hopf  methods  of  Strang  and  Osher  mentioned 
in  §0.2,  the  two  formulations  are  not  the  same. 

3.6  General  formulation;  the  "folding  trick” 

Wc  will  now  write  down  formally  the  linear  algebraic  relations  that  govern  steady- 
state  solution  behavior  for  a  system  of  equations  at  a  boundary  or  interface.  In  doing 
so  we  face  the  question  of  how  much  llcxibility  to  permit  in  the  representation  of  a 
difference  model.  For  example,  in  the  interface  calculations  of  §3.2,  it  was  sometimes 
convenient  to  use  a  grid  j  =  0,il,±2,  ...  and  sometimes  j  —  ..  was 

better.  At  issue  is  a  tradeoff  between  the  simplicity  of  ihe  general  formulation  and 
the  simplicity  of  its  application  to  particular  problems.  Our  procedure  will  be  to 
present  the  generalities  in  a  restricted  formalism  here,  but  continue  to  abuse  that 
formalism  later  as  convenient  for  dealing  with  particular  caaes. 

Our  main  simplification  will  be  that  instead  of  treating  interface  problems  as 
interface  problems,  we  will  reduce  them  formally  to  boundary  value  problems  by  a 
device  known  as  the  foldi  g  trick.  If  the  original  problem  is  made  up  of  a  system 
in  iV,  unknowns  on  the  left  coupled  with  a  system  in  .Va  unknowns  on  the  right,  the 
folding  trick  consists  of  replacing  these  in  the  obvious  way  by  an  equivalent  system  in 
.\'i  +  j \>  unknowns  involving  only  a  boundary.  This  device  has  been  used  in  various 
papers  on  numerical  stability,  including  [C*i71,t*i72.llr73,Su74|.  It  is  not  an  unqualified 
blessing,  however,  for  it  tends  to  obscurr  what  is  really  going  on  when  one  deals  with 
an  interface  In  particular,  one  must  remember  that  the  system  obtained  after  folding 
is  not  an  arbitrary  svstcin  in  \\  -f  Vj  variables,  but  a  2  X  2  block  diagonal  system, 
since  the  left-side  and  right-side  variables  are  uncoupled  except  through  the  boundary 
conditions.  In  particular,  it  follows  that  if  the  difference  models  on  each  side  of  an 
interface  satisfy  Assumption  21  (diagonalirabilily  see  §2.5).  then  that  assumption 
also  holds  for  the  folded  problem. 

Consider  then  Ihe  (s-*-2)-level  /V- vector  diffrre  rue  model  Q  of  (2.5 .2).  We  assume 
03 


that  Q  satisfies  AsssmpLion  2.1.  In  addition,  corresponding  to  Assumption  3  I.  let  us 
impose  the  following  condition: 

Assumption  3.2.  For  all  ;  with  |/|  >  1,  Q  admits  exactly  nf  leftgoing  and  nr 
rightgoing  solutions  (2.5.8),  where  nt  and  n,  are  some  fixed  integers.  // 

Instead  of  letting  j  range  over  all  integers,  we  now  restrict  it  to  j  >  0  Q  will 
apply  at  ail  points  j  >  l,  and  nr  additional  boundary  conditions  are  then  in  general 
needed  that  involve  j  ■=  0, .  . ,  f  -  1.  We  can  write  these  in  the  form 

Inui  »au 

£  £  (3«u 

,-o  #--i 

for  some  integers  jmmK,  <  oo.  where  each  S}0  is  constant  n.  x  V  matrix  The 
“0"  on  the  right  denotes  the  null  vector  or  length  n.  We  let  (J  denote  the  d.ffcrenee 
model  consisting  of  Q  for  j  >  f  combined  with  (3  6  I).  For  0  to  be  usable  we  nee.)  a 
solvability  assumption  {cf.  Ass.  3.1  or  (Cu72)  and  Ass  1  1  of  (MiMlj). 

Assumption  3  3.  The  model  Q  can  be  solved  bounded!)  in  the  senw  that  :f 
p  /j  arc  given,  then  v**1  is  uniquely  determined,  and  it  satisfies  a 

bound 

IU’**Il!j  <  M  £ 

0-0 

The  two-norm  here  is  defined  (rf.  (2.2.1))  by 

IMl  =  *  £  I*, I’,  1.16  21 

J  -0 

where  |$,|  denotes  the  vector  two  norm.  // 

It  can  be  shown  that  such  a  solvability  assumption  ca  .  ,,oui  only  when  {3  6  1)  has  o, 
rows,  as  we  have  assumed  (cf  [Mi8l],  Thm.  I  1). 

I -cl  z  be  a  complex  constant  satisfying  (r|  >  I  According  to  (2  5  12),  the  general 
solution  to  (2  5  2)  can  he  written 

v?  =  '*Tf  +  V]  (3  6  3) 

for  some  constants  {u,}  The  two  sums  represe  nt  righlgo.ng  imI  lefigoing  Mgnals. 
rrs}wr»i»ely.  Let  this  formula  b<  ins*  rlnl  in  ,.’>  I<  !  TW  ns.,"  :»  a  i-M-a r  «y s:  ■  -•  of 
equations  of  dime'ist.tt.  n,  »  V  tfiat  fn,  <  <*.  •  i  v, ;  t  ■!  - 
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Mi  ->!'  these  quantities  are  known,  since  i  is  given,  except  for  {a*}.  Wc  can  therefore 
rvwrilo  (3  61)  as  the  new  system 


inlilial  boundary  value  problems. 


Ei-fc+  "f  i-  i».=». 

.=•1 

where  each  term  in  brackets  is  an  n,- vector  depending  on  z.  If  we  write  now 

=  («l . “~.)T-  »W  -  )T, 

then  these-  equations  take  the  form  (cf.  eq.  (10  2)  of  (Gu72)) 

O  '  =  0,  (3.6.4) 

where  />  '  is  n,  y  n,  and  /)l£i  is  n,  \  Tif.  This  equation  represents  the  interface 
formulas  for  the  general  problem  (2.5.2).  (3.6.1). 

Now  we  can  solve  for  reflection  coefficients.  Jn  the  previous  sections  we  just 
studied  (he  rcpsonse  to  a  single-  incident  signal,  but  of  course  linearity  implies  that 
the  response  to  a  sum  of  incident  signals  will  be  the  sum  of  the  responses  to  each. 
The-  general  problem  of  finding  reflection  coefficients  is  therefore:  gwtn  alt\  find  o^. 
If  U  '  is  invertible,  then  (3.6.4)  gives  the  result 

(3-6.5) 

This  equation  is  the  general  solution  to  the  problem  of  finding  reflection  coefficients, 
and  ( )— *  £)W  is  an  n,  X  n*  matrix  that  might  be  called  the  reflection  coefficient 
matrix.  If  the  problem  (2.5.2),  (3.6.1)  came  from  an  interface  problem  by  folding, 
then  describes  incident  signals  and  o'*'  both  reflected  and  transmitted  ones. 

It  is  by  no  means  always  true  that  is  invertible.  In  certain  circumstances  the 
examples  of  §3.2  demonstrate  this  problem.  In  Example  3.1,  for  instance,  if  o_  > 
0  >  o*.  then  for  *  =  I  one  has  0T  =  0t  —  0,  and  the  denominators  in  (3.2.6)  are 
0  Similarly  in  Example  3.4(ii),  for  a  <  0  and  z  —  1  one  has  **  =  «,  =  1,  and  if 
m  is  even,  then  the  denominators  in  (3.2.24)  arc  0.  Apparently  for  the  wrong  value 
of  z  in  these  problems,  the  reflection  and  transmission  coefficients  become  infinite— 
and  for  nearby  values,  arbitrarily  large.  This  is  no  flaw  in  our  formulation,  but  the 
actual  behavior  or  these  schemes,  as  wc  will  verify  by  experiment  in  the  next  chapter 
(Demo.  4.2).  We  will  sec  there  that  the  singularity  or  and  the  presence  of  infinite 
reflection  coefficients  are  directly  related  to  instability  in  finite  difference  models  of 


All  of  our  discussion  in  this  chapter  has  been  restricted  to  problems  in  one  space 
dimension,  but  the  same  principles  apply  in  the  multid-tmnsional  case  Suppose 
Tor  example  that  a  plane  wave  with  frequency  »'  and  wave  number  vector  = 
(((,..  .  ,  £*)t  i*  incident  upon  a  plane  interface  at  it  =  0  As  in  the  one-dimensional 
problem,  the  first  step  ip  to  solve  the  dispersion  relation  to  delcrnmu  all  possible 
reflected  and  transmitted  wave  number  vectors  £*’ ('**.  Since  the  interface  is  parallel 
to  the  axes  xj. .  .  .  x*.  one  can  use  the  fad  that  all  components  will  have  equal  value* 
of  w  and  (j...  ,  t<.  differing  only  in  (i  The  various  solution*  (j  on  earh  sub*  of 
the  interface  then  yield  waves  oriented  at  various  angles  The  radiation  eoml.lion 
requires  that  one  j-ick  out  those  waves  with  vector  group  velocities  pointing  away 
from  the  interface  ()ne«  them-  are  determined,  reflection  and  transmission  coefficients 
can  he  computed  .vp  usual  .nd  they  will  tie  angle- dependent.  Thus  5nfli'»  Lav  for 
difference  models,  already  mentioned  in  U  6,  fits  directly  into  the  framework  we  have 
established  for  interface  problems. 


I 


4.  STABILITY  FOR  INITIAL  BOUNDARY  VALUE  PROBLEMS 


4,1  An  example 

From  here  on,  the  rest  of  the  dissertation  is  concerned  with  the  stability  or  finite 
difference  models  that  contain  boundaries  or  interfaces.  According  to  the  folding 
l  rick  ($3.6).  it  is  enough  to  consider  the  stability  of  models  of  initial  boundary  value 
problem*.  TUv  available  theory  for  this  was  developed  by  Krei-sa,  Osbcr,  Gustafsson, 
and  others  in  the  decade  preceding  1972,  and  was  reported  in  an  important  paper 
by  GuMafsson.  Kreiss,  and  Kundstrbin  (“GKS”)  in  1972  [Gu72|  (sec  §0.2  for  further 
references).  For  further  developments  of  this  theory  see  (Gu75]  and  (Mi8l),  and  for  a 
s) str malic  introduction  to  it  see  [Co80].  Our  purpose  in  this  chapter  ia  to  show  that 
the  key  factor  determining  stability  is  dispersive  wave  propagation.  We  will  see  that 
the  r<  suits  of  Kreiss  and  others  are  built  around  a  group  velocity  test  in  a  disguised 
form. 

We  will  bring  out  our  basic  ideas  with  a  simple  example.  Let  the  problem 

“(*.0)  =  /(*)  (4-1. 0 

be  given  on  r  >  0,  (  >  0;  no  boundary  data  at  ;  ^  0  are  needed  to  make  (4.1.1) 
well  posed.  To  obtain  an  approximate  solution  on  the  grid  j,n  >  0,  we  can  specify 
initial  values  r®  and  rj  for  ;  >  0,  and  appjy  1,F  (1.1.6)  for  n  >  2  at  points  j  >  1. 
An  additional  boundary  formula  ia  then  needed  for  t*J,  n  >  2.  Let  us  pick  the 
icrolli  ordcr  space  extrapolation  formula  (.1.2  29), 

«rl  =  «r'  in>o.  (<i.2) 

and  proceed  to  step  forward  in  time. 


Instability  m  spontaneous  radiation  from  the  boundary 

Instability  refers  to  the  unbounded  amplification  of  small  perturbations.  Now 
imagine  that  at  some  pair  of  adjacent  time  steps  a  rounding  error  or  other  perturbs* 
tion  happens  to  be  introduced  that  has  the  form  of  a  wave  front  with  (a,  a)  =  (l,  -  I), 


(y*  <  <) 

(j*  >  <) 


(4.1. J) 


for  some  <  >  h.  To  be  a  little  more  careful,  we  could  make  v  decrease  smoothly  to  0 
near  x  =  <  rather  than  abruptly.  Then  what  will  happen  as  t  increases’  At  j  =  0, 

(4.1.3)  satisfies  both  LF  and  (4.1.2),  so  the  oscillation  (4.1.3)  will  persist.  At  jh  =  /, 
the  wave  front  will  move  at  the  group  speed  for  the  given  pair  {*,/)-  which  by  (1.2.5) 
is  +1.  Thus  as  t  increases  the  wave  will  propagate  rightwards  into  *  >  0  at  speed  J 
The  initial  perturbation,  with  sutn-of-sijuare*  energy  on  the  order  of  #,  will  give  rise 
to  a  growing  solution  with  energy  on  the  order  of  <  4  (.  Since  *  might  be  arbitrarily 
small  (so  long  as  h  is  decreased  accordingly),  Ibis  amounts  to  an  amplification  of 
the  initial  perturbation  by  an  unbounded  factor.  7V  dtfftrenre  xehtme  u  unstable, 
becavst  there  ext  its  a  rightgoing  u/at><  tbof  satiaifiea  6olh  the  inferior  formula  LF  and 
the  boundary  condition  fj.l.t). 

Dl'MONSTRATION  4.1.  Of  course  few  random  perturbation*  look  exactly  like 

(1.1.3) ,  but  instability  comes  about  because  almost  ary  data  will  excite  this  mode  to 
some  extent.  One  ran  verify  this  experimentally  Fig  41  shows  a  computation  on  a 
grid  with  h  =  1/200,  X  =  1  / 2.  For  initial  data  we  look  =  tj  =  0  for  all  j  except 
for  the  "random"  nonxero  initial  values 


Figs.  I.la-c  show  the  resulting  solution  at  steps  n  =  I,  100,200,201.  i.e.  t  =■  .0025, 
.25,  .5,  .5025.  Obviously  the  expected  incoming  mode  has  been  excited,  and  apparently 
no  others. 

In  a  realistic  computation,  truncation  errors  would  usually  cause  a  similar  radia¬ 
tion  of  c  rgy  in  this  mode  from  the  boundary-  From  (1.2.5)  or  Fig.  I. la  we  know 
that  there  arc  many  other  righlgoing  modes  for  LF  in  f.vt,  any  wave  with  (h  <  x/2 
and  uk  >  s/2  or  (h  >  s/2  and  mfc  <  s/2.  The  mode  (x,  2)  =  (  —  1,1)  is  the  simplest 
example.  None  or  these  lead  to  instability,  however,  because  none  of  them  satisfy 
(4.1.2). 


* 


FlC.  4.1.  Instability  u  spontaneous  radiation  from  the  bound¬ 
ary.  Tlic  initial  data  (4.1.4)  stimulate  n  righLgoing  wave  with  w)  * 
(0,*/*)  and  C  =  1.  The  model  is  I.K  for  u«  »  «,  with  k  a»  1/200, 

\  r  ,w  +  l  "+1 

A  *  ■$>  =  P,  . 


Instability  as  an  infinite  reflection  coefficient 

Anothrr  way  to  look  at  the  instability  of  initial  boundary  value  problems  is  in 
terms  of  reflection  coefficients.  In  Kxample  3.5  we  have  considered  the  boundary 
condition  (4.1.2)  already,  and  derived  the  reflection  coefficient  formula  (3.2.31) 

«•'  -  «15> 
where  ««  =  *i(z\  ia  the  spatial  variation  factor  for  the  incident  leftgoing  signal. 
From  this  formula  it  is  evident  that  A  becomes  infinite  if  (and  only  if)  a/  =  -J. 
Hy  (2-1.8).  l.F  for  (4.1.1)  has  two  modes  with  *  s  -|(  namely  (a,*)  =«.  (  —  1, 1)  and 
(-1,-1).  Of  these  the  latter  is  the  leftgoing  one,  and  by  (2.4.8),  the  corresponding 
reflected  rightgoing  mode  is  («f  ,x)  »  (1.  -|).  This  is  exactly  the  unstable  mode  we 
have  identified  in  (4  13)  The  difference  tcheme  u  unstable,  because  there  exists  • 
leftgoing  wavr  for  which  the  reflection  coefficient  u  m/inife. 

DEMONSTRATION  4.2.  It  is  not  possible  to  observe  infinite  amplification  in 
reflection,  but  we  can  come  arbitrarily  dose.  Fig.  4.2  shows  an  experiment  involving 
the  same  model  as  Demo,  4.1.  In  Fig.  4.2a,  an  initial  Gaussian  packet 

•i  - 

is  shown  for  t  =  n  =  0.  A »  t  increases,  this  packet  moves  left  at  speed  C(-l,— 1)  = 
-I,  hits  the  boundary,  and  reflects  rightward.  Fig.  4.2b  shows  the  result  at  (  =  0.5. 
One  seem  immediately  that  the  reflected  wave  is  not  a  packet,  but  a  plane  wave  as 
in  Fig.  4.1  the  unstable  mode  has  become  lodged  in  the  boundary,  where  it  will 
continue  to  radiate  forever.  In  addition,  there  ha*  been  an  18-fold  amplitude  increase 
from  01  to  1.7725. 

Dy  doubling  the  width  of  the  initial  packet,  one  doubles  the  reflected  amplitude. 
Figs.  4  2c  d  show  the  experiment  repeated  with  the  width  -025  or  (4.1.8)  replaced  by 
.05.  Now  the  reflected  amplitude  is  3-5449— just  twice  the  previous  value.  One  can 
account  for  this  in  various  ways.  The  simplest  is  to  argue  that  the  broadened  pulse 
interacts  with  the  boundary  for  twice  as  long,  enabling  twice  as  much  of  the  unstable 
mode  to  necumulate  there.  A  more  elegant  explanation  starts  from  the  fact  that  any 
finite  packet  cannot  consist  of  energy  at  exactly  the  erticial  wave  number  (o  “  0 
(the  uncertainty  principle  again),  but  will  approximate  {o  with  some  effective  wave 
number  (e(T  Eq.  (4.1.5)  suggests  that  the  observed  reflected  amplitude  should  behave 
like 

amplitude  (4-1 .7) 
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Fig  4.2.  Instability  as  an  infinite  reflection  coefficient.  The  initial 
leftgoing  wave  packet  (4.1.6)  with  ({,.)  =  (x/h,*/k)  hits  Uic  boundary 
and  reflects  an  a  wave  front  with  (£,u/)  =  (0,»/k)  of  much  greater 
.amplitude.  Doubling  the  width  of-  the  packet  doubles  the  amplification. 
The  mode!  is  1.1"  for  ut  =  u,  with  h  =  1/200,  X  =  .5,  vj*1  = 
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fly  doubling  the  width  of  the  packet,  we  have  cut  £q  in  half,  and  thereby  doubled 
(4.1.7).  In  §6.5  we  will  pursue  this  kind  of  reasoning  in  some  detail.  It  is  likely  that 
by  an  extension  of  the  ideas  of  §3.5,  one  could  also  get  an  exact  expression  for  the 
reflected  amplitude. 

Instead  of  widening  the  packet,  we  could  have  made  h  smaller.  As  a  general 
rule  one  can  expect  amplitude  increases  comparable  to  the  number  of  grid  points  in 
the  initial  packet.  For  fine  enough  meshes  this  implies  arbitrarily  great  increases  in 
amplitude.  This  amounts  to  instability  in  any  norm. 

Discussion 

Of  course  not  all  numerical  boundary  conditions  are  unstable.  To  obtain  stability 
in  the  present  problem,  we  might  replace  (4.1.2)  by  the  soroth-order  space-time 
extrapolation  formula  (3.2.32), 

»;*'  =  »:  (»>>)■  (<i*) 

From  the  corresponding  equation  *  =  *  and  the  equation  (2.1.8)  for  LF,  it  is  im¬ 
mediate  that  now  Q  admits  no  regular  solutions  except  (k,  z)  =  (1,1)  or  (-1,-1). 
Since  both  or  these  are  Icflgoing,  no  spontaneous  radiation  from  the  boundary  is  pos¬ 
sible.  Similarly  for  the  reflection  coefficient  point  of  view,  (3.2.34)  shows  that  A  =  oo 
is  possible  only  for  z  =  -1  /*<,  a  condition  that  is  never  satisfied  under  LF. 

Obviously  the  possibility  of  spontaneous  rightgoing  modes  and  the  existence 
of  infinite  reflection  coefficients  arc  algebraically  related,  so  our  two  approaches  to 
instability  arc  far  from  independent.  They  are  however  not  equivalent,  for  it  turns  out 
that  there  arc  a  number  of  problems  that  admit  a  spontaneous  righlgoing  inode,  but 
for  which  all  reflection  coefficients  arc  uniformly  bounded.  To  what  extent  such  models 
act  unstable  in  practice  is  open  to  question,  and  these  arc  among  the  “borderline 
cases"  of  stability  to  be  discussed  in  §5.  Chapter  5  is  also  concerned  with  another 
weakly  unstable  borderline  case,  namely  the  situation  in  which  <£  admits  a  steady 
stale  solution  that  is  righlgoing  but  not  strictly  rightgoing.  This  in  turn  divides  into 
two  principal  subcases  corresponding  to  positions  (5]-(G)  and  (7)  of  Table  2.1. 

For  the  remainder  or  §4,  we  will  mainly  pursue  the  interpretation  of  instability 
as  the  existence  of  a  spontaneous  rigid  going  mode.  Unlike  the  reflection  coefficient 
interpretation,  this  one  corresponds  exactly  to  the  C*KS  stability  criterion.  It  is  also 
relatively  easy  to  make  rigorous. 

Throughout  this  discussion  Our  philosophy  is  that  instability  need  not  l»c  studied 
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only  abstractly,  for  it  is  mainly  caused  by  simple  physical  mechanisms.  By  concentrat¬ 
ing  on  these  mechanisms  we  can  show  that  most  CKS-unstablo  difference  schemes  are 
susceptible  to  unstable  growth  in  the  (2  norm  (Thms.  4.2.3,  4.2.4),  not  just  in  the 
much  less  natural  GKS  notm  (Thm.  4.3.1).  In  the  process  of  isolating  this  strongly 
unstable  case,  wc  also  come  to  better  understand  the  borderline  cases  for  which  the 
situation  regarding  stability  is  less  clear. 


4.2  fg-atability;  growth  theorem* 


We  will  consider  stability  for  a  general  difference  mode]  of  an  initial  boundary 
value  problem  for  a  hyperbolic  system  of  equations,  as  described  in  §2.5  and  §3.6.  For 
much  of  what  follows  we  could  use  exactly  the  formulation  of  those  sections,  but  to 
make  contact  with  the  (IKS  stability  definition,  it  is  necessary  to  include  in  the  model 
an  inhomogeneous  forcing  funevinn  F(z.t)  and  inhomogeneous  boundary  data  g(t). 

Consider  then  the  first-order  system  (c.f.  (2.5.1)) 

^u(i.t)  =  A^m(x,I)  +  F(x,f)  (4.2.1) 

on  the  quarter- plane  t.t  >  0,  where  u(x.l)  and  F(*,f)  are  /V- vectors  and  A  is  a 
constant  \  X  N  matrix.  Let  (4.2.1)  be  modeled  in  z  >  0  by  a  fixed  a  +  2-level 
difference  formula  as  in  (2.5.2),  but  with  the  inhomogeneous  term  added:* 


=  £  <?.<?-'  +  krUI>,nk),  j  >  t.  (4.2.2) 

•  -0 

Wc  let  Q  denote  the  homogeneous  part  of  this  formula  (i.e.  with  F  =  0),  and  we  •»- 
sunie  that  Q  is  Cauchy  stable  and  that  it  satisfies  Assumptions  2.1  (diagonalitability) 
and  3.2  (nT,n/).  ir  (4  2.2)  is  applied  for  j  >  t,  then  boundary  formulas  are  required 
to  determine  values  v"  for  j  —  0,  . ,  /  -  1 ,  as  in  (3-6.1).  These  will  be  of  the  form 

(3  6.1),  but  with  the  inhomogeneous  term  g  added: 


E  E  s,.«r 


(4.2.3) 


;  — 0  «>.| 

where  g"  ia  a  vector  of  length  n,-  For  initial  conditions,  we  aaautne  a  set  of  formulas 


0  <  j  <  oo.  0  <  v  <  a.  (4.1.4) 


*To  get  a  higher  order  of  accuracy,  one  might  wish  u>  represent  F  in  the  model  in  a  more 
complicated  way.  This  is  no  problem  for  the  stability  theory;  sec  (Coil). 


Thr  entities  (5J#  }.  {?"}.  and  {/J}  incorporate  approximations  of  all  the  boundary 
or  initial  data  that  together  with  ( 1.2.1).  make  up  the  physical  problem  to  be  modeled 
[S}f]  includes  in  addition  any  purely  numerical  boundary  conditions.  \VV  let  the 
symbol  Q  denote  the  complete  <lifTercncr  model,  (4  2.2)  (1.2.4). 

We  assume  that  the  following  solvability  property  holds,  the  natural  extension  of 
Ass.  3.3  to  inhomogeneous  boundary  data: 

Assumption  4.1.  The  model  $  can  be  solved  boundedly  in  the  sense  that  if 
- , »"  6  fa  arid  p"  arc  given,  then  w"*1  is  uniquely  determined,  and  it 
satisfies  a  bound 

ly-'lll  <  M’l  £  lit-  -III  +  Ale'll 

V  *-o 

where  the  norms  ||  j|a  and  |  |  are  defined  as  in  (3.6  2).  // 

In  setting  up  the  problem  we  have  made  three  important  simplifications.  We 
have  left  out 

(i)  variable  coefficients  A  =  A(*,t); 

(ii)  grid-dependent  formulas  Q.  =  <^,(*,  h(fc)); 

(iii)  undifferentiated  term  H u  in  (4.2.1). 

An  important  feature  of  the  CKS  theory  is  that  it  extends  to  problems  with  these 
complications,  and  although  we  will  discuss  only  the  simplified  problem  without  them, 
we  believe  that  the  same  id  true  for  our  own  arguments  based  on  wave  propagation. 
However,  one  effect  of  (i)  and  (iii)  should  not  be  ignored,  and  that  is  that  they  make  it 
possible for  solutions  to  (4.2  I)  to  grow  exponentially  with  t  Therefore  in  rewriting  the 
definition  of  Cauchy  stability  from  §2-2  and  §2.5  for  initial  boundary  value  problems, 
we  recogniie  this  possibility  explicitly,  following  Defn.  31  of  |Cu72): 

Defn.  I.et  be  applied  with  homogeneous  boundary  and  forcing  data,  g  s  F  m 
0.  Wc  say  that  0  ••  if  there  exist  constants  o0  >  0  and  M  >  0  such  that, 

for  all  a  >  <*o.  the  following  estimate  holds  for  all  n  >  0  and  all  sufficiently  small  t: 

ik-.-ii:  urn;  « -  -t).  (4.2.5) 

••0 

Here  ||  •  ||.  denotes  the  1$  norm  (3.6.2). 

The  definition  permits  an  exponential  growth  4>f  the  solution  at  a  rat*'  e**0',  however, 
that  does  not  increase  as  the  mesh  is  refined. 
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Wr  arc  now  in  a  position  lo  identify  mechanisms  that  can  render  a  difference 
scheme  l3- unstable  The  first  important  mechanism  is  Cauchy  instability  If  the 
interior  formula  Q  is  not  Cauchy  stable,  then  it  cannot  satisfy  a  bound  (1.2.5),  and 
easy  Fourier  arguments  show  that  then  Q  cannot  be  stable  either.  But  we  have 
assumed  that  Q  is  Cauchy  stable. 

The  second  important  mechanism  was  studied  by  Codunov  and  Ryabenkii  in 
the  early  1960  s  [Ri67j.  Since  Q  does  not  extend  into  x  <  0,  a  solution  of  the  form 
z"'K3)tH'  (2.5.8)  with  |*|  <  1  belongs  to  la  Tor  each  n.  If  such  a  solution  exists  with 
|x|  >  1,  then  once  again  we  have  exponential  growth  and  therefore  la-instability.  One 
can  think  or  this  as  spontaneous  radiation  from  the  boundary  of  strictly  rightgoing 
energy  of  type  (9)  in  Table  2.1,  that  is,  of  a  signal  of  the  kind  illustrated  ir  Fig.  2.2a. 

For  this  kind  of  instability  the  boundary  is  definitely  involved,  and  we  know  that 
the  boundary  can  couple  various  wave  components  v,  (52.5).  Therefore  in  general 
we  must  look  not  just  for  one  solution  but  for  linear  combination*  of  such 

modes.  We  define: 

Defn.  Let  <  £  <t  satisfy  )z|  >  I,  and  suppose  with  faj|  =  0  admits  as  a 
solution  a  linear  combination  of  rightgoing  modes 

* 

t"  =  *nd,  =  *H  ^  0  \4.2.6) 

■  - 1 

as  defined  in  (2  5  10).  where  for  each  i,  f*,|  <  I.  Then  d>  is  an  eigensolution  of 
Q  with  eigenvalue  z  (F.igc  nsolutions  with  |*l  <  1  can  also  readily  he  defined,  but 
these  are  not  relevant  to  stability  )  n 

In  other  words,  an  eigensolution  is  a  li.icar  combination  of  signals  from  position  (7)  if 
Table  2.1  in  the  case  }»|  =  1.  or  from  position  (9)  in  the  case  ]zj  >  l,  that  satisfies  both 
the  homogeneous  interior  formula  (4.2.2)  and  the  homogeneous  boundary  conditions 
(4.2-3).  (We  will  abuse  terminology  by  referring  to  both  d  and  x"0  as  eigen  solutions, 
as  convenient.)  Wc  define  further: 

Defn.  A  strictly  rightgoing  eigensolution  is  an  eigensolution  consisting 
entirely  of  strictly  rightgoing  signals.  Equivaiently,  it  is  an  eigensolution  with  |x|  >  1 
(position  (9)  of  Table  2.1).  ff 

The  Godunov-Ryabcnkii  theorem  now  states: 
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Theorem  4.2.1  (Godunov-Ryahenkii  theorem)  A  necessary  condi¬ 

tion  for  t2st  ability  °!  Q  u  that  there  exist  no  atnetly  nghtgotng  eigensolution. 

Proof  Suppose  there  exists  a  strictly  nghtgoing  eigensolution  d>.  If  vj  as  z#$, 
is  taken  as  initial  data  (4.2.1)  for  0  <  o  <  a,  ihc  solution  as  n  increases  will  be 
v"  as  z*6}  for  ait  n.  Since  t  =  nk,  this  means  that  v  will  grow  like  |x(,/4.  This 
growth  is  unbounded  for  any  t  as  k  —  0,  which  contradicts  (4.2.5).  | 

This  theorem  has  a  direct  restatement  in  terms  of  the  reflection  matrix  £>W  of 

53.6: 

Theorem  4.2.2  (Godunov-Ryabcnkii  theorem,  determinant  condition). 
A  necessary  condition  for  Instability  of  Q  is  that  for  all  z  with  (z|  >  l,  the  matrix 
D !r'  of  (9.6. 4)  w  nonjinjulor,  i.e. 

detD^'H*)  5^  0  »/  |x|  >  1. 

Proof.  If  D!''(x)  is  singular  for  some  x  with  jx|  >  1,  let  a*'!  be  a  corresponding 
homogeneous  right  eigenvector.  Then  ihc  function 

*,  =  ii  “I-1  «:/•»..  (4.?.7) 

>  - 1 

as  in  (2.5.10).  is  an  unstable  strictly  rightgoing  eigensolution.  | 

The  limitation  of  the  Godunov-Ryabcnkii  condition  is  that  although  it  is  neces¬ 
sary  for  stability,  it  is  far  from  sufficient,  both  in  theory  and  in  practice.  What  it 
fails  to  take  into  account  is  a  third  instability  mechanism,  namely  the  existence  of 
strictly  rightgoitig  ware  like  solutions  (i  r.  with  |x|  =  |*|  =  I).  For  this  wc  make  use 
of  the  concept  of  a  generalized  eiprnjo/uhon,  which  was  introduced  by  Kreiss  but  is 
def. ,.od  here  from  our  wave  propagation  point  of  view: 

Defn.  Ix’t  j  6  ff  satisfy  |x|  =  1,  and  suppose  Q  with  f  sj  =  0  ad-nits  aa  a 
solution  a  linear  combination  of  rightgoing  modes 


as  defined  in  (2.5  10),  where  for  at  least  one  i,  |*,|  =  l  Then  $  is  a  generalised 
eigensolution  of  Q  with  generalised  eigenvalue  z  // 

In  analogy  with  the  earlier  definition  wc  now  state: 


106 


I 


Defn.  A  strictly  rightgoing  generalised  eigenaolutton  is  a  generalised 

eigrnsolution  consisting  entirely  of  Mr  .  :ly  righlgoing  signals.  Equivalently,  it  is  any 
generaliied  cigensolution  with  |k,|  =  I  and  C,  >  0  for  all  i.  // 

This  definition  leads  to  the  following  theorem,  which  is  new.  Lei  5  denote  the 
multilevel  solution  operator  Tor  the  homogeneous  model  Q  with  g  s  F  a  0: 

S •  {»’ . (4.2.9) 

Let  theae  s  +  1 -level  vectors  be  normed  by 

n(»* . »--ni2  =  t  «•*•»•> 

•>o 

with  the  norm  on  the  right  defined  by  (3.6-2),  and  let  J|Sj|a  be  the  induced  operator 
norm. 

Theorem  4.2.3.  A  necessary  condition  for  f3  stability  of  Q  u  that  there  exist 
no  strictly  nghtgomg  generalized  cigensolution.  If  there  doti  exist  a  strictly  rightgoing 
generalised  eigensolutton,  then 

||  5*11,  >  const.  VH  (4.2.11) 

for  many  integers  n  >  0. 

Proof.  See  Appendix  B.  | 

The  proof  of  this  theorem  has  been  deferred  to  an  appendix  for  clarity  here. 
However,  the  explanation  of  the  result  is  exactly  what  was  discussed  in  54.1.  If  the 
initial  data  consist  of  a  narrow  signal  at  the  boundary  of  the  form  of  the  generalised 
eigcnsolution,  then  as  lime  elapses  it  will  move  steadily  rightward,  as  suggested  in 
Fig.  4.3- 


m  on) 


As  a  result  the  solution  grows  in  f3  as  List  as  yj n  Precisely  this  argument  can  be 
made  rigorous,  but  Tor  technical  simplicity  the  proof  in  App.  11  proceeds  somewhat 
differently. 

Whether  (4.2.11)  captures  the  rate  of  growth  observed  in  practice  for  an  unstable 
difference  model  appears  to  depend  on  reflection  coefficient*.  In  Demo.  4.2  we  saw  that 
if  an  infinite  reflection  coefficient  is  present,  then  amplitude  growth  may  be  observed 
that  is  proportional  to  n,  not  yfn.  Therefore  we  propose: 

Conjecture.  The  bound  (i-t. 11)  u  sharp  m  the  sense  that  there  art  some  f, 
unstable  models  Q  admitting  strictly  rightgoing  generalised  eigensolutions  for  which 

l|Snlh  <  const,  s/n  V  n  >  0.  (4.2.12) 

However,  suppose  that  Q  has  a  strictly  rightgomg  generalized  eigcnsolution  for  which 
the  reflection  matrix  u  infinite.  Then  (i  t. 11)  can  be  strengthened 

to 

115*1)8  >  const,  n  Vn  >  o.  (4.2.13) 

In  addition  to  stability  with  respect  to  initial  data  /,  it  makes  sense  to  consider 
stability  with  respect  to  forcing  data  F  or  boundary  data  g.  Our  proof  of  Thm.  4.2.3 
can  in  Tact  be  used  to  show  that  a  bound  analogous  to  (4.2.11}  holds  for  problems 
driven  by  F.  Probably  the  natural  analogs  of  (4.2.12)  and  (4.2.13)  hold  also.  For 
boundary  data,  however,  the  situation  is  different-  we  get  growth  proportional  to  n 
regardless  of  the  reflection  coefficients.  Let  <J)  be  applied  with  /  S  F  m  0  but  with 
g  5^  0.  Let  denote  the  operator 

C  •  9  -  (12  M) 

with  norm  induced  by  fa  norms  for  g  and  o*  with  respect  to  t  and  x,  respectively. 

Theorem  4.2.4.  A  necessary  condition  for  stability  of  Cj  with  respect  to  bound¬ 
ary  data  is  that  there  exist  no  strictly  nyfityotny  eigensolutton  or  generalised  eiyen- 
so/ution.  If  there  does  exist  sock  a  solution,  then 

ll$i?||*  >  const,  n  V  n  >  0.  (4.2.15) 
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Proof  Sec  Append i«  B.  | 

There  is  little  doubt  that  as  with  (1.2.13),  this  bound  it  sharp  Tor  the  class  of 
strictly  righlgoing  generalised  eigensolutions  as  a  whole,  although  Taster  growth  can 
be  obtained  in  particular  cases. 


It  is  natural  to  ask  whether  the  growth  rates  (1.2.11),  (1.2.13),  (1.2.15)  are  severe 
enough  to  cause  trouble  in  practice.  For  the  latter  two  cases  (linear  growth)  the 
answer  is  clearly  yes.  Whatever  the  problem  being  solved,  rightgoing  radiation  at 
the  boundary  will  tend  to  appear  in  these  cases,  causing  the  computation  to  give 
unreasonable  answers.  As  a  minimum  it  will  result  in  failure  to  converge  as  the  grid 
is  refined.  The  numerical  examples  oT  the  next  chapter  will  illustrate  these  claims  (see 
especially  l'igs.  5.2^,  5. 1.1  ^).  For  the  question  of  stability  with  respect  to  initial  data 
in  the  finite  reflection  coefficient  case  (1.2.11),  however,  the  situation  is  more  delicate. 
We  will  give  evidence  in  Chapter  5  that  the  instability  here  is  quite  weak  in  practice. 

There  is  another  important  justification  for  considering  the  kind  of  growth  we 
have  described  unstable,  which  is  often  mentioned  by  Kreiss  That  is,  if  a  second 
boundary  \9  introduced  in  the  problem  being  modeled,  say  at  x  =  1,  its  effect  may 
be  to  convert  an  algebraic  growth  rate  to  exponential.  If  one  hopes  for  a  stability 
theory  that  permits  one  to  investigate  the  stability  of  each  boundary  individually,  it 
follows  that  a  model  with  a  strictly  rightgoing  generalised  eigensolution  will  have  to 
be  considered  unstable  However,  we  will  discuss  problems  involvir.  ,  tv  boundaries 
at  length  in  §5  ami  §6.5,  and  conclude  that  the  exponential  growth  occurs  only  if  the 
nnstuhle  boundary  has  an  infinite  reflection  coefficient. 

4.3  CKS-stability 

Theorems  1.2.1  and  1.2.3  give  necessary  but  not  sufficient  conditions  Tor  stability. 
As  has  been  stated,  we  believe  that  in  practice  these  conditions  are  more  or  loss 
sufficient  also,  at  least  fur  stability  with  respect  to  initial  data,  and  we  will  give 
various  examples  in  support  of  this  view  in  §5.  However,  no  estimate  on  the  growth 
of  v  is  available  to  make  this  opinion  precise.  In  fact  in  at  least  one  (quite  contrived) 
situation,  these  conditions  are  demonstrably  too  weak  to  ensure  ^-stability.  This 


is  the  case  in  which  Q  admits  an  eigensolution  with  jri  =  1,  but  in  which  a  is  a 
defective  eigenvalue  of  /’„(*)  (§2.5)  and  it  is  also  defective  with  respect  to  the  boundary 
conditions.  In  this  event  Thm.  2.1.1  implies  that  one  must  expect  algebraic  growth 
with  n. 

A  striking  achievement  of  the  CKS  theory  is  that  it  obtains  a  necessary  and 
sufficient  condition  for  stability.  This  is  accomplished  by  extending  the  stability 
conditions  of  Thms.  4.2.1  and  4. 2  3  to  include  non-striclly  rightgoing  solutions,  and 
by  strengthening  the  definition  of  stability.  Here  is  the  new  definition,  which  appears 
as  Dcfn.  3.3  in  (Gu72|: 

Defn-  Let  Q  be  applied  with  homogeneous  initial  data  /  =  0.  We  say  that  Q  is 
GKS-stable  if  there  exist  constants  o0  >  0  and  M  >  0  such  that,  for  all  a  >  <»o. 
the  following  estimate  holds  for  all  sufficiently  small  k: 


<  A/(ik  . . «nf). 

Here  t  =  nk  and  |[  ■  and  |l  |j(  denote  the  /„•  norms  defined  by 

u«:!L  =  **  V)  £  =  *  f]  io7ia  (i  .i  3i 

„=mOj~0  1-0 

This  definition  is  quite  forbidding,  and  some  remarks  on  it  are  in  order: 

(1)  Unlike  (1.2.5),  the  bourn!  (1.3.1)  involve?  F  (and  rather  than  /  This 
is  an  unfortunate  technical  limitation  that  is  rnadr  necessary  by  the  proofs  of  the 
CKS  theorems,  which  are  based  on  a  Fourier  trar«form  in  t  IT  (4  3.1,  involved  / 
but  not  F.  then  one  would  be  able  to  extend  it  to  a  bound  involving  /•'  also  by 
means  of  the  discrete  analog  of  PuharmTs  principle.  The  connection  in  the  other 
direction  is  however  not  so  easy;  the  obvious  approach  rrquiris  the  int rodurlion  of 
a  factor  l/k  in  tin-  right  hand  side  of  (1.3.1)  For  the  problem  of  well  posedness  of 
partial  differential  equations  (as  opposed  todilfi  rente  models),  by  contrast,  a  complete 
connection  between  f  and  F  is  known  to  hob!  [Ua72]. 

(2)  The  Fourier  transform  arguments  are  also  responsible  for  the  app'-aram  e  of 
decay  factors  r~°*  Dn  the  right  as  well  as  the  lilt,  and  for  tin  r.ortnal.Fmg  fr.u  lions 
(?•«£)■  Like  (1.2.5),  (1.3.1)  permits  exponential  growth  at  il"  rate  c"0*. 
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(3)  The  boundary  term  £||e“**v,||f  gives  special  weight  to  the  behavior  or  the 
solution  near  r  =  0.  This  is  an  important  point  that  wc  will  discuss  below  and  in  $5. 

(4)  A  valuable  property  of  this  definition  is  that  one  can  show  that  the  set  of 
GKS-stab!s  difference  schemes  is  open  in  the  following  sense:  if  0  **  stable,  then 
a  perturbed  scheme  Q  is  stable  also,  provided  ||Q  -  Oil  =  O(k)  aa  t  -•  0  (Thm. 
4.3  of  (Gu72[).  It  is  this  robustness  that  makes  the  GKS  theory  extend  readily  to 
problems  with  the  complications  (i)-(iii)  listed  in  §4.2,  and  also  to  problems  with  two 
boundaries. 

Because  of  (3),  GKS-stability  is  a  substantially  more  stringent  requirement  than 
fa-stability.  However,  it  is  not  known  whether  GKS-stability  actually  implies  fa- 
stability.  Kreiss  et  al.  conjecture  in  §3  of  |Go72]  that  it  does. 

The  main  GKS  theorem  is  like  Thms.  4.2.1  and  4.2.3,  except  that  the  hypothesis 
of  a  strictly  rightgoing  mode  is  removed  and  an  additional  dissipativity  restriction  is 
added: 

Theorem  4.3.1  (GKS  stability  theorem).  Assume  that  Q  is  either  z-dissipa- 
(im  or  strictly  nondusipative *  A  necessary  and  sufficient  condition  /or  GKS- stability 
of  Q  u  that  there  exist  no  right  going  etgensolution  or  generalized  eigensolution  (i.e., 
no  eiycnjo/utton  or  generalized  rifrnjo/ution  with  |z|  >  1 ). 

proof  This  theorem  is  equivalent  to  Lemma  10-3  and  the  sentence  following  in 
IGu72|.  | 

The  proof  given  in  |Gu72|  is  a  lengthy  one,  and  to  prove  that  the  eigensolution 
condition  is  sufficient  for  stability,  we  know  of  no  alternatives.  But  as  in  Thm.  4.2.3, 
the  necessity  can  be  established  by  arguments  of  dispersive  wave  propagation.  We 
have  stated  that  the  essential  feature  of  the  GKS  stability  definition  b  the  integral 
along  i  =  0  that  it  includes.  The  following  argument  will  work  for  any  stability 
definition  involving  such  a  boundary  integral. 

Sketch  of  proof  of  necessity  m  Thm.  4-3.1.  As  in  the  proof  of  Thm.  4.2.3,  suppooe 
Q  admits  a  rightgoing  solution  (4  2.6).  Once  again,  we  want  to  construct  an  initial 
signal  consisting  or  this  solution  for  r  near  0,  cutting  ofT  smoothly  to  «  s  0  near  z  = 
i,  as  in  Pig.  4.3a-  (Since  the  GKS-stability  definition  involves  F  rather  than  /,  thb 

*Th»  ia  Assumption  5.4  of  [Co72|.  It  appears  to  be  unknowo  to  what  extent  this  restriction 
is  necessary  Tor  the  theorem  to  go  through.  Wc  conjecture  that  for  diegosahsable  difference 
models,  at  least,  it  is  unnecessary.  Other's  results  of  |0*66b)  show  this  is  Uve  for  at  least 
some  problems. 


signal  must  br  introduced  through  F  rather  than  /.}  Now  as  f  increases,  each  wave 
front  in  (4.2.6)  remains  stationary  or  moves  right.  In  either  event  the  initial  signal  sits 
essentially  unchanging  near  the  origin.  Because  of  the  boundary  term 
on  the  left  of  (4.3.1),  this  stationary  behavior  can  be  seen  to  be  CKS-unstabie. 

The  GKS  theorem  has  a  simple  restatement  in  terms  of  a  determinant  condition 
(cf.  Thm.  4.2.2): 

Theorem  4.3.2  (GKS  stability  theorem,  determinant  condition).  A 
necessary  and  sufficient  condition  for  GKS-stability  of  Q  u  that  for  all  z  with  |x|  >  I, 
the  reflection  matrix  of  (3.6.4)  «  nenjinjuior,  ie. 

det0H(x)  ^  0  if  |x|  >  l. 

Proof.  The  determinant  condition  is  equivalent  to  the  condition  of  Thm  4.3.1, 
by  the  same  argument  as  in  the  proof  of  Thm.  4.2.2.  | 


To  summariie  §4.2  and  §4.3.  wc  have  shown  that  unstable  difference  models 
of  initial  boundary  value  problems  can  be  recogniicd  by  the  unstable  steady-state 
solutions  they  admit.  If  Q  admits  a  strictly  rightgoing  solution,  it  is  unstable  in  f* 
with  a  growth  rate  or  at  least  y/n,  and  probably  n  when  an  infinite  reflection  coefTicient 
is  present.  If  it  admits  a  rightgoing  solution  with  no  strictly  rightgoing  components,  it 
is  still  unstable  according  to  the  GKS  defnition.  Since  the  definition  of  “rightgoing" 
for  wsvelike  modes  depends  on  the  group  velocity,  these  results  demonstrate  that 
group  velocity  has  a  fundamental  role  in  determining  stability. 

Wc  have  not  mentioned  stability  for  problems  with  interfaces,  except  to  rold 
them  into  initial  boundary  value  problems.  However,  the  results  above  unfold  easily, 
and  wc  find:  an  interface  model  is  unstable  if  if  admits  a  steady-state  solution  that  is 
outgoing  from  the  point  of  view  of  the  interface  (leftgoing  on  the  left,  rightgoing  on 
the  right). 

We  hive  also  not  mentioned  the  “perturbation  test  for  generalised  cigensolu- 
tions,"  which  is  described  in  various  accounts  of  the  GKS  results,  but  which  many 
practitioners  find  mysterious.  This  is  nothing  more  than  the  perturbation  test  for 
distinguishing  positive  and  negative  group  velocities  that  was  described  in  Thm.  2.3.2. 
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4.4  Stability  for  d>a>ipativ«  scheme* 

All  of  the  statements  of  the  past  three  sections  apply  to  dissipative  formulas, 
for  nowhere  have  we  assumed  nondissipslivity.  In  particular,  recall  that  Thtn.  2.3.1 
guarantees  that  the  group  velocity  makes  sense  for  any  mode  with  ji|  =  |jc|  —  1,  even 
if  it  is  admitted  by  a  dissipative  formula.  However,  it  is  worth  discussing  dissipative 
models  explicitly,  both  because  the  stability  criteria  can  be  simplified  in  this  case,  and 
because  dissipative  models  are  a  natural  point  of  confusion  regarding  the  validity  and 
scope  of  the  group  velocity  approach  to  stability. 

Suppose  first  that  the  interior  formula  Q  is  totally  dissipxtxve,  which  means  that 
1*1  =  |i|  *=  1  is  possible  only  for  *  =  z  =  1  (§1.2).  From  Tabic  2.1,  it  is  evident 
that  this  restricts  the  set  of  rightgoing  solutions  admitted  by  Q,  Apart  from  *  — 
*  =  1.  to  the  possibilities  (*|  =  1  >  i*c|  and  Jc|  >  l  >  From  the  definitions  of 

oigensoliitioris  and  generalized  cigenxolntion*  in  §4.2,  it  follow*  that  the  CKS  theorem 
(Thin.  1.3.1)  takes  Hit  VnUowmg  special  form: 

Theorem  4.4.1  (Ch’S  theorem  jo *  totally  dissipat ive  schemes).  Let  Q  be  totally 
dissipative.  A  necessary  and  sufficient  condition  for  CKS  stability  of  Q  is  that  the 
following  conditions  hold: 

(i)  There  are  no  {rightgoing)  eigensoluttont  vi tn  |*|  >  I; 

(t\)  There  are  no  {rightgoing)  generalized  eigensolutions  that  involve  the  wove 
mode  k  ■=*  *  =r  I.  | 

Similar  special  formulation*  could  !>«•  given  for  the  theorems  of  §1.2. 

The  advantage  of  this  statement  over  Thm.  1.3.1  is  that  it  enables  one  to  limit 
the  search  lor  unstable  wavelike  modes  to  the  single  point  «  =  *  =  !.  This  point 
is  special,  of  course,  tn  that  it  corresponds  to  thr  partial  differential  equation  being 
modeled  whenever  C)  is  a  consistent  approximation.  Therefore  one  is  tempted  to 
rewrite  condition  (ii)  above  as  the  condition  that  Q  is  consistent  with  a  well- posed 
initial  boundary  value  problem.  However,  this  is  twd.  strong  enough,  because,  Tor 
example,  «>f  the  possibility  of  an  unstable  rigbigoing  solution  consisting  of  gome  energy 
in  the  mode  rajal  plus  additional  energy  in  a  component  with  z  =  \,  |*|  <  I. 

As  mentioned  in  §0  2,  much  of  the  early  work  on  stability  for  models  of  initial 
boundary  value  problems  was  confined  to  the  case  in  which  Q  is  a  two- level  x- 
dissipafivt  for tnu la,  hence  by  Thm  2.2.3,  totally  dissipative.  Therefore  the  poiai 
k  —  I  takes  on  a  special  significance  in  these  papers.  The  results  derived  in  them 
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arc  not  Necessary  and  stiUiriem  conditions,  but  they  haw  the  considerable  advantage 
of  being  stated  for  the  /•„.  norm.  In  particular,  the  main  theorems  of  .’Kr66;.  IO*69a], 
and  (KrCH'  state  approximately  that  for  two  level  dissipative  models,  conditions  (i) 
and  (it)  above  are  sufficient  for  f  j-stability. 

Now  suppose  that  Q  is  j- dissipative  but  riot  necessarily  t- dissipative  (§1-2). 
This  possibility  comes  up  only  for  multilevel  schemes,  such  as  I.Fd  (I. cap  Frog  with 
dissipation,  §1.1).  Then  Thm  4  4.1  holds  if  fti)  ts  replaced  by  the  condition  that  there 
is  no  rightgoing  generalized  eigensolution  involving  a  wave  mode  with  (s|  =  1,  k  -=  1. 
This  class  of  problems  has  not  received  separate  treatment  in  the  literature. 

These  results  naturally  trail  to  at:  important  question,  does  one  need  dissipat  iviLy 
in  order  to  be  able  to  derive  theorems  involving  f:  slabihty  instead  of  just  <ikS- 
st ability"  Tt»c  results  in  §t  2  bavr  shown  that  for  itrrrssa'y  condition*  one  does  not, 
hut  tins  leaves  open  the  matter  «»f  si'lirienl  conditions  0,jr  heiief  is  that  although 

h  results  may  he  harder  to  derive  i-  the  nondissipat.ee  -  a-w.  there  i*  tio  reason  why 

they  .she:;..!  h«  un«do ailiable  In  fad.  : t  has  already  !m  :,  -nonCmcd  n  §1  3  that  .1  is 
iik«l*  that  <  ;KS-stal  :lity  implies  f,.  s'abibty,  in  w  f  Thm  1.5  I  provides  one 

such  sn'!i>  ♦•fit  condition  although,  as  will  be  shown  §v  t,  it  is  not  sharp. 

I  -  .dly.  what  if  Q  is  neither  jr-dnsipalive  nor  totally  dissipative*  For  example, 
Q  might  hi  a  t-dissipative  scheme  '»a  I.  as  111'.  <>*  i.\F  (App  A),  admitting  a  finite 
collection  of  wavelike  modes  rather  than  a  continuum  of  them  It  ir  certainly  likely 
that  Tl.ttv  11.lv*  x.vt'd  for  them-  prot.'n  r:i>.  if  condition  / < z /  is  I’V'mled  in  the  obvious 
wav  to  coverall  points  where  |k|  =.  |z|  1  is  po-sibc  under  if  In  fa<  t.  Usiier's  rt  suits 

of  l>s(,9b)  show  st.ihd-'v  r,»r  HI,  ,,:u)  |.v|  with  •  ■rta<n  kii.<J>  «-f  boundary  condition* 
(see  i-sj-i  i  tally  XXIII  of  jOsfitlbJ)  However.  as  mentioned  it.  I  he  last  section,  the  proof* 
of  .(iu^  do  not  cover  this  case. 

In  addition  to  these  ibeoroiie.il  rr marks,  ther*  i*  a  practical  p":nt  to  be  men¬ 
tioned:  totally  dissipative  models  are  much  less  of:.-it  urs'uhlr  that,  nondiwupali ve 
ones.  In  practice,  despite  tin  quaiilu  atioii  abovi  ,  one  ranly  iinmiiilt-rs  instabilities 
of  type  (n)  in  Thin.  4.1.1.  so  that  tins  leaves  ll.i  possibil.lv  of  eigensoli.tions  (>)  For 
simple  problems  in  one  dimension,  these  almost  r, -  v « r  appear  unless  one  is  looking 
for  them  so  that  as  a  rub  .  one  can  u«s:.iilv  make  an  taistab'i-  m««!*  I  Q  stable:  by 
adding  some  dissipation.  Ilowiwr,  as  the  con  ;  • '  -  v  •  t  y  •>'  'In  pfo!,h  r  goes  up,  and 
especially  if  more  than  one  space  ilti'.i  i,si*V!i  is  iiiwikid,  t’.o  n.l-  totally  dissipative 
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impin'*  stable"  becomes  less  and  leas  reliable. 

An  example  will  suffice  to  show  that  even  for  very  simple  problems,  one  can  devise 
unstable  totally  dissipative  models.  Let  u(  =  v,  be  modeled  by  LW  with  X  =  1/3 
for  j  >  I,  together  with  the  boundary  formula 

=  +  i<4i) 

One  readily  verifies  that  this  scheme  admits  a  strictly  rightgoing  eigensolution  of 
Godunov- Kyabenkii  type:  *  —  31/27,  a  =  -1/3.  Numerical  experiments  confirm 
that  any  solution  attempted  with  this  scheme  is  rapidly  obliterated  by  noise  growing 
ai  the  rate  (31/27)".  However,  note  how  contrived  the  condition  (4.4.1)  is  it  would 
never  be  proposed  in  practice. 

Sections  6  2  and  6  3  investigate  the  connection  between  diasipalivity  and  stability 
further  for  some  boundary  and  interface  problems. 

4  5  Some  general  classes  of  unstable  difference  models 

In  practice,  as  we  have  mentioned,  a  large  proportion  of  instabilities  that  appear 
m  dilTerrnre  models  «f  initial  boundary  value  problems  are  not  cigcnaolu  lions  but 
gene  rail  led  eigensolutions.  Within  the  range  of  generalised  eigensolution*,  it  turns  out 
further  that  in  practice,  a  large  proportion  of  instabilities  involve  simple  sawtoothed 
wave*  with  z  =  -l  and/or  k  =  - 1 .  (Analogously,  when  a  difference  model  for 
an  initial  value  problem  is  unstablr,  it  is  usually  an  unstable  sawtoothed  mode  that 
dominates  )  As  we  saw  in  $1,  sawtoothed  modes  arc  by  no  means  the  only  wavea 
that  travel  in  the  physically  wrong  direction.  The  reason  for  their  predominance  in 
practice  is  that  other  waves  which  do  so,  for  which  a  and  x  have  values  on  the  unit 
circle  other  than  ±1,  do  not  as  often  satisfy  the  numerical  boundary  conditions. 

It  was  with  the  significance  of  sawtoothed  parasites  in  mind  that  we  defined  the 
concept#  of  r ■  and  t  reverting  difference  formulas  in  $1.5.  Wc  can  now  apply  thcae 
definitions  to  delineate  some  general  classes  of  unstable  difference  mode**.  All  of  the 
theorems  in  this  section  are  new,  but  they  are  straightforward  generalisations  of  well 
known  example*.  One  purpose  in  collecting  them  together  ia  to  demonstrate  that  once 
the  stability  question  for  initial  boundary  value  problems  ia  given  a  physical  meaning, 
it  becomes  natural  to  consider  difference  schemes  in  group*  rather  than  one  by  one. 
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1:  space  extrapolation  with  (-reversing  formulas 

Ix’t  u,  as  u,  be  modeled  by  a  difference  formula  Q  for  )  >  /  coupled  with 
(<7,  -  \)st  order  space  extrapolation  boundary  conditions  (rf  (3.2.20)] 

S:  |(A  -  =0  (0  <;<«-!)  (4.5.1) 

for  the  boundary  points  j  <  t.  with  q}  >  1  for  each  j  For  the  case  of  Q  =  LF 
and  (  =  qo  =  I,  we  showed  in  §4.1  that  this  scheme  admits  the  unstable  strictly 
rightgoing  mode  (*,r)  =  ( I.  —  1 ).  and  the  same  result  has  appeared  in  [Gu72,  |6|  and 
in  various  other  places. 

Here  is  a  natural  generalisation: 

Theorem  4. 51.  Any  consistent  t-reveramg  difference  formula  Q  for  fl.J.J )  u 
t2  and  CKS  unstable  in  combination  untA  the  boundary  condition  S. 

Proof  Assume  first  a  >  0  The  sawtoothed  wave  r"  =  (-1)"  satisfies  S  for 
any  set  {</,},  and  if  Q  is  (-reversing,  it  also  satisfies  Q  and  has  C  >  0,  aincc  by 
consistency  r"  =  l  must  satisfy  Q  with  C  =  -a  <  0  By  Thins.  4  2.3  and  4.3.1,  the 
model  is  therefore  t2-  and  GKS-unstablc  For  a  <  0.  on  the  other  hand,  =  i  )• 
itself  an  unstable  righlgoing  mode.  (In  this  case  the  model  is  not  consistent  with  any 
well-|Kised  differential  equation.)  | 

This  is  an  example  in  which  the  reflection  coefficient  for  the  unstable  mode  is  infinite, 
as  was  pointed  out  in  §1.1,  so  that  growth  like  (|£"[f  >  const,  n  can  be  expected. 
Thin.  4.5.1  applies  even  for  schemes  that  are  t-  but  not  (-dissipative,  such  as  LFd 
or  various  analogous  schemes  consisting  of  1.F4  with  spatial  dissipation  added  The 
instability  of  S  with  LFd  has  been  pointed  out  by  Goldberg  and  Tadmor  in  Kxample 
4.1  of  |Gu8l]  One  ran  also  readily  extend  Thm.  4.5.1  to  (-reversing  formulas  in 
combination  with  arbitrary  extrapolation  boundary  conditions,  provided  that  they 
are  at  least  seroth  order  accurate  and  confined  to  a  single  lime  level. 

2:  "one-sided  leap  frog"  with  (-reversing  formula* 

Similarly,  it  lias  been  noted  in  various  papers  that  if  (1  1  1)  is  modeled  by  [,F  for 
J  ^  I  together  with  the  boundary  condition 

then  the  result  is  GKS- unstable.  As  a  generalisation,  consider  any  act  of  boundary 
conditions 

t>;+*  =  *;-•  +  2*o/),®;  o  <  >  <  /  - 1,  (4.5.2) 

US 


where  each  Pj  is  a  spatial  difference  operator  consistent  with  iijdx  that  involves  at 
most  j  points  to  the  left  of  center  Wc  obtain  just  as  above 

Theorem  4.5.2.  Any  consistent  t- reversing  difference  formula  Q  for  (l-l.l)  is 
t-t-  and  GKS  unstable  in  combination  with  the  boundary  condition  fj.S.tl. 

Proof  Same  as  for  Thm.  4.5.1.  | 

3:  sign-changing  coefficient*;  nonlinear  instability 

Consider  the  coefficient-change  problem  (3.2.1).  As  in  Example  3.1,  suppose  we 
model  this  on  a  grid  ijhtnk)  by  consistent  difference  formulas  Q-.  for  j  <  -1/2 
and  Q.  for  j  >  1/2.  respectively.  According  to  (3.2.5)  or  (3.2.6),  the  reflection  and 
transmission  coefficients  will  become  infinite  in  this  problem  if  there  exists  a  steady- 
state  solution  in  which  k.  =  *».  that  is,  a  uniform  wave  that  is  leftgoing  on  the  left 
and  rightguirig  on  the  right  If  sgna  .  =  sgna+.  then  most  models  do  not  admit  such 
solutions,  and  they  ar«  stable.  Hut  stability  vsnishet  if  s,gno_  sgr>n+. 

Theorem  4.5.3.  t.et  (S.S  tj  be  modeled  by  consistent  formulas  Q_  and  Q  +  as 
indicated  above  If  a  .  >  0  >  a the  model  «  fj  -  and  CKS-unstable.  If  a_  <  0  < 
a.  and  (f  and  Q  v  afr  both  x -reversing  or  both  t  reversing,  the  model  is  again  fj- 
and  GKS  unstable. 

PToof  In  the  first  case,  the  constant  function  t>"  ^  1  is  an  outgoing  wave  that 
satisfies  all  of  the  difference  formulas,  ho  the  model  is  unstable  by  Thms.  4.2.3  and 
13  1.  In  the  second  cam-,  the  same  goes  for  a  space  or  time  sawtooth  (-1)*  or  (—1)". 

I 

This  elementary  example  is  related  to  ccrlain  known  examples  or  nonlinear 
instability.  If  the  Burgers  equation 


Though  it  is  easy  enough  to  examine  this  |. 'olden,  drrt<  tlv,  .(  also  has  a  rough 
interpretation  along  w.iw  propagation  lines.  |J'  ,v,  /  reversing  formula,  and  the 

instability  observed  looks  approximately  like  ttu-  naignirg  spatial  sawtooth  (~fj;  of 
Thm  \  3.3  from  the  point  of  view  of  the  sign-change  interface  at  xJ4  3  2.  The  linear 
growth  of  this  outgoing  wave  Would  he  converted  to  exponential  by  reflection  at  point* 
x,  and  x;*.j  even  if  the  coefficients  v,  did  not  change  from  one  time  step  to  the  next; 
the  fact  that  they  do  makes  the  growth  still  more  rapid. 

For  ari  interesting  study  of  a  nonlinear  instability  with  a  more  subtle  ex piantion 
related  to  wave  propagation,  see  the  paper  JHr81)  { especially  §4)  by  Briggs,  el  al. 

4:  “coarse  mesh*  mesh  refinement 

Consider  the  "coarse  mesh  approximation"  mesh  refinement,  scheme  of  Fxarnple 
3.4,  in  which  a  three. point  linear  multislep  formula  is  applied  with  space  step  h _ 
for  1  <  0  and  h  ^  ~  mb  .  Cot  r  '>  0.  with  '.hr  f*»rm:.5.x  (3  2  22,  imposed  at  the 
interface.  According  to  (3.2  23),  this  scheme  possess  an  infinite  reflection  coefficient 
if  there  exists  a  frequency  for  wh.ch  K,  (trausm  t'e.l  1  I  relic  ted).  When  n» 

is  ever, ,  this  situation  can  easily  occur.  The  following  theorem  generalize*  the  setup 
somewhat: 

Theorem  4.5.4.  l-et  (1.1.1)  be  mode/rd  by  c  consistent  1  reversing  3  point 
formula  Q _  on  z }  =  jh  for  j  <  -1  coupled  with  any,  coniftent  formula  Q ,  on 
2 j  =  jrnh  for  j  >  0.  With  left  hand  values  for  the  latter  near  the  interface  taken 
where  needed  from  points  1  mh  with  1  <  -  1  //«<.'  0  and  rn  in  even,  l he  model  u  fj- 

and  GKS  unstable.  If  a  >  0  and  m  13  even  and  both  Q  and  </.  c.*r  :  »eue»jsu<(,  the 
model  is  again  If  and  GKS  unstable.  | 

Proof  In  <he  case  a  <  0,  cor  sider  a  wave 


u(  —  ut», 

is  modeled  by  the  leap  frog  scheme 

=  v 

then  exponentially  growing  instabilities  arise  that  arc  marked  by  oscillations  of  the 
form  [l«.73,Kr73| 

v",  *  0.  <  »• 
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((-!)’  0<OI, 


On  z  >  0.  this  wave  is  constant  and  has  C  . 


-a  >0.  On  z  <  0,  it  is  &aw toothed 


and  has  ('  <  0  since  is  j-reversing  Thu*  (1  5.3)  :■*  outgoing  cm  both  si.| 


interface  Moreover  1/  to  u  even,  it  obviously  satisfies  the  boundary  formulas,  so  we 
have  instability.  In  the  Case  a  >  0,  multiply  (4.5  .3)  by  (-  I  P.  | 


For  l.F,  CN,  and  many  other  formulas.  ih»  sawtooth*  w»-  have  considered  turn 
out  to  be-  Hie  only  instabilities  that  arise.  so  the  1  <  >h  r>  f  nei'irnl  sc'ioiim  is  stable 
when  m  is  odd  (Joseph  Oliger.  private  » nmni.itiu  al  .on) 
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4.6  Unstable  difference  schemes  in  several  apace  dimension* 

In  the  study  of  well  posed  ness  of  hyperbolic  partial  differential  equations  on  a 
region  with  a  boundary,  problems  in  one  space  dimension  art  easy  to  treat  (by  the 
method  of  characteristics),  but  in  two  or  more  space  dimensions  the  situation  becomes 
complicated  Ry  a  multidimensional  problem,  wc  have  in  mind  an  equation  defined 
on  the  d-dimensional  half  space  rt  >  0,  r,  €  III  for  2  <  j  <  d.  The  main  theory 
available  for  this  was  derived  in  an  important  paper  by  Krcias  in  1970  [Kr70|,  by 
techniques  that  formed  the  basis  of  the  CJKS  theory  for  difference  models  published 
two  years  later  j(]!u7‘Jj  Like  the  stability  criteria  that  we  have  discussed  in  §§1.2  1.3, 

K  miss's  well  posrdiiess  criterion  is  a  determinant  condition  that  requires,  roughly, 
that  the  problem  admit  no  spontaneous  rightgoing  signals  at  the  boundary.  The 
difference  is  that  for  the  differential  equation,  the  question  of  whether  a  signal  is 
rightgoing  depends  on  multidimensional  geometric  effects,  but  does  not  involve  a 
in >r  trivial  group  vrlm  ity .  sinre  the  system  is  nondispersive.  Similarly,  it  is  well  known 
Wa>  hyperbolic  equal  unis  in  more  than  one  spare  dimension  are  generally  ill-posed 
m  /,,  norms  for  p  ^  2.  as  we  have  seen  for  finite- difference  models  in  one  space 
dimension  1§1  1|.  but  this  is  due  to  geometric  focusing  rather  than  dispersion. 

I'or  finite  difference  models  in  two  or  more  dimensions,  focusing  and  dispersion 
effects  are  combined  The  corresponding  stability  theory  has  been  late  in  appearing. 
Some  results  follow  from  the  one-dimensional  theory  by  a  Fourier  tranrform  in  the 
variables  ra.  .  *d-  but  these  were  never  developed  by  Kreiss,  el  al.  See  also  the  paper 
Os09rl  by  Osher  More  recent  results  in  this  area  are  due  to  Cougbran  |Co80j  and 
especially  Michelson  [MiHl|  Roth  of  these  authors  consider  only  difference  scheme* 
that  satisfy  a  dissipali vily  condition  in  the  former  cane,  one  that  it  related  to  our 
definition  of  f-dissipativity  (§2.2). 

Our  purpose  in  this  section  is  to  point  out  that  the  wave  propagation  argument* 
we  have  developed  for  one  space  dimension  provide  immediate  necessary  condition!  for 
stability  of  both  dissipative  and  nondissipative  difference  models  in  several  dimension*, 
too. 

We  will  confine  the  discussion  to  a  simple  class  of  examples.  Abarbanel  and 
Gottlieb  [Ab79|  and  Abarbanel  and  Murman  |Ab8l|  have  studied  the  stability  of 
various  difference  schemes  for  the  following  problem  in  two  space  dimension*: 


u,  =  u«  +  uy  x,f>0.  y  €  ( —  oc.  oo).  (1.6.11 

The  solutions  to  this  equation  consist  of  functions 

u[r.  y.  t)  —  u(i  +  l.y +  1.0). 

That  is,  information  propagates  with  a  vector  velocity  (-1,-1).  Since  the  tlow  is 
outward  across  the  boundary  z  =  0.  no  boundary  conditions  should  be  given  there. 

For  a  multidimensional  problem  like  this,  we  saw  in  §16  that  £  becomes  a  wave 
number  vector  £.  and  the  group  speed  C  generalises  to  a  vector  group  velocity  given 
by  the  gradient 

C  =  V(  ui.  (1.6  2) 

fly  the  same  arguments  as  in  Thins.  1.2.3  and  1.3.1,  one  can  readily  obtain  the 
following  stability  result:  i f  a  finite  difference  model  oj  U  6  t)  admits  a  solution 
consisting  of  waves  uufk  group  velocity  C  pointing  into  z  >  0  't.e.  with  >  0),  tt 
is  GKS  unstable  If  each  wave  has  (\  >  0,  then  it  u  also  unstable.  untA  *  growth 
rate  al  least  proportional  to  \/t\  We  will  not  go  to  the  trouble  here  of  developing  the 
stability  definitions  in  this  theorem,  or  of  writing  down  a  proof,  because  there  arc  no 
ideas  involved  that  were  not  present  in  one  dimension 

As  an  example,  suppose  (I  6.1)  is  modeled  by  the  leap  frog  formula 

C'  - n  m 

The  dispersion  relation  for  this  scheme  is 

sin  wk  =  -X  sin  {h  -  Xsin  rjh, 

where  (  —  ((,»?).  and  from  (1.6.2)  there  follow  the  group  velocity  components 

r  _  c°8^  n  —  c0,tfft 

cos  u/k  cosura 

As  usual,  these  reduce  to  the  ideal  value  C  =  (-  1,  -l)  for  \h.  wk  *0.  If  wr  look  at 
parasites,  on  the  other  hand,  we  see  that  a  sawtooth  form  in  z  or  y  negates  C%  or  Cv, 
respectively,  and  a  sawtooth  in  t  negates  both.  Table  1.1  summarises  the  situation: 


I  IB 
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(ft,  »>h,u>fc  C 


(a) 

(0.0.0).  (It.  *.*) 

i-i. -0 

(*>) 

(ir.0,0).  (0,s,*) 

l+i.-i) 

Table  4.i 

M 

(0,  *,0),  (ff.O.tr) 

t-i.+i) 

W 

(*,  jt,  0),  (0,0,  *) 

(+I.+D 

Thus  sawtoothed  parasites  can  travel  in  any  of  the  directions  at  45°  to  the  grid.  If 
any  parasite  of  form  (b)  or  (d)  is  permitted  by  the  boundary  conditions,  the  difference 
model  is  unstable. 

Abarbane!  et  al.  ronsider  various  boundary  formulas.  Four  of  these  arc  space 
extrapolation  and  skewed  space  extrapolation  (cf.  (3.2.29)), 

S:  \K,  -  D’i'o  =  0. 

SS  IK. K,  -  I )•!•;*’  =  0. 

a'ld  space  time  extrapolation  and  skewed  space  'time  extrapolation  (cf.  (3.2.32)), 


ST 

ht/  1 

!)♦<?  •  0. 

SST 

;  A  ,A'V/ 

1  -  ir»3  -  « 

Mere  K,  A  v 

.  mil  /  -if 

•note  tV  d.if*  t 

>pera!ors  in  z.  y,  and  t.  Hy  counting  sign 

I'll  in ge*.  line 

can  see  w1;; 

•  h  boundarv  fm 

•rnul.is  permit  which  sawtooth?.  The  results 

listed  in  Table  \.'l. 


stable  sawtooth*  unstable  sgwtooths 

S  (0.0. 01.(0.  e.O)  (0.0.  *).(0.  »,*)  TaUI.K  4.2 

SS  'O.O.di. 10.0.  ’r).(-.ir,0) 

ST  11.0.01,  0.  ir .  O’.  (  -  0.  Si.  tt  .  jr) 

ssT  io.o.m.  >.o,  r\  iO.  * .  *  i.l* .  *,o) 

'1*1: us  >\S,  and  SST  awe  ail  un?;.)kiV  trith  i.F  It  turns  out  that  ST.  which  the  table 
shows  h.M  r*n  -.iwluotf  i rsstab'l.1  s,  admit*'  r*.«*  o’her  rightgomg  solutions  either. 

('titer  difference  fo'miiias  typi.ally  permit  fi  wer  saw  tool h.s,  hence  are  stable  with 
•no"  boundary  r uhis.  Let  g'  nerali/e  to  d  space  dimensions  If  k  and  j  are 
d  vi  i  tor*,  k 1  wdl  deri  dr  k'/ . 

Defn.  I  •  t  Q  be  a  scalar  differ*  »»•  i  formula  in  d  space  din.*  nsions  Suppose  that 


\ 

I 


W-*  Mvcr  Q  admit,  a  snii.tiM.  i"  it'.--  w-th  .*•  tS  ^  5  for  ear!  j.  s;  \  for 
*«.m.  /.  and  group  velocity  r  C  llirf.  .  r.  m  al-..  ,d”  t.s  *?  -  (  i  Vi". 

and  th:>  wave  has  group  velocity  C‘  Ilk'*  satisfying  ( ”  --  (  ",  for  :  *  l  amt  •  ”,  *- 
0.  with  ("t  y.  C  if  (’t  a*-  0  Then  Q  is  //-reversing  Suppose  that  whenever  Q  admit* 
a  solution  e?  —  **  with  I*,)  *  1  for  all  i  and  group  vrlo.  it>  C  i_  IK-,  then  it  also 
admits  the  .solution  r"  =  *'(-  l)-,  with  group  velocity  C‘  t  IK-  satisfy <ng  <  0 

for  I  <  i  <  d,  with  CJ  y  0  if  (\  ^  0.  Then  Q  is  (-reversing,  j t 

Now  let  Q  be  a  consistent  difference  model  of 


on  t, /,  >  0.  x}  €  (-cc.  -x; )  for  2  <  j  <  and  let  the  boundary  »onditi«-ti*  S, 
SS.  ST.  SST  hr  extended  in  the  obvious  way  Jly  the  same  argument*  as  in  the  last 
section  we  obtain  l hr  following  theorem: 

Theorem  4.6.1.  'The  following  assertions  h:.ld  i*.  the  state  a  di'ec4 ion  j*wy, 
tKftr  converses  are  not  :n  frnrra,'  valid  ) 

The  »nodr.  S. Q  i?  f.  cr.d  C, AS  unstable  if  (f  i s  t  'fretting 
/is  The  model  SS  Q  is  /_  and  (l K S  Viriailt  \ f  Q  is  ‘  smg  or  if  Q  «  z  t 
reversing  and  also  t.-rev r’smg  fow  at  least  one  j  >  2. 

(ni)  The  model  SST.Q  ts  /„•  and  (! KS  unstable  xf  Q  is  .*|  reifsing  ami .  or  t 
reversing,  and  also  z}  vt"*M»i>;  fp*  at  least  nr.r  j  •  2.  | 

\n  „nf.  •he  f.—  :i  ,la*  Q  ««n*: |. -<  d  !•>  \b.»i ban-!  « t  ai  ar.  i ■  u. : • t : Mi-- •  -mi,.,'  v-u.-is 
. l.r.  <  N.  HI*,  and  MacCornuick's  scheme  (':m-  fi.iit;:\  ‘hat  !  1  is  t  .*’-ir.g 
it:d  i .  reversing  f;,r  *  ar  h  j  (  N  ato!  HI’,  are  .* }  •.  i  r-.r.r.  ’•  *  •  i •”  j  h  :.*  t.nt  !  ’>  *«  *s.  rig. 

and  Va.rormack  s  schem.  i<  :.o!  nv.-r-  rt;  .:  :»r.y  v.,:  nW.  It  turns  ‘.at  all 

bsliati  >n.«  of  these  solie.’ties  w.lh  r  ,  SS.  ST.  (,r  SST  ‘l  a*  are  :  «>•  •  Vd  «•  d  '*  by 
Thru,  l.li  1  admit  no  righttoim:  suluimns  <.f  an>  kind 

\bnrhanr|  and  Munnan  aKo  cnn-ide'  a  lis'1  ?!:■•!•  ■:  *•  t  i  r; .- <-f .  of  |  1  ■.  I  the 
Hut  st  tin  stheme  J.\bSl‘.  frub  r  '.his  form-i’a,  a  sawtu..'  '•<  ■;  ,\a»-  w.t(,  x,  sv  --  I 
and  j  *  I  turns  out  to  have  >  tor  c.r'w.p * y  0  l'h*  »!.*•::  ta*.  f  'iiui'a-  s>  and 
SST  s  ijiport  such  a  wave.  win.  h  implies  tr;a'  ".<■  *•  !.■  m.  ;..  <  .  •-•abh.  v  -mph 

not  iif ressarily  /-unstable  M-a'bai.el  and  M  .rr.a-  .f  *■  j  ki  ,  i\;  -r  r  o  uts 

:»s  to  whether  the-r  lliililin  gi\'-  trio. hie  it;  p'.i.  *;ce  >•  ■  ",  t  . . f  tfti* 

kind  of  lu'r.b  rl'ne  ability. 
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5.  BORDERLINE  CASES  AND  THE  DEFINITION  OF  STABILITY 

5.1  Introduction 

Iri  Chapter  1  we  have  seen  that  a  difference  model  $  of  an  initial  boundary 
vah*r  jTr.itif  rn  may  admit  solution*  exhibiting  various  degrees  of  instability.  At  one 
may  pns-ess  a  ftrtctly  nghtgov~g  ngensolution  (i.c.  [z|  >  1  a  Gofifunov- 
.  ^n^enkr  r:grr.  solution  i.  which  grows  exponentially  with  n  and  is  therefore  unstable 
,,  every  r<  asm- able  measure  {Thins  4 .2. 1 ,  4.2.2 1.  C)r  it  may  admit  a  strictly  rightgoing 
S/f*i r*ah:td  ctgcnsoluiion  (i  e  |*l  t=  ,«|  =  1  with  positive  group  velocity)  with  an 
ii finite  r«-fl<  rti.m  eoefliriiMit.  as  in  1 1 . 1 .  and  v.e  believe  this  situation  is  unambiguously 
'instable  t>>o  \t  the  other  extreme,  Q  may  be  GKS  jfa6fr,  admitting  no  solution 
int  "r  a  combination  of  rightgoing  modes  >f  any  kind  (Thms.  4.3.1,  4.3.2).  In 
this  event  it  will  behave  stably  in  almost  any  sense*  The  complications  come  when 
one  investigates  situation*  between  these  two  extremes,  and  this  chapter  is  devoted 
5,i.  looking  ,*t  some  of  these  borderline  ca.es  The  guiding  questions  arc,  what  .»  the 
mean.'sg  of  stability  for  initial  boundary  value  problems’  How  appropriate  is  the  GKS 
stability  definition* 

We  art  mainly  concerned  with  two  classes  of  borderline  cases.  Suppose  that  Q  is 
(IKS- unstable,  admitting  a  rightgoing  e<grnsolution  or  gcneraliicd  cigensolulion  z"4- 
Then  how  does  Q  behave,  if 

(1)  The  reflection  corJIiricnt  matrix  (/j’’l)“ 1  (3.6.5)  corresponding  to  »**♦  is 

finite  rather  than  infinite’ 

(2)  z*0  contains  no  strictly  rightgoing  modes?  (i.e.  |*j  =  1,  and  for  each  mode 
in  0.  cither  |*|  <  l  or  C  =  0?) 

The  various  combinations  implied  by  (I)  and  (2)  do  not  exhaust  the  range  of  GKS 
i-i.stabi lilies,  hut  wc  believe  they  touch  the  important  issues.  In  this  chapter  our 
aim  is  to  examine  these  problems,  illustrating  them  with  numerical  expc  .mcnt*.  in 


order  l.o  demonstrate  tin  complexity  of  ihe  sialiili  y  qinMioti  for  initial  boundary 
vaiue  problems  and  to  reach  some  tentalive  conclusions  ( 'nfortunately  .  it  has  not 
been  possible  to  be  rigorous  here,  and  our  conclusion*  w.ll  hi-  expressed  as  a  series 
of  ''observations. "  not  theorems  We  do  not  attempt  to  state  these  observations 
precisely,  and  we  do  not  claim  that  they  hold  as  staled  for  a!)  possible  problems.  What 
we  do  claim  is  that  the  observations  capture  some  of  the  fundamental  mechanisms 
that  cause  instability,  and  that  many  of  them  could  probably  be  made  rigorous,  after 
appropriate  modifications  of  details. 

In  §5.2  and  §5.3  we  consider  situations  (I)  and  (2),  respectively.  We  will  sec 
that  all  of  these  bordrrlmr  GKS-unstablr  situations  behave  stably  in  some  respects. 
Section  5  1  describes  the  “transparent  interface  anomaly.”  a  problem  exhibiting  both 
borderline  features  {t|  and  fji.  which  behave*  stably  in  almost  all  respects  and  is  in 
fart  fj-stable  In  §;i  f*  wc  summar.je  the  main  con.hisiutts  of  this  chapter,  and  of 
the  dissertation.  cuii«*  rning  borderline  case*  and  tin  >l«  lii.p !t,n  of  stability  for  initial 
boundary  value  problems. 

5.2  GKS-unutablc  solutions  with  finite  reflection  coefficients 

For  a  general  diagonal*! table  model  of  a  hyperbolic  initial  boundary  value 
problem,  we  derived  in  §3.6  the  equation 

0M„M  +  =  «  (r,.2|) 

relating  rightgoing  and  leflgoing  modes  at  the  boundary  with  uniform  time  depen¬ 
dence  zn.  Here  o'’:  and  a!/|  are  coefficient  vectors  of  length  n,  and  nt.  respectively, 
and  D  r\  and  P'e]  arc  matrices  of  dimension  n,  X  n.  and  n,  x  n*.  According  to  Thm. 
4.3-1.  Q  is  GKS- stable  if  and  only  if  D1'*  is  nonsingular  for  all  :  with  |*j  >  I,  in 
which  case  for  any  such  a|/!  determines  a1'-  by  means  of  the  formula 

d|r|  «  -(/>W)",/;W0W.  (5.2.2) 

On  the  other  hand  if  D^'  is  singular  for  some  z  =  t0  with  |r0|  >  l,  then  [D'T)  1 
is  undefined,  and  there  is  a  risk  that  wc  may  have  in  effect  an  infinite  reflection 
coefficient. 

Wli.il  happens  to  (5.2.2)  in  this  case?  Obviously  the  equation  as  it  stands  ha*-  no 
meaning.  However,  assume  that  P 1*'  and  P^  are  smooth  functions  of  s  in  a  point 
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set  0  consisting  of  the  intersection  of  |*[  >  |  wilt.  a  neighborhood  of  *0.  And  that 
is  nonsingular  in  fi  -  {*o}  The  bases  of  right-  and  Icllgoing  solutions  with 
respect  to  which  a’  ami  a*  are  defined  also  depend  on  g,  bin  let  us  assume  that 
this  dependence  is  also  smooth  in  17  Consider  the  limiting  matrix 

So  =  ilimi(D!'i(2))"lt>l'l(j|.  (5.2.3) 

*«eff 

The  existence  and  behavior  of  d0  will  depend  on  whether  />!^(*0)  has  singular  be¬ 
havior  that  cancels  the  singularity  of  D  t,{*q)  Wp  consider  three  possibilities: 

•  If  the  product  in  (5.2.3)  blows  up  as  t  —  r0,  then  the  limit  does  not  exist,  and 
do  is  m/mite. 

•  If  the  limit  exists,  then  j0  is  a  rer-  •  bl,  singularity,  and  do  is  fintte 

•  Suppose  that  do  exists  and  is  finite,  and  moreover 

ker(/>  '  U*(r'  P)r an ge( d«)  ~  {0}. 


that  is,  if  f^'  fJo)0  *  —  0  with  u’  ^  0,  then  'lore  exists  no  vector  a  *  such  that 
a  '1  —  dofl  f  .  Then  do  is  ie*o  {with  respect  to  all  unstable  righigoing  solutions) 

If  we  specialize  the  discussion  to  scalar  problems  with  one  leftgoing  and  one 
rightgoing  solution  for  each  !  with  jc|  >  1,  then  ( T»  2  2)  become* 


a1’  U) 


<*"'(*)  '  ' 


(5.2  i  | 


where  each  letter  denotes  a  scalar  Section  3  2  derived  many  reflection  rorlfinenl 
functions  of  this  kind  Q  is  GKS- unstable  if  anil  only  if  drl(*o)  —  0  for  some  *c  with 
j r<i  1  >  I  The  limiting  reflection  coefficient  will  be  infinite,  finite,  or  irro  depending 
on  whether  d  f  ha?  a  V* o  at  z  =  of  order  lower  than,  equal  to,  or  higher  than 
that  of 

The  question  wr  wish  to  ask  is:  assuming  Q  is  GKS- unstable,  how  is  its  unstable 
behavior,  if  any,  afTecleti  by  whether  do  is  infinite,  finite,  or  ccro* 

Let  uc  —  ti,  be  m>'d»lcd  by  LF  with  X  =  |  for  j  >  I.  It  turns  out  that  by  letting 
(J  rnnsist  of  various  boundary  formula?  for  rjj*1  together  with  this  scheme,  we  can 
over  a  full  range  of  dognes  of  stability.  Consider  the  four  possibilities  «,/?,”),<*  listed 
hi  Table  •»  I  We  will  now  use  these  examples  to  explore  the  significance  of  reflection 
<  oi  llicients. 


Label 


Taiu.i:  5.1 

Rcllrclion  GKS-unstabb*  dQ  = 

function  d  iimile  I k/.k q.  z0)  di2o) 


b  »;  +  J(«;  -  rj) 

i  !K  +  «?) 


8{.-l)-vX(i-45 


GKS-stable 

(*.-!.*) 

(i.-t.U 


+1 

+1 


6 


*1 


i 


(-1,1. -1)  00  4-1 


Initial  data 

!>J  MONSTHATHiS  5  1  First  let  us  consider  stability  with  respect  to  the  initial 
data.  :  I  1  V*'  belt,  v*  »hat  the  same  ideas  apply  to  stability  with  respect  to  forcing 
dat.i  A  i.t'  f  igure  |  *hnw«  a  st  i  of  experiment*  in  extension  of  the  computation 
■  if  l».  1  2  In  r'iT)  -as,',  'he  1.1  model  of  t,,  —  u,  with  X  =  j  has  been  applied 

<  :  0.  i  f' >?  h  h  h'l  and  h  1 .  100  The  initial  distribution  is  the  Gaussian 


0  <  ;  <  \/h 

n  =  0,  I 


(5.2.5) 


w,'t.  k,  chasm  •  to  t J- •  lrf’goitig  wave  value  corresponding  to  the  unstable 
ngh*g..<rig  .tic, i.  «,j.  ,  r  «/  I  for  problems  >»,  ;1  and  ■*,  Kt  —  -  I  for  6.  Karn  pair 
of  pin's  shows  the  initial  data  at  t  —  0  and  the  result  at  f  —  0.5. 

For  ‘.tai  danr  unstable  case  A  with  d0  —  oc.  Fig  5.5  shows  a  great  growth 
in  aoipb'nib  .  as  tr.  Derm,  1  2  Obviously  this  is  unstable  in  any  reasonable  sense  But 
for  ease?  d  aid  ■».  just  a'  for  tin  GkS  stable  example  a,  no  such  growth  is  evident. 
W'e  tentatively  ..unrludr.* 


Observation  5.1.  f'njlafc.'r  amp/r/iralion  '  nrfta/  data  occur*  only  i/ 
an  infinit*  rrfltcUo**  coefficient  u  present. 


I'  wcver,  ever,  though  no  sigriificart  amp'ifieat i«,n  tales  place,  a  i|i?T<>reri-c  model 
may  fail  to  converge  as  the  mesh  is  refined.  I'.x.v?  pie  •»  'n  |'ig  5  1  ,i|  jslrV,  >  this. 
The  smooth  initial  pulse  might  to  propagate  across  x  ~  U  and  d>s  ippr-ar  but  instead, 
a  n  lie,  ted  puise  is  generated  that  ev  idently  does  r,„l  r<  :is<  .r.  .itpi  r  ,dt  wl,<t.  his 


*  It  mall  the  disclaimer  of  §*,  1  rc^ardiiiit  these  obsTv.tlion* 


125 


126 


.  _ L _ —  aA _ L 

i  i  i 

=  A  .  ;  A  ; 

g  . — j — AX -  . 


A  i  ..  1 

A  l 

,li 

1  w 

Li 

"if  i  7 

i? 

r 

II 

o 

cc 

i  i 

!  t  =  .5 

h  ~  50  ; 

h  ~  100  1 

:  ! 
FIG.  5.1.  Models  a,0,i,6  with  Gaussian  initial  data  (5.2.5). 

a  — '  fy^-jv 


■Un^vjiV'V^v^  Wf*4vvVvwv> 


c.  -W^  -wr— ‘V/1 


1  =  0 


Nk 


t  =  .5 


50 

Tie.  5.2.  Mo<id*<  n,/?.7,£  with  random  initial  data  (5.2.0). 


100 


ii,'  m  half  In  fact,  it  has  amplitude  very  How  »,>  th<  InnM  '/Ini  —  ;£;{,  =  1,3  listed 
m  Tabic  5.1  IU  contrast,  the  result  Tor  lHiuii<l»ry  condition  ,i  in  Kip.  5  ]  is  virtually 
rn-Jislinguisliahlc  from  the  result  for  the  CKS-stablc  rase  and  it  certainly  appears 
that  convergent  «•  is  taking  place  \Vr  propose 

Observation  5.2.  Sonconvcrgence  in  a  problem  driven  by  smooth  tmtial 
data  occurs  only  if  a  nomero  reflection  coefficient  is  present. 


DEMONSTRATION  5.2.  One  may  wonder  whether  the  same  observations  remain 
valid  if  a  more  complicated  initial  data  distribution  is  considered.  In  Fig.-  5.2,  Demo. 
5  l  is  repeated  with  uniformly  distributed  random  initial  data, 

random  ,  °  ~  ’  ^  ’A.  (5  2  6) 

1  A  n  =  0, 1 

The  plots  show  that  ihe  GKS-unslablr  problems  ;J  and  ?  are  virtually  indistinguish¬ 
able  from  the  C'.KS-staldc  problem  a.  Hut  in  the  infinite  reflection  coefficient  rase 
C.  the  computation  is  completely  unstable,  This  supports  Observation  51.  This 
experiment  does  not  shed  any  further  light  on  Observation  5.2. 


Boundary  data 

DEMONSTRATION  5.3.  Now  let  us  look  at  unstable  behavior  with  respect  to 
boundary  data.  In  Fig.  5.3,  Figs.  5.1  and  5.2  arc  duplicated  with  the  new  initial  data 
distribution 


A 


15’ 


(5-2.7) 


which  is  the  same  as  in  Pcrrio.  4.1  up  to  a  scale  factor.  This  amount*  to  an  initial 
input  of  more  or  less  random  energy  at  the  boundary.  Fig.  5.3  shows  that  as  t 
increases,  spontaneous  rightgoing  waves  art  generated  in  all  three  cases  Their 

amplitudes  differ,  but  qualitatively  all  are  the  same  (except  of  course  Tor  the  difference 
in  k o  between  fl-~j  and  #)-  They  are  all  qualitatively  different  from  the  GKS-slable 
problem  o.  where  the  initial  data  has  apparently  caused  a  rightgoing  pulse  of  finite 
duration.  A  table  of  ||v||j  as  a  function  of  f  confirms  that  a  linear  growth  in  energy 
is  taking  place  in  problems  Li  6,  but  thorp  is  no  growth  for  problem  a.  We  conclude: 


!  Observation  5.3.  A  GKSunstabU  difference  model  acts  unstable  with 
|  respect  to  boundary  data  regardless  of  whether  the  reflection  coefficient  u 
I  xtro,  finite,  or  infinite. 


This  observation  is  in  keeping  with  the  fact  that  Thru,  1  2.1  made  no  mention  of 
reflection  coefficients. 
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identical  to  that  of  Demo.  5.3,  but  carried  up  to  t  =  14,  which  is  time  enough  for 
many  reflections  between  the  boundaries  to  take  place.  Each  entry  shows  the  t2  norm 
||i-'*!|a  at  a  fixed  time  step: 


a 

0 

1 

h 

t  =0 

.154 

154 

.154 

.154 

l 

150 

167 

.170 

.513 

Table  5.2 

2 

.104 

.132 

.136 

.990 

6 

083 

.124 

.135 

5.66  X  I03 

two  boundaries 

10 

.051 

.118 

.149 

1.80  XI07  LF 

h  =  &  x  = i 

14 

.073 

130 

.174 

4.52  X  I0‘° 

Again  the  n 

piation  u,  — 

tj  f  was  modeb-d 

on  jO.  1)  by  LF  with  h 

=  1/50,  and  the 

boundary  m 

ndilion  at  x 

—  1  was  i'! 

»*'  = » 

The  table  shows  that  problem  6  exhibits 

ratiislroph’i 

growth,  but 

for  probl 

ms  a, 

■j  there  is  no  growth  at  all.  Obviously 

•  hr  flK<-i-tahle  problem  <■»  has  no  advantages  here  over  the  GKS- unstable  problems 
and  -j.  We  propose- 

Observation  5.4.  An  unstable  generalized  eigensolutton  can  cause 
eiponmtxal  growth  when  a  serond  boundary  u  tn'rodueed  only  if  the  os- 
sortatrd  rr/lrrtjon  corjjicirnf  vs  infinite.  I 

There  is  a  simple  argument  involving  *,  k,  and  .4(x)  that  explains  why  Observation 
5.4  should  hold.  For  this  sc  §6.4  and  §6.5,  where  we  discuss  two- boundary  problems 
in  detail 


5.3  GK S- unstable  solutions  with  no  strictly  rightgoing  components 

Suppose  that  (J,  a  difference  model  of  an  initial  boundary  value  problem,  admits 
an  eigcnsolution  or  generalised  cigeusolulion  (4.2.6) 

v*  =  ^  a,  ^0  (5.3.1) 

with  |r|  =  1.  (For  simplicity  wc  ignore  defective  modes.)  The  assumption  |x|  =  1 
rules  out  Godunov-nyabenkii  eigcnsolutions,  but  the  solutions  that  remain  are  GKS- 
unstable  by  Thm  4  3.1  They  fall  into  three  categories,  which  correspond  to  positions 
(8).  (5‘,,  amt  (7)  of  Table  2.1,  respectively: 


“Case  (.’  >  0:’'  For  at  a  least  one  i,  |*,|  =  1  and  C ,  >  0. 

“Case  C  =  0:"  Not  Case  C  >  0,  but  for  at  least  one  i,  |*,|  =  1. 

“Case  |*|  <  l:**  Neither  of  above,  i.e.  j*,|  <  |  for  all  t. 

By  definition,  each  signal  z"*,^  in  (5.3  l )  is  righlgoing,  but  in  the  eases  C  =  0  and 
l*|  <  1,  none  of  them  are  strictly  rightgoing  (§2.3).  Wc  want  to  investigate  how  this 
affects  their  unstable  behavior,  if  any. 

As  in  the  last  section,  we  will  work  with  representative  examples.  Here  is  a 
contrived  but  very  simple  model  of  type  C  =  0: 

<  :  LF  for  u(  =  uE  with  X  =  uq*1  =  i>7“a.  (5.3.2) 

(Wc  continue  as  in  the  last  section  to  label  examples  with  Creek  letters.)  It  is  easy 

to  verify  that  (5.3.2)  admits  the  CKS- unstable  generalized  eigcnsolution  (*.x)  = 
(±i.  ±i 1  '3|.  for  which  one  has  C  =  0. 

For  an  example  of  type  |*|  <  l  wc  turn  to  a  dissipative  l.ax- WrndrolT  model: 

t !  1.W  Cor  u,  =  u,  with  X  =  b  rj*1  -  Jr}*1  -*J“.  (5.3.3) 


One  readily  verifies  that  this  model  admits  the  CK?-unstable  eigonsolution  (*,  z)  = 

t-S.» 

By  straightforward  compulations  of  the  sort  wc  have  done  many  times,  one  can 
see  that  examples  t  and  f  share  the  feature  that  their  right/left  reflection  coefficients 
are  finite.  (In  fact  one  gets  A0  =  -  I  and  A0  ~  4.  respectively.)  This  will  make  it 
difficult  to  separate  the  effects  of  one  borderline  circumstance  from  those  of  the  other. 
To  gel  an  example  with  C  —  0  but  /to  =  oc,  wc  invent  the  following  2X2  problem: 


Like  <,  problem  rj  admits  a  righlgoing  solution  of  type  (7  =  0.  namely  (*,  z)  = 
(±i,  ±il/s),  V'  =  (1  0)r.  Hut  now  the  reflection  coefficient  with  respect  to  (strictly) 
leftgoing  energy  incident  in  the  r  component  is  infinite,  I-el  *,p  be  the  *  variables 
for  the  u  and  t>  components,  respectively.  Then  (5.2.1)  takes  the  form 


'zJ-x  z*  —  iijr’\  .’3  +  l/*  :3  +  \/»  taf\  (0\ 

[  0  J-pjVa,1/  0  *  +  l/f*  'O'' 
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and  multiplying  through  by  the  inverse  of  the  first  matrix  gives  for  (5.2.2),  after  some 


simplifications, 


(5.3.5) 


For  (*,*)  =  (±»,  the  diagonal  elements  of  this  matrix  are  finite,  but  the  upper- 

right  element  is  infinite.  Therefore  we  expect  leftgoing  energy  in  v  with  w k  =  x/t, 
hence  {h  =  sin-l(sin  |/^)  =  sin^^j),  to  stimulate  a  large  response  in  u. 

Demonstration  5.6.  As  a  first  test  of  examples  <-ij,  Figs.  5  5-5.7  repeat  the 
computations  of  Demos.  5. 2-5.4  (Figs.  5. 2-5.4).  The  three  figure*  show  the  response 
of  models  f,  {,  and  tj  to  the  stimuli 

Fig.  5.5:  random  initial  data  (5.2.6), 

Fig.  5-G:  random  boundary  data  (5.2.8), 

Fig  5.7:  three-point  inilial/boundary  data  (5.2.7). 

For  problem  v .  the  forcing  data  arc  applied  to  v  but  not  u,  and  both  v  and  v  are 
plotted,  with  the  labels  17*  and  Since  the  t>  component  of  this  problem  is  identical 
to  problem  a  of  thr  last  section,  except  Tor  the  coefficient  3/2  in  place  of  1,  the  »j. 
plot  gives  a  convenient  GKS-stablc  comparison  to  the  others.  A*  before,  each  plot 
shows  t  —  0  and  t '«=  .5  for  h  =  1/50  and  h  «  1/100. 


n* 


Fir*  5  5  Modrls  with  random  initial  data  (5  2  6). 
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t  =  0 


t  =  0 


h 


FlC.  5.7  Models  with  three- point  initial  data  (5.2 
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Growing  mode* 

The  first  thing  to  observe  in  these  figures  is  that,  in  contrast  to  thr  situation  with 
examples  J  t  in  Figs.  5.1  5.1,  no  catastrophic  growth  ia  taking  place.  For  problem 
v'.  with  j*J  <  1,  all  of  the  solutions  shown  are  quite  small,  as  the  dissipativity  would 
make  one  expect.  Note  that  in  Figs.  5.6  and  5.7,  the  distribution  at  (  =*  .5  for  this 
problem  looks  exactly  like  the  cigensolution  (-J)7.  For  problem  e,  -with  (7  =  0  and 
Aq  <  jo,  thr  random  initial  and  boundary  data  do  not  seem  to  have  caused  instability 
(compare  problem  n  in  Figs.  5.2  and  5.1),  but  the  situation  with  the  three- point  initial 
data  at  the  boundary  is  not  so  clear.  In  fart  near  the  boundary  in  Fig.  5.7,  the  solution 
lo.»k«  approximately  like  the  “4h  wave"  with  k  as  Uiat  the  OKS  theory  says  is 
unstable  The  results  for  the  u  component  in  problem  tf,  with  C  =  0  but  Ao  —  oo, 
aN-  similar,  while  the  r  component  is  entirely  stable,  which  is  what  one  expects  from 
(5  .1.4)  or  (5.3.5). 

The  situation  is  clarified  if  we  look  at  fj  norms  as  a  function  of  t  for  the  three* 
point  problems  or  Fig  5.7.  Table  5.3  lists  J|r'J|j  for  t  rj  for  h  =  1/50  and  h  =  1/100 
at  times  t  —  nk  =  0.  2,  . ,  I. 


.  i 

f 

9* 

9. 

t  -  0 

.135 

135 

0 

.135 

2 

.132 

.125 

.101 

.077 

4 

.114 

125 

.076 

.075 

h  **  A 

.6 

.699 

.125 

.096 

.075 

8 

.117 

125 

.093 

.074 

1.0 

no 

.125 

.076 

.070 

Table  5.3 

t  =0 

096 

.096 

0 

.006 

3-point  boundary  data 

2 

.081 

.089 

054 

.054 

4 

.083 

089 

.066 

054 

6 

.072 

089 

.066 

.054 

.8 

.077 

.089 

.058 

.057 

h  =  ric 

to 

080 

.080 

.062 

.053 

in  no  case  do 

we  observe  any  growth  in  rr 

ergy.  (Note  how  the  numbers  confirm  that 

for  problem  k 

the  solution 

rapidly 

settles 

down  to  the  form  of  a  fixed  cigensolution.) 

Thcrrforr  w»  suggest: 
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Observation  5.5.  In  ca. ic  f  -  0  or  «c!  I.  admits  no  solutions  ( 
that  g*ow  steadily  t.  J 

(.’snail)  a  difference  scheme  exhibits  conspicuous  instability  m  practical  examples  only 
if  there  is  such  a  growing  mode,  so  Obs.  5  5  explains  why  no  instabilities  are  evident, 
for  example,  in  Fig.  5.5.  Of  course  we  have  long  ago  observed  lhat  non-st/ictly 
rightgoing  solutions  have  rero  energy  flux  (§3.3),  and  one  would  expect  Obs.  5.5  to 
hold  as  a  consequence  of  this. 

Initial  data 

The  absence  of  growing  modes,  even  if  wc  could  prove  it  rigorously,  would 
not  imply  Instability,  because  there  could  still  exist  initial  data  distributions  that 
would  grow  arbitrarily  much  at  first  before  ultimately  leveling  off  Nevertheless,  we 
conjecture  that  problem  t  is  ^-stable.  as  defined  in  §1  2.  despite  being  CiKF- unstable. 
If  true,  this  can  probably  be  proved  by  an  energy  method  argument  {Ki67],  and 
possibly  also  by  an  application  of  the  ideas  of  §3.5.  In  general,  one  appears  to  have 
something  like  the  following: 

^Observation  5.6-.  In  nut  C  —  0  or  |x!  <  1.0  «  stable  u nth  respect  to 
'  initial  data  provided  that  the  reflection  coefficients  are  fintte. 

Df.MONSTraTION  5.7  By  contrast,  a  prohlrm  with  ,-to  =  oo  need  not  be  stable 
with  respect  to  initial  data.  To  demonstrate  this,  Fig.  5.8  shows  a  compulation  with 
problem  tj  in  which  initial  data  have  been  chosen  to  stimulate  as  much  growth  as 
possible,  as  Was  done  for  examples  H  f  in  Fig.  5.1.  The  initial  data  arc 

v®  =  vj  =  w/  ,!‘  {x  =  )h), 

(5.3.6) 

,.»  =  u<  —  n 

with  { h  =  win - 1  { | ).  Fig.  5.8  shows  the  resulting  signals  u  and  v  at  t  =  0,  .5,  I 
for  h  =  1/100  and  h  =  1  / 100.  It  appears  that  there  i«*  wove  instability,  but  it  is 
extremely  weak.  The  initial  wave  (5,3.6)  with  h  =  1/100  has  eight  times  as  many 
grid  points  in  the  wave  packet  as  (4.1.6)  with  h  =  1/200  or  (5  2  5)  with  h  =  I / 1 00. 
yet  it  generates  nothing  like  the  18-fold  amplitude  increase  lhat  we  we  in  Fig.  4.2a, b 
and  lhat  is  lurking  off-scale  in  Fig.  5  1.  Moreover,  the  signal  lhat  :t  generates  does 
not  radiate  continually  from  the  boundary ,  but  evhhnily  loses  amplitude  as  it  drill* 
into  thr  interior. 
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Fig  5  8.  Unstable  reflection  with  C  =  0  in  model  n-  The  initial 
packet  is  the  Gaussian  (5.3.6). 
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Fig  5  9  Models  €,;.t}  with  periodic  boundary  data  (5.3.7). 
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t  =  .5 


Again,  a  table  of  (■<  norms  makes  il  clear  wbal  is  going  cm.  Tabic  5  t  shows  |jul|j 
arid  jjt'lia  in  this  problem  for  both  values  of  h  and  various  limes. 


h  = 

T&J 

h  = 

ikz 

9. 

9* 

9. 

9* 

=  0 

0 

.177 

0 

.177 

.2 

.165 

.ISO 

.207 

.143 

Table  5.4 

.4 

.108 

.060 

.301 

.050 

.6 

.185 

.060 

.203 

.050 

"bad*  initial  conditions 

.8 

.182 

.060 

.201 

.050 

1.0 

.184 

.060 

.202 

.050 

For  h  =  1/1 00 ,  we  observe  an  amplification  )]u(  1  )))/IM0)l)  of  about  1.  and  for  J»  = 
1/100  it  has  increased  to  more  like  2.  Evidently  the  ratio  can  be  made  arbitrarily 
large  by  refining  the  mesh.  But  it  is  hardly  large  as  things  stand,  and  confirming 
Obs.  5.5-  there  are  no  solutions  in  evidence  that  grow  with  t.  We  propose: 

Observation  5.7.  If  Q  has  C  =  0  6uf  A  —  oc,  d  u  weakly  unstable 
with  reaped  to  initial  data. 


Boundary  dais 

From  Figs.  5.6  and  5.7,  we  expect  that  if  Q  has  C  =  0  or  |ic|  <  l,  then  it  will 
not  be  dramatically  unstable  with  respect  to  boundary  data.  In  fact,  as  in  Obs.  5-7, 
it  turns  out  that  there  is  a  weak  instability.  As  wc  found  in  Obs.  5.3,  the  presence  of 
this  instability  docs  not  depend  on  whether  A0  is  infinite. 

Dl'.MONSTllATlON  5.R.  Fig.  5.9  shows  an  experiment  like  those  of  Figs.  5.6  or  5  8, 
except  that  now  Ihc  compulation  is  Forced  by  regular  boundary  data  oscillating  at 
the  GKS-unstablc  frequency.  The  boundary  condition  is 

Vq*1  =  (hornog.  be.)  +■  —  cosa/fcn  (5.3.7) 

with  u ;k  —  */G,  0.  and  ir/6  for  »,  (,  and  9.  respectively,  and  the  figure  shows  h  = 
1/50  and  h  —  1/100.  The  results  arc'  muc  h  like-  those  of  Fig  5.7.  but  stronger.  Some 
instability  is  definitely  in  evidence  for  all  three-  problems  (note  the  small  amplitude  of 
the  forcing  term  in  (5  .3  7)).  and  it  grows  strong!  r  as  K  is  refined  or  as  f  increases  with 
the  boundary  function  left  on.  Table  5  5  cemtirms  this  with  a  record  of  (t  norma, 
whiih  for  the  cas>‘  of  problem  s  becnitu  fairly  large.  For  comparison  with  lIh'm* 
nuttilx.s,  the  norm  of  the  forcing  ‘uni  t  i.>«  in  [5  3.7)  is  approvim.dc  ly  \'tf 10. 
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< 

r 

V* 

9v 

=  o 

0 

0 

0 

0 

.2 

039 

.112 

.019 

.023 

4 

.059 

220 

.037 

.03! 

.6 

.092 

.327 

.054 

.039 

.8 

.102 

.435 

.059 

.044 

1.0 

.122 

.543 

.076 

.049 

TaM.F.  5.5 

=  0 

0 

0 

0 

0 

“bad*'  boundary  data 

.2 

.042 

.156 

.026 

.022 

.4 

.073 

.309 

.042 

.032 

.6 

.107 

.462 

.064 

.039 

.8 

.124 

.615 

.078 

.044 

(*  =  rial 

1.0 

.116 

.769 

.087 

.050 

Nevertheless,  to  achieve  this  amount  of  growth  we  had  to  stimulate  just  the  right 
frequency,  and  if  we  had  done  the  same  for  the  strictly  rightgoing  problems  of  the 
last  section,  the  result  would  have  been  much  more  dramatic.  Wc  conclude: 

Observation  5.8.  A  modtl  with  C  »  0  or  j«ej  <  1  u  weakly  u nttable  with 
1  respect  it  boundary  data  regardless  of  whether  the  reflection  coefficient  w 
j  zero,  finite,  or  infinite. 

Despite  the  impressive  f2  norm,  it  is  obvious  (and  expected)  that  nothing  happens  in 
cast  v'  except  at  the  boundary: 


Observation  5.9.  /n  a  problem  of  type  |k|  <  I,  any  unstable  growth  u] 
l  confined  to  the  region  near  the  boundary  { 


Two  boundaries 

Observation  5.9  suggests  that  in  a  two- boundary  problem,  as  we  considered  in 
the  last  section,  the  presence  or  an  unstable  boundary  of  type  l«c|  <  I  probably  will 
not  cause  exponential  growth.  Imlrrd  this  is  true,  :ln  our  arguments  or  §6.5  will  show. 
Wc  have  the  following  complement  of  Obs.  5.4: 


Observation  5.10.  An  unstable  boundary  can  cause  exponential  growth 
■  in  a  two  boundary  model  if  if  w  of  type  C  =  0,  6uf  nof  if  if  is  of  type 


DEMONSTRATION  5,9.  To  illustrate  Obs  5.10  experimentally,  wc  ran  problems 


139 


i  >.  ■;  |  t  --  tOM  wi'h  random  ii.tia!  da'a  '.Jo  .n  i  ,iv  un  a  gr:.|  with  h  = 

1  -0  Tli  boundary  londitm' »  ;»l  tin  fight  hand  s.-»r  wi  re  =r  0  for  problems  « 

and  o.  and 

’  —  o,  u%0  1  -  i  r„ 1  =  uj9  - 

for  problem  *;  (The  complexity  or  the  latter  formula  is  needed  to  introduce  some 
coupling  between  u  and  v  at  'lie  right  boundary  )  The  results  are  summarized  in 
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< 

V* 

Vv 

f  ^  0 

153 

0 

153 

153 

100 

022 

037 

IS. 2 

3  12 

Tmu.k  5  8 

200 

021 

037 

2  11  v 

10* 

3  65  • 

Id3  two  boundanen 

300 

021 

037 

3.  IS  , 

10: 

1  ?h  * 

I06 

100 

IMS 

037 

115  .. 

1U'" 

lii  38  a 

10v 

.di  nil)  •  and 

C  g<  Iterate 

no  growth  at  'ill. 

wh. 

••  fur  tin  », 

model  there  '.«*  exponential 

..wlh.  but  It 

:s  II. ueh  we 

‘like*  thi! 

in  r*  Tal 

2f  mote  : 

in  large  values  of  f  in  the 

table)  These  fi«u!t>  are  in  keeping  wilt.  ( alums  5  1  and  5.10. 

5.4  The  transparent  interface  anomaly:  in  flow,  out  low'  theorems 

The  "transparent  mlrrfaie  anomaly'  is  an  example  that  in  addition  to  being 
rather  startling,  proves  that  a  difference  modi  I  may  be  h'.kS  unstable  but  at  the  same 
lime  f.-slablr  Consider  an)  of  the  mesh- reiiiu-m-nt  problems  of  Kxample  3.4  (§3.2), 
in  which  a  grid  with  h  =  h  .  for  ;  <  0  is  rnntn-ctid  to  a  grid  with  h  =  for  j  >  0, 
ami  lot  l  I  lx  the  formula  applied  on  tun  h  side  If  K .  ^  h..  then  all  three  interface 
formula*  coiindcr-d  in  §3.2  are  stable,  except  for  the  'cwtru -uHfli’*  formula  in  the 
c;iv(  when  h.  h  ;s  an  even  integer  (Thm  1  5  i  V  Hut  now.  lonsider  the  degenerate 
si* u  it i.»t!  h  —  h  .  In  all  thr.*«  eases.  5-r  h  f. .  tb<  ii.ti  rfaee  condition*,  heroine 
eq.i.vahnt  to  the  1.1*  formula  at  J  ~  0.  and  oio  is  iefl  with  1.1*  applied  at  all  points 
j  Since  l.K  is  t'auchv  **t.»bie,  tin  resuit  must  l>i  f :  -t  dile.  \i  verllu  li  ss,  tins 

degenerate  case  of  a  "transparent  lufr'/arr  ’•*  CKS-iit  si.il>!>  .  This  fact  appears  not 
to  have  been  {M-ii.t.il  out  bi-fun-,  e\.n  thi.iigh  ’I tr7.ll,  at  >  a*. t ,  studies  C.KS  stability 
for  mi  -h  refim  iiu  f’l  si  hi  rites. 

It  is  easy  to  sec  why  iranspari  nt  mierfi'  modi'  I'  unstable  according  to 

MO 


Uir  GKS  <i<  linit  >or>  The  GKS  nt. stable  snlul  ion  that  it.  .nimils  is  a  generalized 
i'j n  .i>] i,!  ton  with  -=  l  and  =  ±i  on  both  sides  of  the  interface.  Hy  rig.  1.1  a  or 
1 1  2  -S) ,  lin«  wavr  has  group  velocity  ('  =0,  and  this  implies  that  if  a  wave  packet  of 
thrs  kind  is  located  initially  around  j  —  0,  it  will  remain  approximately  fixed  there  as 
!  i  nr  reuses*.  We  have  already  observed  in  §4.3  that  because  of  the  boundary  integral  in 
the  definition  of  GKS-st ability,  such  stationary  behavior  constitutes  CKS-ins'ability. 

In  terms  of  Thru.  1.3.1,  the  instability  results  from  the  fact  that  the  wave  with 
( ‘  -r.  0  is  by  definition  both  tightening  and  leftgoing  (position  (f»j  in  Table  2.1),  and 
so  one  Mi  ay  think  of  it  as  rightgoing  for  j  >  0  and  leftgoing  for  j  <  0.  Or  in  terms  of 
Thru.  1  3  2.  the  instability  is  due  to  the  fact  that  for  k%  =*  Kt  —  ±»,  the  denominators 
of  the  reflection  cocHineri*  functions  (3  2  20),  (3.2.21).  13.2.27)  vanish. 

We  have  shown: 


Observation  5.11.  (7K?  instability  dot*  not  imply  instability.  i 

I n  this  instance  it  is  possible  to  state  the  conclusion  ;»s  a  theorem,  which  we  have 
iT<  n«  r.di/'-d  m  the  obvious  way: 

Theorem  5.4.1  let  be  any  scalar  or  vector  di^crrnce  model  applied  for 
j  -  Z  that  admit.*  a  Heady  state  solution  jr’V-V  u*rrt  |i!  =  !<c;  =  l  and  <■’(*,«)  =  0. 
let  j  ir  thought  o]  as  an  interface  point  of  Q  and  the  CKS  theory  applied  by 

folding’'  the  model  at  this  point  Ij.'tfi)  Then  the  result  u  GKS  unstable. 

Proof  GKS- instability  follows  from  Thin.  1.3.1.  since  c’V'v  ran  he  thought  of 
a-  rightgoing  on  the  right  and  h-ftgoing  on  the  left  | 

Th<  transparent  ii-’erface  probh  t:i  .ts  described  above  involves  a  doubly  border¬ 
line  kin  I  of  mstnbdity  First.  Ih»  group  vehu'ty  is  not  positive,  but  0  Second,  the 
rri'i  n>i>*r»  »‘!i*  rviist  have  Ihc  value  0  two  for  no  energy  can  Ik-  reflected  at 
itf>  ■  ■ .  t  ■  r  '".iii  that  is  t  •1'iivalenl  to  the  absence  of  ati  interface  Thus  w»-  are  dealing 
ttV1  •!.,  ,  ■! !  c  ?»»>*• !  i*i«,  Ir  the  wi.ak'y  instable  •  !.h«is  of  the  last  two  seitiops,  and  in 


■n  fiectianistns  are  operative  t.n 
with  respect  Vo  initial  data  Of 


;  d  ita  at  !}.«■  pni"  j  —  jo. 


All  together,  it  is  clear  that  t  hi  (IKS  assessment  of  iris! abiht)  is  rallo-r  misleading 
for  the  transparent  interface  problem,  and  «hal  this  is  due  to  the  fact  that  the 
OKS  theory  is  oriented  towards  boundaries  while  the  transparent  interface  problem 
concerns  initial  data  ll  is  natural  to  suppose:  that  there  may  be  other  models  of  initial 
boundary  value  problems  for  which  the  GKS  result  is  also  unreasonable,  but  where 
the  true  state  of  affairs  would  riot  be  so  obvious. 


A  “strict  transparent  interface  anomaly” 

The  identically  lero  reflection  coefficient  function  is  the  essential  reason  for  the 
stability  of  the  transparent  interface  anomaly,  not  the  fact  that  the  GKS-unstable 
generalized  eigensolution  involved  ha*  C  =i  0.  T"  see  this,  consider  now  the  some 
setup  as  before,  but  with  I.F  replaced  by  I,FS.  the  Leap  Frog  model  of  u(l  —  i*«t 
V§3  2.  App.  \).  V'»r  l.V1,  there  are  two  distinct  waves  with  k  «  i  =  1,  otn-  strictly 
rightgoing  with  ('  =•  I.  and  one  strictly  leftgoing  with  C  =  -1  The  dispersion 
plot  of  App.  A  makes  this  clear.  As  a  result,  l.F*  must  admit  solutions  of  the  kind 
illustrated  in  Fig.  a  10.  which  are  strictly  outgoing  from  both  sides  of  a  transparent 


>  with  ut!  —  UIt  impbes  that  M.f  h  s,>! ns  must  Ik-  possible. 

<  f  this  kind  "f  sobit. o*i  implies  tts ,(  |.f- •  js  not  only  GKS  unstable, 
Me  ton.  w.tls  a  growth  rat.  like  v  ’•  (Thai  4  2  3)  (An  alternative 


i'vdfi  "l*li t n  2  3  IF  wlio 


s* aide  f..rn. . a  pa.; 


that  d*>p,l.  i:>  G. 


Ill 


(>r  idirv  j  loinplrt rlj  reliable  difference  model.  Tin*  standard  waj  to  sliow  this,  in 
at. ..logy  with  the  situation  for  ult  =  utt,  would  be  to  prove  that  LF*  satisfies  a  bound 
. t!  .  ..ivir.g  function  values  arid  their  first-order  differences.  Out  in  the  present  context, 
w<  an  view  it*  stability  in  practice  as  a  consequence  of  the  identically  tero  reflection 
nu  tli'  ii'TiLs  That  is,  the  LF2  model  possesses  unstable  resonant  modes,  but  they  are 
not  significantly  excited  by  initial  data. 


Inflow-outflow  theorems 

However,  we  will  now  show  that  the  (IKS- instability  of  the  transparent  interface 
problem.  '-veil  m  the  case  C  --  0.  is  not  completely  irrelevant  to  questions  of  stability 
with  respect  to  initial  data.  The  following  is  a  paraphrase  of  an  ''inflow-outflow” 
Mo  ii'eti.  published  first,  by  (>oldb<  rg  and  Tadrnor;  for  detai's  see  Thin.  2.!  of  [Go8l|. 
Hv  •' -ii flow"  aru!  “outflow**  variables,  we  mean  variables  corresponding  to  components 
<,f  ■  ),<•  partial  differential  equation  with  characteristics  pointing  into  or  out  of  the 
region  at  the  boundary,  respectively  not  to  righlgoing  or  leftgoing  modes  admitted 
l.y  the  difference  model.  This  use  of  the  terms  is  standard.* 

Theorem  5.4.2  jGoSJj.  Let  Q  be  a  dwgonahzable  Cauchy  stable  difference 
model  consistent  u  tth  a  well  posed  hyperbolic  initial  boundary  value  problem  Assume 
that  at  the  boundary  the  inflow  variables,  u,  are  given  as  functions  of  the  outflow 
variables,  v.  Then  Q  t*  GKS  stable  if  and  only  if  its  restriction  to  ih*  outflow  variables 
i  is  GKS  stable. 

Sketch  of  proof.  If  the  restriction  of  Q  to  t  is  GKS- stable,  then  by  the  definition 
..f  <  .KS-stability  (1.3.1),  the  J-inlrgral  of  v  at  the  boundary  r  =  0  can  be  estimated. 
Thi  sc  boundary  value*  are  just  the  boundary  data  for  u,  so  it  follows  that  u  can  be 
estimated  too.  | 

Wr  claim  the  following: 

Observation  5.12.  An  inflow- outflow  theorem  Itke  Thm.  5.^.2  cease* 
fe  hold  if  "CKS  stable r  t*  replaced  by  mf i  stable" 

* 1  f rmi-vi » .  in  heepo'tt  with  our  get.,  rat  ;>oliry  of  t1«*n:x*.«tg  stability  witli  minimal  reference 
i!..  jtfujH  rin-!>  u!  tlx  d.tVri  nnal  < •pi.iiirxi.  w,  nlm-fye  that  tl.«  same  theorem  Imlds  for 

-pl.t nng  ,.f  ,i  .h<T.  retire  mod.  I  it.'.i  variables  u  and  v. 
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To  show  this,  imagine  a  problem  wilt,  mu  outflow  vnriahu  i  and  two  irflow  variables, 
Ui  and  tig.  Let  »•  and  u\  correspond  to  a  folded  Ifiinsp.v  i  t  interface  with  ('  --  0 
so  that  data  in  these  components  at  some  freqiiemy  »■«,  ran  remain  stationary  at 
the  boundary.  Let  uj  obey  any  model  under  which  boundary  data  at  frequency  w0 
generate  a  rightward  flux  of  energy  Then  obviously  the  system  cannot  hr  tj  stable, 
but  its  restriction  to  v  is. 

The  difficulty  again  has  to  do  with  boundaries.  The  inflow- outflow  idea  depends 
on  having  control  or  the  numerical  solution  along  the  boundary,  since  that  is  where 
the  inflow  and  outflow  variables  art  coupled.  The  (IKS  stability  definition  is  strong 
enough  for  this  to  go  through,  because  of  the  boundary  integral  it  includes,  while 
the  definition  of  ^-stability  is  not  This  would  appear  to  be  a  point  in  favor  of  the 
CKS  stability  definition  How«\cr.  sine*  the  transparent  nUrface  problem  dues  not 
ael  unstable  in  any  more  usual  sense.  *<•  are  tinfinei/  to  think  thaf  inflow  outflow 
theorem*  arc  probably  too  much  to  di  m  ,nd  of  a  stability  definition. 

It  is  worth  pointing  out  that  not  only  can  energy  with  C  --  0  remain  ap¬ 
proximately  fixed  ui  span  for  a  long  tune,  but  it  .an  in  principle  accumulate  in  a 
spike  at  one  point,  causing  large  growth  in  the  l.A.  norm  An  example  of  this  kind 
i-  given  m  ka  «/  ;Tr*2)  Thus  m  a  <iK'i- unstable  problem  with  t-j,  stable  outflow 
components.  it  i*  possible  that  a  small  outfl.  amg  signal  mold  generate  a  strongly 
■  unstable  inflowing  one  that  was  large  m  ati.p'itude.  not  just  total  energy 

5.5  Summary  and  diseu*»icn 

For  the  ranch)  problem  with  constant  eoelfi.  lent*,  there  arc  two  possible  median- 
isms  of  instability  amplification  factors  .-  of  modulus  greater  than  unity,  and  defective 
amplification  fa.  tors  of  modulus  equal  to  unity  (Thm  2  2  2)  If  the  ■  oi-ltii  iciils  arc 
allowi-d  lu  vary  with  i.  (.  or  A.  new  poss.hi!ilie>  an.*e  :HiG7j  When  a  boundary  is  m- 
t  rod  need,  one  must  b-gin  to  ..•risidcr  liml'ii.m  Kyabcnkii  ■  ign  solutions  spontaneous 
radiation  of  par.tsii ir  waves.  *..mh  rime  waves  with  C  •  -  0,  :  rnpp<  d  sip t  .1-  w  tl.  |»c|  * 
1,  and  radiative  solutions  of  .Jcfei  t.vc  typ«  , Thins  12  1,1  2  3.1.  I  I).  Ad-ling  a  second 
bo’indary  raises  the  prosper*  .,f  r»  :h  ctm;.*  bad  .»nd  fi  rth  to  tween  t‘ <  two  bound¬ 
aries,  which  w*  wills.-,  m  Sr,  1,  *  1  «•  f  •  •i.pl.  ..t. .!  I  mall;,  ?*,.  world  ahil  ties 
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invisible.  Nor  ran  one  assume  hat  these  various  mechanisms  will  not  interact  to 
produce  further  complications 

'rhe  variety  of  stability  questions  that  one  may  wish  to  answer  is  equally  compli¬ 
cated  One  may  be  concerned  with  a  difference  model  driven  by  initial  data,  forcing 
data,  or  boundary  data,  or  some  combination  of  these,  and  one  may  or  may  not  be 
willing  to  assume  that  they  have  some  degree  of  smoothness.  One  may  be  interested 
in  1 2  or  in  maximum  errors,  at  fixed  time  steps  or  averaged  over  time,  in  the  field  only 
or  at  the  boundary  also.  One  may  want  a  guarantee  that  stability  will  be  preserved 
when  a  second  boundary  is  introduced,  or  when  one  outflow  model  is  used  to  drive 
a  distinct  inflow  model,  or  when  undifferentiated  terms  or  other  perturbations  are 
added  And  or  course,  technical  limitations  inevitably  lead  to  the  consideration  of 
further  stability  definitions  that  would  never  come  up  naturally,  as  one  tries  to  find 
a  workable  compromise  between  what  can  be  proved  and  what  can  be  used. 

In  summary,  the  first  point  that  we  wish  to  emphasise  is  this; 

j  Inst ability  for  difference  models  u  caused  by  identifiable  physical  mtchan- 
,  umi,  especially  phenomena  of  dispersive  wave  propagation.  A  complete 
i  understanding  of  instability  require#  •  recognition  of  these  mechanisms. 

.  Different  mechanisms  are  relevant  to  different  stability  guestions.  No  single 
J  definition  of  stability,  or  identifie ation  of  its  cause,  can  satu/ae  torily  ac- 
I  count  for  all  possibilities. 

We  have  reached  many  more  specific  conclusions  about  what  physics  normally 
causes  what  kinds  of  instability.  The  most  important  one*  can  be  summarised  a a 
follows: 

Instability  with  retpect  to  initial  data  t*  usually  astoeiated  with  the  exis¬ 
tence  of  infinite  reflection  coefficient t  (Obs.  5- 1,5  £.5  0,5.7/  Instability 
with  respect  to  boundary  data  u  usually  associated  with  the  existence  of 
spontaneous  strictly  rightgoing  solutions  (Ohs.  5-5,5  5.5  0,5.9/  Instability 
with  respect  to  the  introduction  of  a  second  boundary  u  associated  with 
in/imfe  rejection  coefficients  involving  wave  like  modes  (06s.  S.f,  5  10)- 

The  GKS  theory  represent#  an  extreme  point  in  acveral  respects.  For  one  thing,  it 
goes  far  in  the  direction  of  emphasising  mathematical  unity  at  the  expense  of  natural¬ 
ness,  combining  all  stability  issues  into  a  single  remarkably  complicated  definition, 
about  which  a  rrmarkably  simple  theorem  can  be  proved.  Second,  the  GKS  stability 
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definition  ia  also  close  to  extreme  in  its  conservative  ness:  if  a  problem  is  GKS- stable, 
it  is  almost  certainly  stable  in  practice,  whereas  wc  have  seen  in  this  chapter  that  the 
converse  docs  not  hold.  However,  in  some  respects  the  GKS  definition  is  not  so  strict. 
Its  generous  allowance  Tor  exponentially  growing  solutions  leads  to  problems  related 
to  “P-stability*  that  we  will  discuss  in  $6.4;  and  its  failure  to  give  eatimates  at  fixed 
time  steps  rather  than  integrated  over  all  I  makes  its  application  to  adaptive  mesh 
refinement  problems  difficult  (Joseph  Oliger,  private  communication). 

The  GKS  theory  is  focused  on  boundaries.  The  stability  definition  (4.3-1)  requires 
that  the  solution  along  the  boundary  satisfy  an  estimate  in  terms  of  the  data  along 
the  boundary,  and  the  proof  of  the  GKS  theorem  (which  we  have  not  discussad)  gives 
evidence  of  this  bias:  it  proceeds  by  reducing  the  difference  model  to  a  m  .rrencc 
relation  in  j,  with  the  boundary  conditions  Tor  initial  data,  and  the  forcing  data  F 
are  introduced  only  as  an  inhomogeneous  term  in  this  recurrence  relation.  In  fact, 
the  result  labeled  “main  theorem*  in  the  GKS  paper  is  not  our  Thm.  4.3.1,  but  an 
assertion  that  GKS-stability  is  equivalent  to  a  boundary  estimate  (Thm.  5.1  otjGu72)). 
Initial  data  do  not  figure  naturally  in  the  theory  at  all,  and  must  be  introduced  by 
way  of  the  forcing  function  F  at  the  cost  of  a  factor  of  h  (Thm.  3.1  of  (G«72)),  or 
by  way  of  the  boundary  data  g  at  the  cost  of  a  smoothness  restriction  (Tlim.  2-1 
of  jGu8l)).  Ideally,  an  analogous  theory  would  be  available  that  was  fundawsentally 
oriented  towards  initial  conditions  instead,  but  although  Osher’s  results  of  |Os69b) 
are  of  this  type,  they  do  not  have  full  generality. 

Our  summary  assessment  of  the  GKS  theory  is  this: 

There  is  probably  no  better  all  purpose  stability  criterion  than  the  GKS 
determinant  condition.  However,  the  theory  m  support  of  this  condition, 
in  particular  the  GKS  stability  definition,  ore  relatively  unsatisfactory ,  and 
fully  justify  the  determinant  condition  only  with  rf4pect  to  the  proMrm 
of  estimating  boundary  values  in  ternu  of  boundary  data.  For  additimaal 
insight  in  particular  problems,  if  u  worth  checking  whether  any  GKS- 
Unstable  solution  has  in/Jmte  reflection  cofficients  and  strictly  rig htgwmg 
•nodes. _ _ 
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6  STABILITY  FOR  MODELS  WITH  SEVERAL  BOUNDARIES  OR 
INTERFACES 

6.1  Introduction 

In  this  final  chapter  wo  eonftidrr  difference  models  containing  two  or  more  bound¬ 
aries  or  interfaces  Tlie  question  in.  when  is  such  a  model  stable’  In  most  cases  the 
OKS  theory  Rives  a  procedure  for  answering  this  question,  but  the  algebra  involved 
i<  often  very  complicated,  and  in  addition  regrettably  problem-specific  To  avoid 
these  difficulties,  ti  is  natural  to  look  for  stability  results  that  depend  only  on  the 
properties  of  each  interface  independently,  fine  ask*,  what  properties  of  an  inter¬ 
face  can  guarantee  that  models  containing  several  such  ir.srfaces  will  be  stable,  or 
unstable’ 

The  simplest  problem  of  this  kind  is  that  of  modeling  a  hyperbolic  system  of 
equations  on  a  strip,  say  0  <  x  <  I,  with  numerical  conditions  prescribed  on  each 
boundary,  loir  this  the  CKS  theory  gives  what  appears  to  he  the  ideal  result,  which 
wo  quoted  as  Thm.  5.2. L  for  GKS-stability  or  the  strip  model.  GKS-stability  of  each 
boundary  individually  is  sufficient.  In  fact,  Thm.  5  2  1  is  not  quite  ideal.  The  difficulty 
is  that  for  fixed  h  and  k,  a  GKS-stable  difference  model  often  exhibits  exponential 
growth  for  a  problem  whose  solution  does  not  grow,  and  the  rale  of  growth  need  not 
decrease  as  h  and  k  are  reduced  unless  the  model  is  totally  dissipative.  We  wifi  look  at 
this  problem  in  §6  4 .  Still,  for  most  purposes  Thm.  5.2.1  is  good  enough  for  realistic 
strip  problems. 

We  will  be  mainly  interested  in  a  different  class  of  difference  models,  those  in 
which  the  interfaces  are  not  separated  by  a  fixed  distance  Ar  in  x  as  h,  fc  — •  0.  but 
by  a  fixed  number  of  mesh  intervals  &j.  (Of  course  in  reality,  every  computation  is 
dune  on  a  finite  mesh,  so  this  distinction  is  sometimes  delicate.)  Such  problems  come 
up,  for  example,  when  one  has  an  initial  boundary  value  problem  model  that  involves 
two  or  more  distinct  boundary  formulas  in  addition  to  the  interior  formula,  as  would 


normally  be  used  when  the  interior  si  hi  im  h.i<  orm  r  of  .ti  iuM>>  great.  r  than  two 
(017 1,0176).  It  is  not  standard  to  view  sm  h  composite  schemes  a>  consisting  of  fixed 
formulas  separated  l>>  interfaces,  but  we  believe  this  approach  may  be  useful.  They 
might  also  occur  in  modeling  an  adaptive  mesh  refinement  scheme,  where  there  can 
be  no  guarantee  that  one  interface  between  meshes  will  remain  a  fixed  distance  from 
the  next  as  h  is  decreased. 

For  these  multi-interface  problems  of  “fixed  Aj  type",  no  theorem  as  simple 
as  Thm.  5.2.1  holds,  and  we  will  demonstrate  this  in  §6  .1.  However,  §6  1  and  §6  5 
will  show  that  stability  results  ran  sometimes  be  obtained  by  arguments  based  on 
reflection  coefficients. 

6.2  One  interface:  results  of  Ciment  and  Tsdmor 

IMT.HKACT.  PROUl.KM.  Consider  j»  scalar  difference  model  Q  consisting  of  one 
formula  Q  applied  for  -oc  <  j  <  ;u  coupled  with  second  formula  (J ,  applied  for 
j0  <  j  <  oc  This  is  an  interface  of  the  “abrupt  change'  type  considered  in  §3  Q 
may  represent  a  discontinuous  physical  system,  or  the  interface  may  be  a  numcnc.il 
one  [mesh  refinement,  hybridization)  Assume  that  Q  and  Q  »  each  satisfy  Ass  3  1, 
so  that  Q-  has  stencil  parameters  f  ,r  and  admits  exactly  r_  left  going  and  f_ 
rightgoing  solutions  for  all  2  with  \z,  >  1,  similarly  for  Q..  We  have  discussed  the 
stability  of  such  problems  in  §3  §5.  In  Thm  4  3  l  wc  saw  that  0  IK  (IKS- unstable  if 
and  only  if  it  admits  some  steady -slate  solution  that  is  .ongoing  from  both  sides  of 
tin-  interface,  as  suggested  by  Fig  6  1: 


I'-ach  arrow  in  the  figure  represents  otu  signa.'  w.lti  energy  flux  in  "»»  indicated 
direction  (positions  (l|  (5)  in  Table  2  1  on  the  left.  !5)  on  the  right  1  To  prove 
stability,  one  must  show  that  the  kind  of  rmihgurnt  ui  illustrated  cannot  occur. 

INITIAL  liol  M'MtY  VMn  I'IKjHII.V.  V.'ernat.vely.  r„i,.ider  a  similar  scalar 
mud.  I  Q  fur  af  a!  boundary  value-  probi.  i  I  «•'  j 
f.irttiui  k  Q.  sa* : -1  j  i i  A-s  3  .  with  f.  '  !  or  j  —  ft 
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a  fixed  boundary  formula  Q  .  also  satisfying  Ass.  3.1,  which  to  bo  applicable  will 
have  to  be  one-sided  in  the  sense  of  having  (-  =  0.  Boundary  conditions  of  this 

kind,  namely  identical  at  all  points  0 . jo  -  1.  are  called  tranalatory  boundary 

conditions  by  Goldberg  and  Tadmor  [Go78,Co8l|.  Now  for  GKS-stability,  since  Q _ 
applies  only  at  a  fixed  set  of  points,  it  is  necessary  and  sufficient  that  Q  admit  no 
steady  stale  solutions  that  for  j  >  j0  consist  of  rightgoing  modes.  That  is,  we  can 
drop  the  requirement  that  the  solution  on  the  left  is  leftgoing.  However,  since  =  0, 
Q  admits  no  rightgoing  solutions  anyway,  so  the  change  is  vacuous.  Therefore  as 
before,  is  GKS-ui. stable  if  and  only  if  it  admits  some  steady  state  solution  that  is 
outgoing  on  both  sides  of  j  =  jio,  as  in  Fig.  6  1. 

For  problems  of  both  of  these  kinds  one  main  general  result  appears  in  the 
literature,  roughly,  total  dissipativitv  ensures  stability.  The  original  theorem  in  this 
direction  is  due  to  M  Ciment: 

Theorem  (Ci7tf.  Consider  the  interface  problem  of  the  first  paragraph  above. 
Let  both  Q  and  Q  ,  be  explicit,  two  level  formulas  consistent  with  the  equation  u,  = 
uu,  // Q-  and  Q  .  are  dissipative  (i  t  z  dissipative),  Q  u  GKSstable.  | 

A  similar  result  for  boundary  rather  than  interface  problems  was  derived  a  few 
years  later,  perhaps  independently,  by  Tadmor  and  Goldberg  (Ta78,Go78,Go8l|.  We 
express  their  results  in  our  terminology,  in  particular  replacing  their  condition  (3.7) 
with  the  idea  of  t  dissipativity  { §2.2).  For  a  full  statement  sec  Thms.  3.3  and  3.4  oT 
;c;o8i]. 

Theorem  (GoStf  Consider  the  initial  boundary  value  problem  of  the  second 
paragraph  above  Let  Q,  b<  consistent  with  u,  =  au,  for  a  >  0,  and  assume  that 
Q  satisfies  the  von  .N'eumqnn  condition  and  a  eer/a.n  solvability  condition  (Defn.  S.l 
of  Gofttj).  but  drop  the  assumption  that  it  satisfies  Ass.  S.l.  If  Q  w  t  dissipative 
and  either  Q  _  or  Q  *  is  z  dissipative,  then  Q  is  GKSstable.  | 

Obviously  these  two  theorems  are  related,  and  hy  isolating  the  idea  of  t-dissipat- 
i v 1 1 > .  we  can  bring  out  the  connection  and  generalise  them  both.  In  particular, 
Ciment  s  restriction  to  two-level  formulas  serves  no  purpose  except  to  ensure  that  r- 
disMpalivity  will  imply  f-dissipativity  (Thin  2.2.3).  Similarly,  Tadrnor’s  assumption 
is  unnecessary  that  it  is  rather  than  (?«.  that  is  t- dissipative.  Wc  propose  the 
following  generalisations.  In  each  of  these  theorems,  Q .  and  Q+  may  be  explicit  or 
implicit,  two  level  or  multilevel. 


Theorem  6.2.1.*  Consider  the  interface  problem  described  in  the  first  paragraph 
above.  Let  and  Q .  be  consistent  with  u{  =  a_ ur  and  uf  =  respectively, 

with  u_a^  >0.  If  at  least  one  of  them  is  z  dtss  pahve  and  at  least  one  u  t  dissipative, 
then  Q  u  GKS  stable. 

Theorem  6.2.2.*  Consider  the  initial  boundary  value  problem  described  tn  the 
second  paragraph  above.  Let  Q+  be  consistent  with  u,  =  an,  Jom  a  >  0.  If  at  least  one 
of  Q -  and  Q+  is  z -dissipative  and  at  least  one  is  t-dissipative,  then  Q  u  GKS  stable. 

Proofs.  Consider  first  the  case  1+  =  r_  =  1,  which  covers  interfaces  between 
typical  three- point  formulas.  Given  z  with  \z\  >  I,  let  k _  and  denote  the  a  vaJues 
for  the  unique  leftgoing  and  righlgoing  modes  admitted  by  Q_  and  Q+,  respectively. 
The  abrupt-change  interface  imposes  the  condition 

(6  2  1) 

for  a  steady-stale  solution;  call  this  number  *.  Now  since  the  signals  are  outgoing 
from  the  interface,  we  must  have  |x_|  >  1  >  |x«.|,  hence  |«|  =  1.  and  the  von 
Neumann  condition  for  Q ,  then  implies  \z\  —  l  also  (Thm.  2.2  I).  Since  one  scheme 
is  r- dissipative,  these  equalities  imply  k  =  1  Since  one  scheme  is  f-dissipative,  this 
implies  further  i  =  1.  Now  by  the  consistency  assumption,  the  only  signal  with 
e  =  k  =  J  is  strictly  leftgoing  on  the  right  of  the  interfare  in  the  initial  boundary 
value  problem,  while  in  the  interface  problem,  either  it  is  strietly  icflgoing  there  (case 
a  ..a*  >  0),  or  ..  is  strictly  righlgoing  but  so  is  the  solution  on  the  left  of  the 
interface  (case  a.,  a,  <  0)  In  any  case  there  can  be  no  unstable  solution  of  the  kind 
illustrated  in  Fig  6.1. 

Now  consider  the  genera!  problem,  in  which  Q  arid  Q  t  have  arbitrary  stencil 
parameters  t ..  r  .  and  t..T+  Iri  §3  2  we  examined  a  general  abrupt-change  interface 
or  this  kind  in  the  context  of  reflection  cuelficictiU.  Given  z  with  |z|  >  1,  let 
k(  , .  .  ,Kf  denote  the  leftgosng  k  values  for  Q  ,  and  the  rightgoing  k 

values  for  Q.  l’.q  (3.2. 1 6)  showed  that  an  outgoing  solution  as  in  Fig  6  I  exists  if 
and  only  if  the  equation 

V'A  0  (6.2.2) 

has  a  solution  A  -f-  0,  where  \  is  the  van  der  Monde  matrix  of  sixe  f .  +  r  formed 
from  {*,  )U{*r>-  ^n‘f  A  :*  a  vector  of  the  same  length  We  assumed  in  §3.2  that 

*Sr«  (hi  qualification  in  the  final  paragraph  of  » ).«  proofs. 
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■  •  '•  " '  >!  '*  ■!»,’!'  had  .1!!  « J s ’ . t . .  r  i  li  i:trrn>,  but  if  «*  v«  f.i!  k's  fOiilivv,  (6.2.21 

'  -  ii-  '..i  t'  :«  <  i>ti.e«  a  ■-» . ? 1 1' u«  i.t  -.an  m  r  Mo:.  it  matrix  involving  entries  k3 jl . 
\  •.  ;>  .tit.  iirr  matrix  i .**) .tl ur Tit  t>:  ;.olj  -  s; ngu.ar  if  and  only  if  it  has  a 

■  :  'i  ;:m.  Tl  i  ''fur*  (6  2.2 !  has  a  iinnr<To  solution  iF  and  only  if  kJ  =  k }  for 
•  -  !  and  I  'fin  m  ft  Li:  *•  proof  prnrec  *|s  ;i>  before,  beginning  with  (62.1). 

I  ,«r.ViiMi'!s  ■  the  proof.  exrept  fr.r  one  qualification.  In  the  GKS 

•l  ..r»  •h.V  we  >r e  a t ling  to  '  PI. v. t  1.3  Ii.  the  assumption  was  made  that  the 
r*-r  ti  <■<!(•!  is  «•,•'.*  r  i  ■  ii'-ipativ/.  or  str'rtiy  nondissipative.  This  restriction,  if 
•■•.it  t  !.•  li-'nrssfi  w;tl..  our  the  rems  to  the  situation  in  which  both  Q  - 

i!  t(» .  ;\T"  „'•>!: -'i i|ow*-vr.  ve  believe  that  the  arguments  of  j<iu72j  can  be 
r  ■  !  f/*  .--.wr  tb*  ra>*  n>  -simn  'see  the  footnote  to  Thin.  1.3.1).  | 


Example  6.1.  I  <’  (j  !»■  a  n.nijei  of  u,  ~  u,  on  [  —  x.ocl  consisting  of  (} .  = 
i  f. .*  ■  up  *  *1  w'.i  ()  ~  BE  for  j  <  ;;1.  Ill  §2.2  we  have  set  t,  that  HE 

■i  - ; * . k ' . e  !  !.I  i  i>  .'•dis;.ip:i'.iv«  By  Tint..  6  2  l,  Q  is  therefore  C»KS -stable, 
in  *  :  ,  ri.turerr,  lUst-  :i('f  n-vvr  this  case. 

Example  6.2.  I.*1'  (}  bi  a  model  r>r  nt  -  «,  on  ’O.oc;  consisting  of  .  —  l.xE 
*  I  '  .  <iri.  li'-:  Anp  Al  for  ;  >  jy  >  1  together  with  the  boundary  formula 


(6.2.31 


;0.  Suire  l.xF  is  a  two-lexel  furnm!a.  it  is  tdissipative  by  Thin.  2.2.3  and 
tee  Shat  16.2  3  it  j-  dissipaiive.  Therefore  Q  is  GKS-stable.  (Compare 
The  GnlcBe-g  and  Tadmnr  theorem  does  not  cover  this  case. 


6  3  Two  interfaces:  dissipativity  is  not  enough 

The  tk  .  oreiiis  of  the  last  seel  inn  are  ;q*p<  ;il: r. >r ! y  stipule,  hut  limited  to  models 
■  i..!ni*,g  only  one  'iitcrfiit e.  In  practice  this  cir.irs  most  lirst-  and  second-order 

■-•  '  *  n*.  «.  wh.ch  I " v  have  f,r  <  1.  but  \<->  f*  w  highcr-or  "r  ones,  ft  has  been 

11  1 1 - i |* I ■  i  by  .<■::•*  r-xearehiT'  '!  a?  for  multi  :t  >rfacc  problems  loo,  dissipalivity  must 
•  r<  stability  and  in  fact  this  claim  is  slated  as  Thai.  3.1  in  (OI79|,  However, 
•  >•  ipa'ivi' .  m  fait  uof  enough.  ami  this  becomes  quite  obvious  when  one  thinks 
!■  '■•:■!!>  i.f  r.gf  i  ■  ard  left'.'*.:.:  .-'*i  u!  mfis  ;m!  nl’ii’ion  corfHcM-iils.  In  this  section 
,v  w-1  'ii-si  ix  |  .|,i ;  n  s'l.ii'-.iti..  i.'y  how  ins' a1" lit  \  it  <oim  about  in  li.ulli-  interface 


Here  is  the  rxplanatior.  Consider  a  steady  stall-  *<ilulion  at  a  (IKS  stable 
interface. 


KUS  6  2 


where  the  lengths  of  the  arrows  are  related  somehow  to  the  amplitudes  or  energy 
fluxes  of  the  corresponding  signals.  Now  from  §§3  a,  we  know  that  (.IKS-slabilily 
does  not  imply  that  the  interface  ronserw'S  energy,  or  amplitude,  or  anything  else.  It 
implies  that  the  reflection  rorflirir nls  are  tiniu.  but  not  that  they  have  moduli  less 
than  or  equal  to  1  Thus  as  suggest* d  in  the  fipuro.  a  srnalf  incident  wave  may  cause 
a  large  reflected  wa\e;  it  is  only  a  configuration  exhibiting  reflected  energy  in  the 
absence  *«f  any  incident  energy  that  would  constitut*  instability. 

Now  suppose  Q  contains  two  stable  but  nonconscrvitig  interfates  of  the  above 
sort  separate*',  by  t  fixed  number  of  grid  points  A;  Then  it  may  happen  that  each 
mu  stimulate*  th*'  other's  reflected  and  transmitted  energy. 


FlC  6  3 


If  the  I  wo- in  ter  face  system,  including  all  the  grid  points  in  between,  is  thought  of  as 
a  single  more  complicated  uite'face.  as  suggested  in  l  ig  6  3.  then  tin-  configuration 
shown  general  s  outgoing  w.;\*  s  without  any  .stimulation  by  incoming  ottos  Therefore 
it  is  GKS- unstable. 

Example  6.3:  an  unstable  combination  of  dissipative  stable  formulas 

This  « sample  is  cxtreimiy  •'.»nlriv*d.  bin  it  yulds  a  -trong  ri»u't  The  si  henii1 
Q  will  be  an  uuial  boundary  Valin  [.rol  l*  n  mode!  dTivsling  of  three  dissipative 
■  !;IT>  ret:.  <  formulas  f^r<.  Q i-  Qi-  "Inch  are  app!  at  j  -  0.  j  -■  1.  and  j  2, 

n-spi  ••lively.  T  hus  in  this  ex  am  pit  'In-  two  ititerf.Ve*  ('■  .,o<l  1}  <.»;  are  only 
grid  >*ep  a,*.M  lia.i.  i.-n  *  .la  (t\  -  •  *.«•  ,-M'  Wh  -•  u„  . .  Qu  wi4 


I 


in  that  it  admits  an  exponentially  growing  cigcnsolulion  of  Godunov- Ryabcnkii  typo, 
i.c.  with  (zj  >  l. 

Wr  start  from  an  intended  normal  mode  and  build  the  difference  schemes  in  such 
as  way  as  to  make  it  indeed  an  cigcnsolulion  of  Q.  We  will  lake 


X  = 


1 

8' 


- 

*  “  128’ 


ai  d  aim  for  the  normal  mode  shown  in  Fig.  6.4: 


INTERIOR  FORMULA  Ul’WIND  DIFFERENCE  PLUS  DISSIPATION  Q2  is  defined  by 

l’>  = v7 +  Mv;*,  -  vD  +  y  («>,%,  - 2v ? +  v7- • )  J  ^ 2- 


8 

With  X  =  £  this  has  the  characteristic  equation 


-(*  -  2  +  -) 


3817k  0 

“  64  +  64  +  64k' 

From  this  formula  one  may  readily  verify  that  |*|  =  I  implies  ] ar|  <  1,  with  equality 
only  for  k  =  z  —  1.  This  shows  that  Q2  is  Cauchy  stable  ami  totally  dissipative.  The 
formula  also  confirms  that  for  k  =  as  in  the  mode  we  have  chosen,  a  =  129/128. 


LEFTMOST  FORMULA  COMBINATION  OF  UPWIND  DIFFERENCES.  Q0  is  defined  by 

-  U 


With  X  =  J  this  has  the  characteristic  equation 


'  ’ , +  IS1-* " 11  *  i®*-3 "  *» 


367  3«^  I1*‘ 

381  +  381  +  381  ’ 
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This  formula  implies  that  Qq,  like  Q2,  is  Cauchy  stable  and  totally  dissipative,  since 
|z|  <  1  for  |k|  =  1  except  when  k2  —  kj  =  1,  hence  k  —  I.  Applying  it  to  the 
chosen  normal  mode  gives  again  the  growth  factor  2  =  129/128. 

MIDDLE  FORMULA:  LEAP  FROG  PLUS  IMPLICIT  DISSIPATION.  Q,  is  defined  by 

«r'  = »?-'  +  m«?  -  «;i + ck+i  -  +  «s*,i 


with  t  >  0  (cf.  LFd),  which  for  X  =  J  has  the  characteristic  equation 
r(l  -  <(«  -  2  +  I/*))  =  ;  +  ^1'  -  '/*)■ 

Foe  |k|  =  1  and  k  ^  I  this  becomes 


with  M  >  I.  and  as  the  right  hand  side  is  pure  imaginary  it  can  equal  the  left 
hand  side  only  when  |z|  <  1,  so  the  scheme  is  Cauchy  stable  and  dissipative.  (The 
possibility  z  =  ±»  must  be  disposed  of  separately.)  We  arc  entirely  done  if  <  >  0  can 
be  chosen  so  that  when  the  characteristic  equation  is  applied  to  the  normal  mode  of 
Fig.  6.4,  the  growth  will  be  z  =  129/128.  For  this  one  needs 


-UGM?> 


that  is, 


LZ  Jlzllll 

-5z/4 


_1036 

83205 


.01245117. 


According  to  these  definitions  Qi  and  Q2  each  have  one  leftgoing  and  rightgoing 
mode  for  all  >  I.  while  Qq  has  three  leftgoing  modes.  AH  together,  therefore,  the 
proposed  normal  mode  has  the  schematic  form 


7  =  0  ;  =  1  ; 


2 


I 


V 
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Ttiis  is  consistent  witli  the  general  form  of  a  (IKS  instability  illustrated  in  I'ig.  6.1. 

DEMONSTRATION  6.1.  To  confirm  the  above  analysis,  the  model  Q  was  applied 
on  a  grid  h  =  1/ 100,  A:  =  1/800  on  [0,2]  with  initial  data 


with  inllow  boundary  condition  vJoo  =  0.  The  following  unstable  growth  was 


observed; 

t  n 

||«nIUMS 

Ratio 

0  0 

.5781 

1  800 

2010 

.348 

Table  G.l 

2  1600 

8.404 

41.8 

3  2100 

4.251  X  IQ3 

506 

4  3200 

2.149  X  108 

506 

The  ratio  rapidly  approaces  the  predicted  ' 

raluo  (129/128)*M  s=  505.6.  . 

\  plot  of  the 

computed  distribution  also  shows  exactly  the  form  of  the  predicted  normal  mode. 

6.4  Two  interfaces:  stability  and  reflection  coefficient* 

The  example  of  the  last  section  showed  that  when  two  or  more  GKS*  stable 
in  ter  fares  interact,  the  presence  of  reflection  cocllicients  greater  than  1  in  modulus 
may  cause  the  combination  to  be  unstable.  Here  we  will  show,  conversely,  that  if  the 
moduli  are  not  greater  than  1,  this  implies  stability.  The  problem  we  apply  this  idea 
to  comes  from  a  paper  or  Beam,  Warming,  and  Yoc  [11*81],  in  which  they  motivate 
and  define  the  notion  of  P  stability.  (Ileam  et  al  do  not  argue  by  means  of  reflection 
coefficients.)  We  will  reproduce  and  extend  their  main  results. 

The  background  to  [Reol]  is  as  follows.  In  studying  certain  fluid  flow  problems 
numerically  on  an  interval  |0,  l),  Beam  ct  al.  app'iod  time-dependent  finite-difTcrence 
models  for  the  purpose  of  determining  steady-state  solutions,  i.c.  t  -»  oo.  Since  they 
had  relatively  little  interest  in  modeling  the  transient  behavior  accurately,  it  was 
natural  to  consider  large  time  steps,  hence  large  mesh  ratios  X.  and  even  to  consider 
the  limit  X  --  ee  When  they  did  this,  they  observed  that  in  some  r  ises.  large  values 
of  X  led  to  models  that  admitted  exponentially  growing  solutions,  even  though  each 
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boundary  individually  was  GKS-slablc.  Such  exponential  growth  dors  not  violate 
(•KS-stabilily,  provided  i!  does  not  become  more  severe  as  the  mesh  is  refined,  but  it 
is  fatal  for  computations  in  which  one  wants  a  meaningful  limit  as  t  — •  oo. 

Therefore  Beam  et  al.  defined 

Defn.  ]Be8l|.  A  difference  model  is  /’-stable  if  it  is  GKS-stable,  and  further¬ 
more,  for  all  h  >  0  it  admits  no  eigensolutions  with  |z[  >  l.  n 

By  an  eigensolution,  we  mean  here  .n  eigrnsolution  in  the  standard  functional  analytic 
sense  of  the  operator  represents  the  entire  difference  scheme,  including  boundary 
conditions  al  both  ends.  This  definition  rules  out  the  troublesome  exponential  growth 
The  trouble  is  that  it  is  not  a  stability  definition  of  the  usual  sort,  since  it  is  not 
connected  with  any  estimate  like  (4.2.5)  or  (4. 31)  However,  the  complexity  of  the 
(IKS  theory  in  general,  and  of  (4.3.1)  in  particular,  suggest  that  it  may  sometimes  be 
useful  to  discuss*  practical  stability  criteria  without  waiting  for  a  complete  theory  to 
justify  them.  (This  is  what  we  did  in  §5.)  In  experiments  on  their  original  nonlinear 
fluid*  problem.  Beam  et  al.  found  that  /’-stability  is  a  reliable  guide  to  observed 
success  of  the  computation. 

The  observation  that.GKS-stable  strip  models  may  admit  exponentially  growing 
solutions  is  not  now,  and  in  fact  §7  of  [Gu72]  is  devoted  to  this  phenomenon.  For  a 
particular  example  involving  a  2  V  2  system,  that  section  derives  conditions  in  terms 
of  X  and  the  number  of  grid  points  between  the  boundaries  for  there  to  be  no  growing 
eigensolutions.  The  contribution  of  [Rc8i{  is  that  it  applies  similar  ideas  in  a  more 
realistic  context,  and  in  particular  it  derives  /’-stability  results  for  an  interesting  class 
of  models  based  on  A-stable  formulas. 

Wc  will  now  derive  /’-stability  results  by  means  of  reflection  coefficients.  Consider 
the  two-interface  geometry  shown  in  Fig  6.6.  on  which  a  composite  difference  model 
Q  is  applied. 

! 

•  •  ■  X  X  )j:  X  x  X  X  |  X  x  •  ••  Fig  6.6 

j  —  o  j  —  J 

At  points  j  =  I ,..../  -  1.  witfi  ./  >  l,  Q  consists  of  a  const. mi- cocflicient. 
Cauchy-stable  difference  f<  rn.i.t.i  (^ti  !••  -implicit)  wc  assume  that  (,)0  is  a  three- 
1  .*.6 


1 

\ 

I 


t 


I 

I 

!  I 


J 
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point  scalar  formula  satisfying  Ass  3.1  with  t  =  r  =  I,  (The  ideas  to  follow  can 
all  be  extended  to  more  complicated  difference  models,  including  systems  as  well  as 
scalars.)  For  j  <  0  and  j  >  J,  two  additional  Cauchy  stable  formlas  Q.and  Q+ 
are  applied.  Though  the  figure  illustrates  the  pure  interface  case  — oo  <  j  <  oo,  we 
will  permit  one  or  both  interfaces  to  degenerate  to  boundaries,  as  in  $6.2 — in  which 
ease  Q-  or  Q+  becomes  one-sided,  and  we  cease  to  require  Cauchy  stability  for  that 
formula.  If  both  interfaces  are  boundaries,  we  speak  of  the  “boundary  case";  ir  at 
least  one  is  an  internal  interface,  we  6peak  of  the  “Interface  case". 

Suppose  that  $  admits  a  steady-state  solution  with  |z|  >  l.’For  0  <  j  <  J  it 
will  necessarily  have  the  form 

v ^  =  *w(a*{  +  3k>)  (0  <  j  <  J).  (8-4.1) 

Let  A i  and  At  (functions  of  z)  denote  the  reflection  coefficients  at  the  left  and  right, 
respectively,  as  considered  in  §3.  That  is,  A|  denotes  the  ratio  of  amplitudes  of  the 
rightgoing  signal  to  the  leftgoing  one  at  j  =  0,  and  analogously  for  Aj.  Then  (8.4.1) 
implies  that  a  and  3  satisfy 

8  =  /l,o.  ok{  =  A,  8*;.  (6.(.2) 

(We  permit  the  CKS-unstable  possibilities  A\  =  oo  and  Aa  =  oo.)  If  wc  set  a  as  1, 
then  0  ~  Ai,  and  (6  41)  becomes 

vj  =  2"(*}  +  /1|«'). 

Hut  the  second  equation  or  (6  4.2)  implies  further 

-4irM«./rc«)'  =  I.  («  <  3) 

We  can  interpret  this  as  follows:  if  at  a  fixed  time  step  we  trace  the  rightgoing  mode 
from  j  =  0  to  j  =  J,  reflect  it  by  a  factor  A2  to  a  leftgoing  mode,  trace  this  back 
to  j  =  0,  and  reflect  it  by  A \  to  Lhc  rightgoing  signal  again,  then  we  must  have  the 
same  value  wc  started  with. 

In  (6.4.3),  all  of  the  quantities  Aj ,  A2,  *f,  a,  depend  on  z.  This  equation  contains 
all  the  information  relevant  to  stability  analysis:  Q  admits  an  eigensolution  for  a  given 
z  €  if  and  only  iT  (6.4.3)  is  satisfied  for  that  *■  Determining  wbcLher  this  is  so  Tor 
a  range  of  values  of  2  may  be  difficult.  The  advantage  of  (6.4.3)  is  that  it  permits  one 
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to  make  simpler  inferences  if  the  reflection  coefficients  arc  well  behaved.  Mere  is  the 
most  natural  such  result: 

Theorem  6.4.1.  Let  the  two-interface  model  Q  be  defined  as  above.  lJ\Ai\  <  1 
and  |/t]{  <  I  for  all  z  with  |zf  >  1,  then  Q  admit*  no  etqensohiltons  with  |z|  >  1. 
//  m  addition  |A|j  <  1  or  |Aj|  <  1  or  both  for  taeh  tuck  2,  thtn  Q  admits  no 
eiqensolutions  or  generalutd  eiqensolutions  with  Jz)  >  1, 

Proof.  Since  |<cr|  <  l  <  |«,|  for  |z[  >  1,  one  hss  |(k,/ic#)/|  <  1,  and  the 
second  statement  is  sn  immediate  consequence  of  (6  4.3).  For  the  first,  one  uses  the 
additional  fact  that  Cauchy  stability  implies  |*,|  <  1  <  |«cfj  Tor  all  |z|  >  1,  so  that 
one  has  |(*,/*r)-,|  <  1.  | 

Remark.  This  result  holds  even  if  one  or  both  interfaces  are  CKS-unstable  (cf. 
Observation  5.4). 

Theorem  6.4.1  yields  a  simple  proof  of  the  first  main  theorem  of  Beam,  et  al. 
Recall  the  notions  of  three-point  linear  muftistep  formula a  and  A -stability  described 
in  §2.4. 

Theorem  6.4.2  (/Be8lf,  Thm.  f.l).  Let  u,  =  u,  be  modeled  on  {0,1]  by  a 
difference  scheme  Q  consisting  of  a  three-point  linear  muftistep  formula  Q0  for  j  — 

1 . J  -  l,  together  with  boundary  condttiona  ip"  +  i  =  0  at  z  =  1  and  {q  -  l)st-order 

space  extrapolation  S  ( $.2.29 j  at  x  =  0  for  some  q  <  J .  If  Qo  is  A  stable,  then  u 
P -stable. 

Proof.  From  (3.2.31)  or  by  a  simple  computation,  the  left-hand  reflection  coeffi- 


By  (2  4  14),  the  A-stability  implies  Rck<  >  0,  and  it  follows  that  the  term  in 
parentheses  has  .  modulus  at  most  1.  This  implies 

Mil  <  Mf  for  l*|  >1.  (6.4.5) 

Moreover,  the  nonvanishing  of  the  denominator  of  (6.4.4)  implies  by  Thm.  4.3.2  that 
the  boundary  at  j  =  0  is  GKS-stable. 

The  right-hand  condition  v”  =  0  is  trivially  GKS-stable.  This  condition  is 
equivalent  to  llic  imposition  of  a  reflection  coefficient 

A2  —  — 1.  (6.4.6) 
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Since  each  boundary  is  (IKS-stablc,  Q  is  GKS-stablc  by  Thm.  5.2.1.  It  remains 
to  show  that  there  are  no  eigensolutions  with  ]a|  >  1.  By  the  lirsl  statement  of  Thm. 
6.1,1  together  with  eqs.  (6.1.5)  and  (6.1.6),  we  would  be  done  if  the  inequality  |k/|  <  1 
were  valid.  Since  |*<|  >  1  for  |z|  >  1,  the  situation  is  not  quite  this  simple,  but  the 
idea  of  Thru  0.4.1  still  applies,  and  with  the  use  of  the  fact  J  >  q,  the  proof  can  be 
finished  in  either  of  two  ways.  Bypassing  Thm.  6.4.1,  one  can  return  to  (6.4.3)  and 
obtain  immediately  the  contradiction 

i  =  \a <  !*,|’|«.|-'|«,r'  =  i 

for  any  solution  with  ]j|  >  1.  (For  the  second  equality  we  have  made  use  of  (2.4.8).) 
Alternatively,  one  can  shift  the  interface  by  renumbering  the  indices  so  that  the  old 
j  —  <;  becomes  a  new  j'  —  0,  after  which  .4j  will  satisfy 

ki  <  iK,n*r/^r  <  i 

for  |z|  >  I.  Then  Thm.  6.4.1  applies  directly.  | 

Theorem  6  1.2  has  the  following  simple,  if  not  very  practical,  analog  for  problems 
in  which  three  .-t-sbable  formulas  are  separated  by  abrupt-change  interfaces. 

Theorem  6.4.3.  Let  ut  ”=  au,  be  modeled  on  {-op.ool  by  the  two  inter face 
model  Q  oj  Fig.  6-6,  composed  of  consistent  .1  s table  three  point  linear  multistep 
fomulas  Q Qo.  and  1?+.  Then  Q  admits  no  eifenso/tthonj  or  generalized  rijenjo/w- 
ttons  unth  |z]  >  I,  except  possibly  an  eigensolution  or  generalized  etgensolutton  wtth 
jz|  =  I  that  w  non-strictly  leftgoxng  in  j  <  0  and  non-sfriefiy  righlyomg  in  J  >  J. 

Proof.  To  begin  with  wc  have  a  problem  with  interfaces  at  j  —  0  and  j  =  J  >  1, 
hut  as  in  the  last  proof,  let  us  shift  the  indices  so  that  the  interfaces  lie  at  j  —  J  and 
j  ss  J  -  j.  This  will  multiply  both  reflection  coefficients  A.  and  A;  by  the  factor 
\J~Kr  f  Kf.  Now  by  (3.2.5),  taking  into  account  the  shift  of  indices.  /l2  has  the  value 


(Here  t,  r,  and  t  stand  Tor  “leflgoing",  “righlgoing",  and  "transmitted";  these  ab- 
brcvia*ions  differ  from  those  of  (3.2.5),  w  here  i  stands  for  ''incident"  and  r  for  “reflected".) 
Assume  without  loss  of  generality  a  >  0.  Then  by  Thm.  2.4.1,  *r  and  **  lie  in  the 
closed  left  half  or  the  unit  disk  (Ik]  <  l.  Rck  <  0),  while  k./  lies  outside  the  disk  in 
the  right  half  plane  ff*j  >  I.  It<  k  >  0).  The  configuration  is  indicated  in  Fig.  6.7; 


By  simple  geometry  there  follow  the  inequalities 

I*.  -  *.l  <  I*.  -(-*.)!<  I*.  -  *<l; 

the  first  two  terms  are  equal  if  and  only  if  Re*,  =0  or  Re  *,  =  0,  and  the  latter 
two  if  and  only  if  (*,]  =  1.  Applying  these  facts  to  (6.4.7)  gives 


with  equality  if  and  only  if  either  Re  *,  =  0  and  |*,|  =  1,  or  k,  =  ±i.  Obviously 
one  must  then  have  |Aj|  <  1  for  the  reflection  coefficient  at  the  left-hand  interface, 
also,  with  equality  under  analogous  conditions. 

By  the  first  statement  or  Thm.  6.4.1 ,  (6.4.8)  and  the  corresponding  bound  |A||  < 

1  imply  that  0  admits  no  eigensolutions  with  |x(  >  1.  By  the  -econd  statement  of 
that  theorem,  there  can  be  no  eigensolutions  or  generalised  eigensolutions  for  |z|  =  1 
either  unless  |At|  =  IAjI  =  1,  which  by  the  remarks  above  implies  either  Re/c,  =  0 
or  *,  =  k(  =  ±i,  and  analogously  at  the  left-hand  interface.  To  complete  the  proof 
it  is  therefore  enough  to  show  that  each  of  these  last  two  possibilities  implies  that 
the  transmitted  signal  n{zn  is  non-strictly  rightgoing.  In  the  first  case,  Re*,  =  0, 
this  is  immediate:  either  |*,]  <  1,  and  the  signal  is  evanescent  (position  (7)  in  Table 
2.1),  or  K,  =  -i,  ar.d  it  is  a  stationary  wave  with  C  =  0  (position  (5)).  In  the  second 
case,  k,  =  =  ±i.  then  vve  arc  done  as  before  if  it  happens  that  *,  =  kt  =  ±i 

also.  On  the  other  hand  if  *t  ^  then  by  (6.4.7),  Aa  =  -1,  in  which  cate  the 
leftgoing  and  rightgoing  components  cancel  each  other  and  there  is  no  generalised 
eigensolution  after  all.  | 

Now  lot  us  return  to  the  two-boundary  problem  The  more  complicated  results 
of  |Be8l]  involve  strongly  .1-stable  schemes  used  ir.  combination  with  the  boundary 
formula  ST  (3.2.32)  at  j  =  0  It  is  in  this  case  that  Beam,  et  al.  observed  P- instability. 
For  odd  values  of  J ,  the  formulas  they  considered  appeared  to  be  /"-stable,  but  for 
even  values  /'-stability  held  only  if  one  restricted  attention  to  values  J  >  /(X)  for  a 
certain  function  /(X).  increasing  somewhat  faster  than  linearly  with  X. 


1  GO 


Wc  can  explain  and  extend  these  results  by  means  of  reflection  coefficients.  First 
we  establish  GKS-stability  for  strongly  /1-stable  formulas: 

Theorem  $.4.4  ({BeSlJ,  Thm.  4-2).  Let  Q  and  Qq  be  defined  os  tn  Thm. 
6  4.2,  except  u/itA  5  repfaced  by  the  [q~  l)st-order  space-time  extrapolation  boundary 
condition  ST  (3.2.32)  at  3  =  0.  If  Qo  u  etrongly  A-stable,  then  Q  is  GKS-itable. 

Proof.  For  GKS-stability  of  Q  wc  need  only  prove  GKS-stability  for  the  interfaces 
j  ~  0  and  j  —  J  independently,  by  Thm.  5.2.1,  and  wc  considered  the  latter  interface 
already  in  the  proof  of  Thm.  6.1.2.  At  j  =  0,  (3.2.34)  gives  the  reflection  coefficient 


Wc  need  to  show  that  the  denominator  cannot  vanish,  i.e.  XKf  ^  for  all  x  with 
k!  >  I-  lly  Thm.  2.4.1,  the  strong  A-stability  implies  |<Cf|  >  I  for  alt  *  with  |a|  >  I 
except  in  the  case  <t  =  t.  By  Thm.  2.4.2,  Qq  is  l- dissipative,  and  therefore  with 
Kt  —  1  one  has  either  x  —  1  or  |z|  <  1.  Neither  of  these  possibilities  permits  XKt  = 

-I  I 

Now  let  us  shpw  that  although  the  model  based  on  ST  is  GKS-stable,  it  can  no 
longer  be  expected  to  be  /'-stable,  at  least  when  the  mesh  ratio  is  large.  Assume 
X  »  1.  Then  by  (2.1.3).  one-  has  *  =  1/k  +  0(l/X),  hence 

«,  ==  -I  +  0(  i).  «,  =  l+0(i).  (6.<.I0) 

In  particular  this  will  hold  for  t  as  -1.  But  for  these  values,  the  denominator  of 
(6  1.9)  has  magnitude  (?(X”*)t  which  implies  that  the  reflection  coefficient  will  be 
very  large: 

|A||  >  const.  X*. 

This  explains  the  observed  /'-unstable  behavior.  For  large  X,  the  left  boundary  of  Q  is 
"nearly  GKS- unstable"  it  admits  a  rightgoing  signal  (*,,*)  (-1,-1)  stimulated 

by  only  a  very  weak  leftgoing  signal  (*/,  i)  sk  (I,  - 1). 

F  '-stability  to  be  assured  by  arguments  based  on  (6.4.3),  the  attenuation 
the  interior  must  be  strong  enough  to  more  than  balance  the  amplification 
due  to  Ai.  Since  =  1  -  0(1/X),  by  (6-4.10),  this  will  require 


or  by  taking  the  logarithms  of  both  sides, 

J  log(l  -  ^)  <  const,  q  log 

hence 

J  >  const,  q  X  log  X.  (6.4.11) 

This  kind  of  relationship  between  X  and  J  is  just  what  Beam,  et  al.  observed  in 
practice. 

By  performing  the  above  estimates  carefully,  one  could  derive  a  precise  condition 
like  (6.4.11)  that  would  be  sufficient  for  P-sUbilily  This  would  complement  nicely 
the  third  main  result  of  (Bo8\],  Thm.  4.3  there,  which  gives  a  bound  much  like  (6.4.11) 
that  is  necessary  Tor  ^-stability  when  J  is  even. 

It  remains  to  give  an  explanation  of  ihe  odd-even  effect  described  above.  We 
have  shown  that  for  J  smaller  than  the  order  of  magnitude  indicated  by  (6.4.1 1), 
the  left  hand  side  of  (6  4  3)  cannot  be  guaranteed  to  have  modulus  le»  than  1, 
and  so  an  argument  balancing  reflection  and  attenuation  does  not  rule  out  growing 
eigensolulions.  However,  from  the  above  results  it  follows  that  in  the  region  s  as  -1, 
k,  —  I,  Kt  as  I,  where  .4  j  is  large,  .4j  will  be  approximately  negative.  That  is  to  say, 
it  will  have  large  negative  real  part  and  relatively  small  imaginary  part.  Combining 
this  fact  with  (6.4 .6)  shows  that  the  left  hand  side  of  (6.4.3)  has  sign  approximately 

(-1H-1K-1)'  =  I-!)''- 

If  J  is  odd,  the  sign  is  negative  and  (6  4.3)  cannot  hold,  despite  the  large  reflection 
coefficient.  This  is  why  /'-instability  does  not  occur  when  J  is  odd. 

6.5  Growth  rates  for  two-interface  problems 

In  this  section  wc  continue  the  pattern  of  argument  of  §6.3,  in  which  necessary 
conditions  for  instability  were  derived  by  balancing  amplification  by  reflection  at  the 
interfaces  against  attenuation  in  the  interior  (cq.  (6.4.3)).  The  difference  is  that  here 
the  aim  is  not  primarily  to  rule  out  solutions  with  jaj  >  1,  but  to  estimate  their  rates 
of  growth  when  they  do  occur. 

Both  §6  3  and  §6.4  were  concerned  with  the  fact  that  the  combination  of  two 
GKS-stable  boundaries  or  interfaces  may  be  unstable  Section  6.3  considered  catastro¬ 
phic  instability  ll»  the  case  or  fixed  srparalio',  Aj,  and  §6.1  considered  /'-instability 
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in  the  cast  of  fixed  Ax.  A  third,  related  phenomenon  is  described  by  Krriss  in  various 
papers,  and  wc  have  discussed  this  in  Chapter  5:  if  a  C!KS-unata6/e  boundary  is  used 
in  a  strip  problem  with  fixed  Ax,  the  interaction  of  the  two  boundaries  may  convert 
an  instability  with  Jr|  =  l  to  exponential  |Kr7l,  §2;  Kr73,  §17J.  All  of  these  arc  just 
three  of  a  variety  of  effects  which  can  arise  that  involve  “reflection  back  and  forth" 
between  two  boundaries.  The  analysis  in  this  section  will  consider  phenomena  of  this 
sort  systematically,  to  see  what  kind  of  reflection  is  really  going  on,  and  what  degree 
of  unstable  growth,  if  any,  to  expect  in  various  circumstances. 

Again,  consider  a  two-interface  constant-coefficient  model  Q  of  the  kind  described 
in  §6.4  ami  illustrated  in  I'ig.  6.6,  with  cither  J  constant  {the  "fixed  AjM  case)  or 
Jh  =  Ax  constant  (the  “fixed  Ax"  case).  From  (6.4.3),  we  know  that  a  steady-state 
solution  (6.1.1)  for  some  x  €  <T  can  exist  only  if 

(6.5.1) 

for  that  x,  It  is  this  equation  that  asserts  that  attenuation  and  amplification  must 
balance.  For  simplicity  let  us  write 

*  ~  l*r/«*|  S  I,  A**\AiAt\-  (6.5.2) 

Then  (6.5.1)  can  be  written 

A  =  «-■'.  (6.5.3) 

We  use  the  symbol  "«s",  without  defining  it  precisely,  because  throughout  this  section 
wc  will  ignore  constant  factors.  (Of  course,  in  (6.5.3)  the  two  sides  are  actually  equal.) 
The  pattern  of  argument  we  will  use  is  to  show  that  (6.5.3)  can  hold  only  when  |x| 
has  a  certain  sire,  dependent  on  J .  It  then  follows  that  one  can  observe  no  unstable 
growth  worse  than  |x|n,  for  values  of  |x|  in  this  range.  If  |x|  =  1  +  <  with  t  <£.  1,  the 
rate  of  growth  becomes 

/C(n)  Jx|n  =  Pnlo»(,+*l  =  (const.)"*,  (6.5.4) 

where  E(n)  denotes,  say,  the  norm  ||t,n||a. 

Our  aim  is  to  find  worst-case  rates  of  growth  /£(n)  for  various  classes  of  two- 
interface  problems.  The  worst-case  idea  amounts  to  assuming  that  (6.5.3)  is  a  sufficient 
as  well  as  necessary  condition  for  a  steady-state  solution  to  rxisl.  Of  course  for  par¬ 
ticular  problem*  this  may  not  be  so  (wc  might  have  A| =  -1  instead  of 


(6.4.3),  for  example),  but  across  classes  of  problems  it  should  be  valid.  The  set  of 
problems  to  be  considered  is  defined  by  the  following  parameters,  to  w  birh  we  have 
given  labels  for  convenience: 


(A;)  fixed  Aj  (=  7), 

(Ax)  fixed  Ax  (i.e.  J  -*  oc); 

(1)  A  <  1  (GKS-slablc  or  unstable), 

(2)  1  <  4  <  oc  (GKS-stable  or  unstable}^ 

(3)  A  =  oc  with  |x|  =  I  (GKS- unstable), 

(4)  A  =  oc  with  \t\  >  l  (GKS- unstable); 


(li)  k  <  *o  <  1  for  |x|  >  1  (t^o  totally  dissipative), 
(Af/))  k  —  1  for  x  with  | jj  =  l  (Q0  nondissipative). 


Kxcrpt  in  case  (4),  we  assume  that  no  (lodunov-l^yabcnkii  eigcnsolution  with  |x|  >  | 
is  present.  As  the  list  suggests,  the  arguments  will  depend  on  A  but  not  on  (JKS- 
stability  per  se.  This  fact  supports  Obs.  5.4. 

We  will  ignore  exceptional  cases,  such  as  those  involving  defective  values  of  a 
or  x.  First  wc  classify  the  “best"  cases  (E  <  const.),  then  the  “worst"  ones  (fc’  s» 
(const.)”),  then  various  cases  in  between.  The  results  are  summarized  at  the  end  in 
Table  6.2. 


Suppose  A  <  I  (case  (1)).  In  Thm.  6.4.1,  we  have  seen  that  there  can  be  no 
steady-slat**  solutions  with  |x|  >  1.  This  rules  out  an  exponential  gAmlh  no  matter 
what  combination  of  liir  remaining  parameters  above  is  in  effect.  We  can  interpret 
this  in  terms  of  energy  moving  back  and  forth  between  interfaces  as  follows’,  an  initial 
perturbation  may  persist  for  all  time,  reflecting  back  and  forth  between  interfaces, 
hut  it  wil1  not  grow.  If  Qq  is  totally  dissipative,  it  should  die  out.  \ 

One  kind  of  growth  may  still  he  expected.  In  the  case  or  an  in  Apr  face  (not 
boundary!  problem,  with  Q0  nondisxipativc  (.V/>),  a  signal  of  the  above  sort  trapped 
between  the  i*  lerfaces  may  radiate  wavelike  energy  into  the  left-  or  righthatid  semi- 
infinite  region.  This  will  cause  algebraic  growth  in  E.  In  the  fixed  Ax  case,  the  growth 
wil!  look  qualitatively  like  E  ^  \  ■+  \fl,  which  is  not  unstable  because  or  thr  initial 
niaguitudi  I  In  the  fixed  A  j  case,  it  will  look  like  /-  ~  Jh  +  \/t,  which  is  unstable, 
*itirr  Jh  —  0  as  h  -•  0  The  examples  of  §6.1  illustrate  these  circumstances. 


e  Jh  -  0  as  h  -  0  The  i 

In  summary,  the  ia«c  ,\ 


.1  <  I  should  grow  at  worst  as  follows.  The 
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a  wild  card  indicating  any  of  Lh«  choices  of  the  parameter  in  that  position. 

(Aj)(l)-(JV/)):  unstable  algebraic  growth.  E  «s  h  +  y/t  (interrace  case  only); 

(Ax)-(l)-(/VZ>):  stable  algebraic  growth,  E  «  1  +  \ft  (interface  case  only); 
(•)-(!)-(/>):  no  growth. 

Case  A  —  oo  with  |s|  >  1 

At  the  other  extreme,  suppose  that  one  or  both  interfaces  admits  an  cigensolution 
of  the  Godunov-Ryabenkii  kind  (case  (4)),  as  described  in  §4.2,  with  an  infinite 
reflection  coefficient.  Since  such  an  interface  alone  would  exhibit  growth  like  (const.)", 
it  is  natural  to  expect  the  same  for  the  two-interface  problem,  or  worse.  In  fact  there 
can  be  nothing  worse;  this  follows  from  the  bounded  solvability  from  one  time  step 
to  the  next  of  any  properly  defined  difference  model  (Ass.  3.3).  It  remains  just  to 
confirm  that  a  steady  state  solution  with  E  =s  (const.)"  can  indeed  occur.  This  raises 
the  question,  how  can  A  =  oo  and  *c  >  0  be  reconciled  with  (6.5.3)? 

The  answer,  whi«-h  will  reappear  throughout  this  section,  is  that  a  steady-state 
solution  with  two  interfaces  will  not  have  z  equal  to  the  value  *0  for  which  A  —  00, 
but  to  a  perturbed  value  z'0.  Assume  first  *  =  I,  case  (ND).  Then  the  perturbation 
z0  -»  Zq  must  be  large  enough  to  bring  A(x)  down  to  0(1),  which  means  z'0  -  zq  » 
0(1).  Since  lao|  ■>  1,  however,  this  is  not  inconsistent  with  |*q|  >  1.  Hence  an 
exponentially  growing  solution  (6-4.1)  may  occur. 

If  Oo  is  totally  dissipative  (case  (/))),  growth  of  the  form  E  =»  (const.)"  will 
still  typically  occur,  but  the  perturbation  argument  may  change.  In  case  (Aj)  the 
attenuation  kj  >  0  is  insignificant  compared  to  the  reflection  coefficient  A(*o)  =  00, 
50  *o  “  *0  —  0(1)  again.  Hut  in  case  (Az),  J  —  0{\/h),  and  kj  is  not  bounded  away 
from  0.  Assume  that  for  z  ss  z0,  A  looks  something  like 

(6.5.5) 

Then  to  satisfy  (6.5.3)  one  must  have 

*0  -  *0  =  Ol*'').  (6.5.6) 

For  any  reasonable  value  of  J  this  implies  that  z'Q  will  be  extremely  dose  to  *o-  In 
other  words,  the  exponential  instability  admitted  by  the  two-intcrfacc  system  will 
look  almost  exactly  like  the  single-interface  instability  with  z  =  x0. 

Of  course  the  two  interfaces  might  interact  fortuitously  so  as  to  rule  out  such  a 
solution,  us  mentioned  already.  In  rase  (Aj),  Q  would  then  actually  be  stable,  even 
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though  composed  of  one  or  two  strongly  unstable  interfaces.  In  case  (Ax),  it  wo«ld 
be  unstable  ncverthelesa.  The  reason  is  that  for  large  J  (small  h),  a  perturbation 
near  one  interface  might  grow  catastrophically  for  a  time  before  feeling  the  influence 
of  the  other  interface  and  finally  decaying  to  0;  as  h  — •  0  the  catastrophe  becomes 
worse. 

We  are  however  concerned  with  worst- case  growth,  for  which  Ike  summary  of 
models  with  A  =  00  for  |x|  >  1  is  very  simple: 

(*)-(4)-(*):  unstable  exponential  growth,  E  «  (const.)". 

Case  1  <A<ooorA  =  oo,  fixed  A  j 

In  the  first  case  indicated,  one  has  two  nonconserving  but  possibly  GKS-stakle 
interfaces  separated  by  a  fixed  number  of  grid  points.  The  example  of  §6.3.  exhibiting 
growth  E  as  ($|)",  WM  namely  ( Aj)-(2)-(£>).  Obviously  if  Q0  is 

nondissipa'ive  (ND),  or  if  A  —  00  instead  of  A  <  oo,  growth  like  (const.)"  should  still 
be  possible.  There  is  also  no  distinction  1  -e  between  the  boundary  and  the  interface 
situations. 

There  arc  however  qualifications  for  the  cases  (A;)-(3)-(£>)  and  (Aj)-(2)-(D).  Let 
Q0  be  fixed  and  totally  dissipative,  and  suppose  first  A  =  00.  As  in  the  last  discusaiPn, 
we  are  once  again  led  to  the  perturbation  (6.5.6),  which  is  extremely  small  except 
when  J  is  near  0.  Rut  this  time  |*0|  =  1,  so  that  (6.5.6)  implies  that  |x(,[.  although 
perhaps  larger  than  1,  may  be  extremely  close  to  it.  Therefore  the  growth,  although 
exponential,  will  be  slow  in  this  case  unless  J  =s  0.  On  the  other  hand  suppose 
A(x)  <  <  00  for  some  Ammt.  Then  (6.5.3)  can  only  hold  for  J  small  enough 

so  that  kj Amtt  >  1,  say  J  <  Jq.  For  practical  examples  of  this  type,  such  as 
the  interaction  of  GKS-stable  interfaces  with  (?o  =LW,  Jq  usually  seems  to  be  0 
dissipation  almost  always  produces  stability.  This  is  why  the  example  of  §6.3  had  to 
be  so  contrived.  Unfortunately,  it  is  generally  hard  to  prove  that  Jo  is  so  small,  even 
for  particular  examples. 

In  summary, 

(Aj)-(3)-(/V0):  unstable  exponential  growth,  E  (const.)"; 

(A;')-(3)-(/3):  weak  exponential  growth,  E  =?  (const.)",  const.  -  1  <  I; 

(A;)-(2)-(JVf>):  unstable  exponential  growth,  E  «s  (const.)"; 

(Aj)-(2)-(P):  E  ==  (const.)"  for  J  <  J0>  110  growth  for  J  >  J®. 

Case  1  <  A  <  00  or  A  ~  00,  fixed  Ax 
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The  most  interesting  set  or  eases  remains:  th  «se  with  fixed  Ax  and  either  l  < 

.1  <  x  (GKS-slablr  or  unstable)  or  A  =  oo  but  |;J  =  I  (GKS* unstable).  Depending 
i>n  whi'li  kind  of  interface  is  present  and  whether  Qq  is  dissipative,  four  different 
rates  of  growth  may  be  expected. 

"I  hr  raw  (Ax)-(2)-(D)  has  already  been  settled  by  our  discussion  of  the  case 
(Aj)-(2|-(/J).  There  we  argued  that  for  J  ">  Jq,  no  growth  will  occur.  In  the  fixed 
A t  situation,  we  are  only  concerned  with  the  limit  J  —  oo,  and  so  one  should  expect 
no  growth  here.  R.  Gustafsson  has  stated  a  theorem  to  this  effect  in  (Gu8l).  Similar 
results  for  particular  examples  appear  in  (Gu72),  §7. 

Suppose  that  again  I  <  A  <  oc.  but  is  nondissipative-- case  (Az)-(2)-(  WP). 
Whether  or  not  Q  is  GKS-slable,  in  general  it  will  be  susceptible  to  exponential 
growth  in  t  (not  n),  K  =s  (const.)'.  There  are  two  ways  to  see  this.  One  is  to  think 
of  reflections  back  and  forth  as  t  increases.  In  the  worst  case,  a  signal  might  bounce 
repeatedly  between  iIm  two  interfaces,  increasing  in  magnitude  by  a  factor  A  >  1  with 
each  circuit.  In  the  lived  A i  case  the  travel  time  w»ll  be  0(1)  between  bounces,  and  so 
one  lias  a  growth  rate  (const.)'.  Alternatively,  one  can  argue  again  by  perturbations 
*o  —  :'0-  If  l*ol  —  *Uo)  =  l.  then  typically  if  |z{,|  «  1  +r,  we  will  have  *(*<>)  «  l-<. 
Since  J  —  (){ 1/5).  (6.5.3)  becomes  the  condition 

(1  -  r)-,/*  «*  .A  as  1,  (6.5.7) 

which  implies  t  ss  h.  In  other  words,  following  (6.5.1),  we  should  observe  growth  like 
E(n)  as  (t  +  A)**  =  (const.)*. 

Note  that  growth  at  this  rate,  although  stable  (lake  £>o  =  const,  in  (1.2.5)  or  (1.3.1)), 
does  not  become  weaker  as  h  -*  0.  This  contradic  s  ,hr  impression  given  by  Beam,  cl 
al  in  |Bc8l],  hut  supports  their  view  that  a  conceal  iihe  ^-stability  may  be  useful. 

Consider  now  the  case  of  Qq  nondissipative  ut  A  =  oo.  This  is  the  situation 
mentioned  by  Kreiss  in  which  a  linear  instability  may  be  converted  to  exponential. 
The  exponential  growth  is  however  not  of  type  (const.)**,  but  of  the  weaker  form 
./*  =s  (1/M*-  We  can  see  this  by  the  usual  perturbation  argument.  Once  again, 
consider  |*o|  =  1  +  (  and  assume  that  (G.5.5)  holds.  Then  the  condition  (6.5  3)  is 

(1  -  f  .  (6  5.8} 

( 

(•‘or  this  to  be  satisfied,  <  will  have  magnitude  (  %  h  log(l/A).  Therefore  by  (6.5.1)  we 
will  observe  growth  like 

li{n)  =  II  +  Mor  *=  (con»l.)"“*|,/M 


Compare  |Kr7lj.  §2.  or  [Kr73],  eq.  (17.10). 

Finally,  what  will  happen  if  .1  =  oc  but  is  totally  dissipative*’  No  matter 
how  large  J  is.  it  will  still  be  possible  lo  choose  Cq  -  c0  to  satisfy  (6-5.6).  However. 
>0  -  “0  will  have  to  be  exceedingly  small.  Kq.  (6.5.1)  gives  the  rale  of  growth 

K(n)*  (I  +  «■')-,  (6  5  9| 

which  is  exponential  for  fixed  ./  but  with  a  constant  that  decreases  rapidly  with  J ■ 
In  practice  this  growth  will  be  completely  insignificant,  and  Q  will  exhibit  nothing 
worse  than  whatever  instability  is  caused  by  its  individually  unstable  interface  (or 
interfaces).  This  conclusion  applies  in  particular  to  two-boundary  problems  involving 
bordcrlne  CKP-instabilitics  of  type  |*|  <  l,  as  discussed  in  §5.1.  This  confirms 
Observation  5.10. 

In  summary,  for  these  situations  of  fixed  Ar  type  we  have 

(Ax)-(2)-(f>):  »o  growth 
(AiM2V(N0y.  stable  growth,  K  ==.  (vonst.)* 

( Ax)-(3)-(/7):  s* able  growth,  extremely  weak 
(Az)*(3)*(«V/)J:  unstable  growth,  E  (J)* 


Lot  us  summarize  the  results  of  this  and  the  previous  section.  The  details  have 
been  complicated,  but  the  main  idea  is  simple  For  a  growing  eigensolution  to  exist, 
the  amplification  by  reflection  at  the  boundaries  must  balance  the  dissipation  in  the 
interior,  as  indicated  by  (6.5.3).  In  a  model  contain. ng  an  interface  with  reflection 
coefficient  .1(;o)  =  oc,  one  therefore  investigates  perturbations  2o  *o  to  reduce 
to  the  right  size  The  growth  rate  is  then  giver,  by  F(n)  =5 
This  analysis  does  not  depend  on  whether  any  GKS- unstable  interfaces  are  pres¬ 
ent,  confirming  Observations  5.4  and  5  111.  In  a  problem  of  fixed  Ax  type,  GKS* 
instability  al  either  interface  will  make  itself  felt  near  that  interface  in  the  usual  way, 
but  interaction  of  the  two  interfaces  will  not  worsen  t lie  (fleet  unless  the  reflection 
coefficient  arguments  imtiraln  that  it  should. 

We  have  not  discussed  borderline  GKS- unstable  interfaces  of  type  C*  —  0.  It 
turns  out  that  the  effect  of  such  a  case  is  typically  to  introduce  a  square  root  on  the 
right  hand  side  of  (6.5.5),  with  similar  changes  elsewhere.  This  may  weaken  unstable 
growth  rates,  hut  it  does  not  change  their  behavior  qualitatively  This  is  why  (lbs. 
i  r»w 


167 


TABLR  6  2 


fixed  A/  fixed  &] 

dissipative  noflditt.  dissipative  nondiss 


(assuming  individual  interfaces 
arc  (IKS -stable  in  first  two  rows) 
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5.10  differentiate*  borderline  eases  of  type  j*|  <  1  from  those  of  type  C  ^  0  (On  the 
other  hand,  with  C  =  0  it  usually  happens  that  A  is  finite  also,  as  we  saw  in  §5  3  ) 

The  growth  rates  we  have  obtained  in  this  section  are  summarucxi  in  Table  6.2. 
Once  again  we  emphasise  that  tivese  rales  listed  are  typical  ones,  and  may  be  false 
for  special  problems;  also  that  our  model  has  involved  just  two  interfaces,  a  scalar 
equation,  and  constant  coefficients. 

6.6  Three  or  more  interfaces 

In  this  final  section  wo  will  make  some  remarks  on  stability  for  problems  with 
three  or  more  interfaces.  Such  configurations  conic  up  i:i  the  design  of  composite 
boundary  or  interface  fortnul.is  They  arc  also  important  in  the  analysis  of  adpative 
mesh  refinement  schemes,  where  one  would  like  to  be  able  !<>  derive  bounds  on  growth 
rates  without  requiring  the  number  of  grid  points  between  mesh  refinement  interfaces 
t»*  approach  infinity.  One  might  also  think  of  any  model  with  variable  coefficients 
which  we  have  scarcely  mentioned  in  this  dissertation  a?  consisting  of  a  series  of 
distinct  difference  formulas  separated  by  interfaces  between  each  pair  of  grid  points. 

The  purpose  in  viewing  any  of  these  problems  in  terms  of  interfaces  is  to  obtain 
result*  by  reflection  and  transmission  arguments  that  might  nr  .lifThtjll  to  obtain 
otherwise.  A  particular  area  where  there  is  a  great  need  for  such  results  is  in  the 
study  of  totally  dissipative  formulas.  Tor  one- dimension  a!  mesh  refir.,  mint  problems, 
for  example,  experience  shows  that  virtually  any  me  >h  ♦efineineiit  scheme  applied 
with  a  totally  dissipative  formula  such  a>  IAS  will  be  stable  Act  no  general  theorems 
along  these  lines  are  known,  except  for  the  single* inlerfac.  resells  discussed  in  §6.2. 
As  a  general  rule,  although  dissipativity  hi  Ip?  guarantee  the  fact  of  stability,  it  seems 
to  make  the  proof  of  stability  more  diOicult.  For  example,  establishing  stability  by 
t  lie  energy  method  for  a  diltcrcjicc  formula  with  variable  coefficients  is  usually  more 
dill-cult  when  the  formula  is  dissipative. 

Consider  a  model  Q  in  which  a  finite  collection  of  constant  difh-trnrc  formula 
are  joined  by  interfaces  separated  by  a  fixed  number  of  grid  points  Hy  the  results  of 
Chapter  1.  we  know  precisely  bow  to  check  for  GK$-in«tahiiity  of  Q,  in  principle.  In 
each  region  between  inter  fares,  determine  for  each  r  with  .;j  >  1  the  set  of  le  ftgoing 
ami  rigid  going  signals  Al  racf  mlerface,  cor-pute  the  r- flection  atid  transmission 
matrices  that  ..-nnert  them  log  t!«*r  T'.'n  Thm.  1  .’5  1  lakes  the  following  form.  Q 
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(!hc  s  tr.hu  if  u-.ei  only  if  the  above  conditions  permit  no  solution  with  >  l  of 
:ht  kir.ii  *'.•)>;> sled  m  Fig  6.8: 


If:  *.*>:•  r  instability  is  equivalent  to  the  existence  of  a  solution  f*  =  zn<Pj 

i'f  ; ..ire!)  left CiotiK  components  in  tin*  loft  semiinfinite  Interval,  and  purely 
r-t’higning  ‘■uriipi>r,r[,t>  >i,  tne  right  semi'm  finite  interval,  with  any  rornbination  of  left- 
at  >1  fcht  going  srRnals  permitted  in-between. 

It'  pracM*’,  such  an  analysis  will  be  exceedingly  difficult.  Therefore  one  asks, 
wh.ii  vt'tfiir  properties  of  the  relli-cl ion  and  transmission  coefficients  might  guarantee 
tr  k:  j|<*  sid>|i  iiiti  of  the  Turin  of  Fig  6  $  can  in  cur’  As  with  the  models  with  one  or 

iiterra*<  s  considered  earlier.  an  obvious  property  to  look  for  is  conservation  of 
■ • .rg>  Mere  is  an  abstract  formulation  of  tin  kind  of  argument  that  might  be  used. 

S  .pp'eo  that  between  each  pair  of  points  ( j  -  \)h,jh  one  can  define  a  net  energy 
flux  «t*.  !to  the  right),  satisfying  the  following  two  properties  for  all  2  with  |r|  >  1: 

If  <t>,  <  0  (resp.  >  0)  in  a  region  were  only  leftgoing  (resp.  rightgoing)  me  les 
are  present; 

ixtl  4’.  >  if  jh  is  not  an  interface. 

I  i>r  an  mterfaie  at  jh  to  "conserve  energy”  with  respect  to  then  means  simply  that 
it:/  hoids  at  that  interface  as  well  as  at  non- interface  points.  One  obtains  immediately 
:!.<  following  sufficient  condition  for  stability: 

Theorem  6.6.1.  Let  satisfy  conditions  (1)  und  (it)  above.  If  (ii)  holds  also  at 
ad  t*irr*/are  points  jh.  and  in  addition  al  least  one  inequality  in  (i)  or  (it)  is  strict, 
then  Q  ts  GKS- stable. 

I'roof  If  there  exists  an  unstable  cigcnsolution  or  generalized  eigcnsolulion,  let 
'he  corresponding  values  4»;  be  computed.  Let  j_h  and  j¥h  bo  points  lying  to  the 
h  It  and  the  fight  all  of  all  interfaces,  respectively.  Then  condition  (i)  implies 

♦,_  <  0  < 

while  condition  (it)  implies 

>  -I  > 


If  aa>  of  tla  vi-  inequalities  is  strict,  then  these  two  equations  arc  inconsistent.  | 

l  nfurtunatoly ,  for  realistic  problems  it  is  not  an  easy  matter  to  derive  a  function 
<t>  that  is  conserved  at  interfaces.  For  example,  let  Q  consist  of  a  three- (mint  l.near 
•nultislep  formula  Q  for  u,  =  u,  applied  between  an  arbitrary  finite  number  of  “<  rude 
mesh  refinement'’  interfaces  of  the  kind  described  in  Kxamplr  3  4  of  §3.2.  (This  is 
equivalent  to  applying  Q  on  a  uniform  mesh  with  a  finite  number  or roelfirieni  changes, 
with  all  coefficients  positive.)  Let  <f>  be  simply  the  /?  energy  flux  <l»,  -  ♦/,  where  4>, 
and  4>r  are  defined  as  in  §3.3.  Then  we  showed  in  §3.3  that  energy  is  conserved  for 
ss  1  when  an  incblent  signal  is  present  ot:  one  side  only  .  and  tins  result  can  bo 
readily  extended  to  two-sided  incidence  From  this  one  can  conclude  as  in  Thin  6  6  1 
that  Q  admits  no  eigensolutions  or  generalized  eigensolutions  for  |s|  =  1  with  strictly 
outgoing  signals  in  one  or  both  si-miir  finite  region.  Vet  Tor  >  f.  the  argument 
breaks  down,  for  it  turns  out  that  mile  mesh  refinement  interfaces  no  longer  conserve 
<tv  Thus  Thin.  6.6.1  is  not  applicable  even  though  one  can  show  that  Q  is  ^-stable 
here  by  standard  energy  method  arguments  (Iti67). 

This  example  suggests  that  the  flux  may  generally  He  an  unworkable  choice  for 
<h  The  same  conclusion  is  suggested  by  the  observation  of  §3.3  that  in  most  problems, 
the  l-i  energy  is  not  conserved  even  for  |;|  =  1. 

Alternatively,  in  analogy  to  the  developments  of  §6  2  §6  5,  we  could  base 
instead  on  amplitudes.  Consider  again  a  problem  with  only  one  leftgoing  and  one 
rightgoilig  solution  between  each  pair  of  interface  Ow  natural  choice  is 

«t>;  = 

hut  this  turns  out  to  be  no  better  than  the  fj  definition  considered  above.  However, 
the  possibility 

4>-  =  sgn 

shows  promise.  For  this  measure  of  to  be  conserved  at  an  interface  means  that  the 
interface  admits  iiu  solutions  in  which  >u.  each  side.  (In  radiated  wave  lias  larger 
amplitude  than  the  incident  one  This  i<  a  natural  extension  of  tin*  argument* 
involving  ).t|  <  I  of  the  last  two  sections,  and  there  are  indications  that  it  may 
make  it  possible  to  prove  stability  for  some  realistic  problems. 

I  mfortunately,  we  have  so  Tar  obtained  no  new  results  will;  reflection  and  trans¬ 
mission  argument*  of  ibis  kind  Hut  V%,  b'ficvi  they  art  wort!  mve*!  1  gat  it  g,  if  only 
localise  so  Ii'  lit  iv  known  at  preset;*  dui-il  limit  1  ;r.'.>  'f.u  ■  problems 
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(6.6.1) 


APPENDIX  A.  PROPERTIES  OF  STANDARD  DIFFERENCE  MODELS 

In  the  following  three  pages  the  properties  of  eleven  common  scalar  difference 
formulas,  mostly  models  of  u,  =  nu„  are  listed.  Each  entry  gives:  (1)  name,  (2) 
formula.  (3)  dispersion  relation  in  k  and  x,  (4)  dispersion  relation  in  (  and  u/,  (5) 
group  velocity  C*{ (6>  initial  terms  of  Taylor  scries  w  s=  u/{()  for  branch  through 
origin  (s-  modified  equation).  (71  orders  of  dispersion  {a)  ard  dissipation  (.1),  (8)  x- 
reversing  and/or  f-rev*  rsing.  and  (9)  /-dissipative  and/or  f-dissipalive.  A  dispersion 
plot  for  the  case  a  =  -I.  X  =  a  is  also  shown  for  the  each  formula,  following  the 
style  of  Fig  1  l  Dashed  line  segments  in  these  plots  indicate  solutions  (£.w)  that  are 
•eal  only  at  isolated  points  (for  formulas  with  some  dissipation). 

See  lh<  index  for  pointers  to  where  the  properties  listed  above,  and  most  of  these 
difference  formulas,  arc  discussed  in  the  text. 
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APPENDIX  B.  PROOFS  FOR  (2  INSTABILITIES 

Tin-  purpose  of  this  appendix  is  to  prove  Thms.  4.2.3  and  4.2.4.  Recall  that  we 
are  cimsi.liTiriR  a  difference  model  Q  Tor  an  initial  boundary  value- problem  on  x  >  0, 
l  (1.  and  that  Q  denotes  the  homogeneous  formula  applied  away  from  the  boundary. 
The  symbols  $  and  5 denote  the  operatois 

S  {r‘\...i,n  '  .  .t"'**1}  [honing,  bndry  data).  (HI) 

5  ^  {f  »•"  (hoivug.  initial  data).  (H.2) 

a  i'll  n»>r’t.«  ::  dmed  by  t>  norms  -  m  i  and  q  will,  respeet  to  /  and  t,  respectively 
'  '  I  2  'i '  i  t  2.10.  ,  1.3  2)).  We  M.pposi-  that  ()  has  a  strictly  rightgoing  g«  ncraliz.-d 
<  i gensm  i>* mu  Then  the  claims  of  $1  took  the  form 

Thin.  4.2  3.  >  const, 

Conjecture.  2  ‘‘“list  n  if  an  inlirn.e  roller  lion  rorfT.  is  present. 


V\r  Will  prove  Thm  1  J.t  rs?st  Tl.m  1  2  3  The  outline  of  the  proofs  is 

as  follows,  lot  h.k  be  hxi-d,  and  -onsider  tin  Cauchy  problem  mode /erf  by  Q  ir. 
cnorr  the  boundary  t<*  be  pin  with  Construct  a  .save  packet  t  onsisling  of  energy  m 
one  or  Minn  strictly  rigldgnmg  wav*  like  modes.  Initially  the  wave  packet  is  dcMgtn-d 
to  hav  width  ,V  and  li*‘  'o  the  left  of  /  m  I)  Hut  after  a  tune  fJf.V),  the  energy  will 


have  traveled  into  z  >  0.  as  illusl rateii  in  Fir.  ]VI: 


In  fart  if  j|  ■  Uj  is  the  Ij  norm  (3.G.21  on  j  >  0,  wr  will  have  j|t  s  .  ^  ■=  Oiv/.V). 
Now  the  key  idea  is  this,  (he  solution  { v" )  obtained  unrfer  Q  u  identical  tn  j  >  0 
to  tht  solution  {v;}  obtained  t f  Q  u  app.'irrf  with  initio.'  data  zero  and  boundary  data 
equal  to  the  numbers  (g")  prodvetd  when  {r*}  u  inserted  tn  the  boundary  conditions 

u-tsy 

In  oilier  words,  we  can  study  the  initial  boundary  value  problem  by  means  of  the 
Cauchy  problem.  The  distribution  {r"}  would  be  an  exact  solution  of  $  with  52  0, 
as  well  as  of  Q,  if  it  happened  to  satisfy  the  homogeneous  boundary  conditions.  It 
doesn’t,  hut  it  does  satisfy  Q  if  we  lake  just  the  right  inhomogeneous  “equivalent 
boundary  data."  Note  the  similarity  with  the  arguments  oT  §3.5.  and  of  Fig  B.l  with 
Fig  3  9. 

If  the  initial  wav,-  packet  is  made  up  of  a  strictly  rghtgning  general. ted  eigen  solu¬ 
tion  times  a  slowly  varying  envelope,  then,  thr  homo;:*  no* us  boundary  <  auditions  are 
nearly  satisfied  and  g  is  small  In  fact  we  w'd!  show  that  one  gets  ;-:j/ 1  ^  -  Oil/</V), 
and  si-..-  ••*  •*'  -  (>{v'".Vl.  Thru  1.2  »  follows.  To  h,  Thm  1  2.1.  we  view  the 


;  t»*ui*d:irv  data  but  as 


mg  .iata  F  applied  at  ove-y  step,  which  we 
■*  rote  for n  of  I)nhaui<!h  prineipie  In  this 
,  s*.  the  growth  rale  is  (>(v .Vi  rather  than 


divided  into  four  parts  First  ■ 
in  l.eium.is  !U  and  H  2  M..V  a 


ini'll  Thi  •  w •  prove  the  *.w«f  tie 


l.rmnuu  on  propagation  of  »  rnioolli  wave  packet 


■s  smooth,  th.  n  it  propagates  apt  -o\ir', nMy  a!  ip  velm  ity  l*:.. eng  this 

requires  i }u  i-slii'iatnit.  of  a  Fi»iri«  •  itit  gra'-  'fat  h.i*  a  standard  f'*,,,,i  d  one  divides 
through  by  lli"  earner  «>»iil!w! •«:-  >'  '  '  t-  *  ,  slier.  wl«:*t  ri  it.  .  n>  :  •  "  *  *npi-e  t.nd 
-if  irtegra!  'hat  governs  t..e  prop.-ciUor  of  a  sf?i./«'1  •  if  ..  n*»d.i.*  .  ■  i. ?  it< 

dilfi  re!:<-«-  motfel  of  the  equal. •*:.  u:  —  t  «*.*'■  <’  ;  \  »  i-  •  :  % 


and  Wahlbin  (Hr  75],  very  precise  slate  merits  can  be  made  about  how  small  the  error 
V"(XJ  -  t°(x  +  Ct)  will  be,  and  how  this  depends  on  the  smoothness  of  the  initial 
packet  and  the  behavior  of  the  dispersion  relation  at  (£o,wo). 

However,  aJI  we  need  is  a  very  special  case.  Therefore  rather  than  appeal  to 
existing  theorems,  which  would  introduce  undetermined  constants  and  obscure  the 
essential  simplicity  of  what  is  going  on,  we  give  the  following  argument  from  first 
principles. 

Let  h  and  k  be  fixed  and  let  Q  be  a  two-level  constant-coefficient  Cauchy  stable 
difference  formula  that  admits  a  solution  *»(•»•*- to*)  with  €  IR-  By  Thm.  2.3.1, 

there  exists  some  group  velocity  C  €  IR  such  that  the  dispersion  function  u  =  w{() 
satisfies 

ul  =  bJt)  +  C((  -  £o)  +  *U), 

V  {  €  IR  (fl-S) 

MOI  S  «((  -  („)* 

for  «*omc  constant  M.  By  Cauchy  stability,  we  have  Imu  >  0  for  all  (,  which  implies 
Iiti  t|()  >  0  also.  Since  rj  •—  e‘n  is  a  contraction  map  for  Imrj  >  0,  this  implies 

<  l|,(()|  <  Ml((  -  („)>  (0.4) 

Tor  any  t  >  0. 

In  what  follows  the  Fourier  transform  and  its  inverse  are  defined  by* 

>( o-jj/  «“•/(,)*,  /(*>  =  /_*-“/(£)<«•  (0-5) 

Lemma  B.l.  Let  p(x)  ktlonf  to  C\  (twice  contmuouily  differentiate  with 
compact  tvpport)  and  tatufy  £  L,.  Let  Q  he  applied  with  initial  data 

v*{z)  =  e~«"p(z). 


Proof.  Obviously  p  €  hence  t>°  €  L?  also,  and  we  can  use  Fourier  transforms. 
We  get 

»»(*)  =  f  «•<«•-<<«  ** 

The  integral  involving  the  first  term  in  brackets  is  just 

_  (o)d(  =  Cl). 

So  we  have,  using  (0.4), 

|»“(l)  -  ,,l»,-l“>p(i  -  C!)|  =  [/  («’"*  -  ,•(— «<-<.»•)«-><•«£  -  UWcj 

-  mi -  Min,.  1 

If  p  is  smooth,  then  the  right  hand  side  of  (B.8)  if  small.  To  make  p  vnooth 
we  will  broaden  it,  while  continuing  to  hold  h  and  k  fixed,  although  the  same  results 
could  be  obtained  by  leaving  p  fixed  and  reducing  h  and  k. 

Lemma  B.2.  Suppose  p(x)  =  P(cx)  for  to me  fixed  function  P  €  Cj  wifi  P"  6 
L\.  Then 

iip"iii=<aiini».  (*•*) 


Then  for  any  n  >  0  and  any  1  €  IR.  satit/Ut 

i«"(*)  -  e,<-,-<-»p(*  -  ct)\  <  Mty'h,  (»••) 

where  t  =  nk  and  M  it  the  constant  of  (B.S). 

•See  the  footnote  on  p.  13  regarding  this  choiec  of  signs  in  the  exponents. 


Proof.  Define  y  *=  <*•  Then 


3s- 

^^ft'W'P-Mdy^erWi). 
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Now  define  if  =  (((■  Then 

ll/'ll,  =  -  <J\p-W[d( 

= « / |/5"(i)l<in^  =  <’/ I 

Proof  of  Theorem  4.3.4 

Now  let  0  he  a  model  of  an  initial  boundary  problem  problem  on  *  =  jk,  j  >  0, 
consisting  of  the  formula  Q  described  above  for  jf  >  t  together  with  the  boundary 
formulas  (4.2.3) 

l  ax  ax  *mu 

E  -*'•  isa> 

1-0 ,—-i 

where  each  s,.  u  a  vector  of  length  f.  We  assume  v°  m  0. 

Theorem  4.2.4.  Suppose  Q  u  Cauchy  stable  hut  $  admits  a  strictly  rightgoing 
generalised  eigensolution 

v’ **  *' 22a’*i  (B>> 

«— i 

with  |«|  *  |k,|  =  I. and  C,  >  0  for  i  =  Then 

>  const,  n  V  n  >  0.  (0.10) 


Proof.  As  described  above,  the  idea  of  the  proof  it  as  follows.  We  solve  the 
Cauchy  problem  for  Q  with  initial  data  v°(x)  whose  support  is  in  *  <  0,  obtaining 
rn(x)  for  n  >  0.  Then  the  restriction  of  v"  to  z  =  jh,  j  >  0  is  identical  to  the 
solution  that  would  have  been  obtained  under  Q  with  v°  s  0  and  the  boundary  data 
{p")  defined  by  (B.8).  In  particular,  given  N,  we  will  pick  initial  data  v°  such  that 
ll»°ll*  =  0  and 

||o"||a  >  const.  Vfi,  (0.11) 


where  ||  •  || ]  denotes  the  discrete  fa  norm  (3.6-2)  on  j  >  0,  but  such  that  g  satisfies 


liffiU  < 


const. 


(0.11) 


These  two  bounds  will  then  imply  (B.10). 

Here  arc  the  details.  Let  P  €  C%  he  a  fixed  function  with  P[*)  >  0  on  (—1,0), 
P{x)  m  0  eloewhere,  and  P"  f  Lft  and  write  P,m„  —  sup )/’'(*)).  For  example  P 
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might  he 

'w-f'."  Am  '■« 

Let  N  be  given  and  set  T  =  Nk.  Consider  the  Cauchy  the  problem  for  Q  with  initial 


»‘M  ”  E  «<*!*(*).  *(*)  ”  PU/c-r). 


(B.H) 


Let  Ad,  be  the  constant  of  Lemma  B.l  for  the  wave  c,,  a,.  For  any  n  writs  (usi. 
By  Lemmas  B.1  and  B.2,  we  have  then 

|'*m -cvo|  <  <EwM.il/-ii, 

In  particular,  for  n  <  N  and  hence  f  <  T,  this  equation  together  with  (B.H)  implies 

tBls) 

wh'rt  A,  .  £  W«C' 

Now  we  are  equipped  to  show  that  ||p||a  is  small,  where  g  is  the  ‘equivalent 
boundary  data”  (B.8).  Given  n  and  t  =*  nk,  define  for  alt  o  and  / 


Then  we  have 

-  *r«  *  k*  -  4^)1 


Therefore  for  some  At  <  ao, 

< y  '*•  *<}< >.»,  -!<»<•.- 


(0.1*) 


Now  by  definition,  5  is  the  generalised  eigensolution  (B.8)  times  the  constant  P[~tfT), 
which  implies 

E  E  s**r' 

J-O  w——l 


■  -«  -wlVr'j 


I 


* 


Consequently  we  have  from  (B.8) 


iiii'ii  <  £  £  iis,.ni«r*-*j'*i-  (s  i?) 

j  — o  1 

By  (B.16),  each  summand  on  the  right  is  OfT-"’).  Therefore 

ll»'ll  <  Y  I*  2  IV)  (0.18) 

for  some  Aj.  Hence 

Hull?  =  *  £  lls'll’  <  '  (».io) 

and  taking  the  square  root  gives  (B.12). 

The  other  half  of  the  argument  is  to  show  that  ||uN|)5  is  big.  Now  by  definition 
or  the  numbers  wc  know  that  the  generalised  cigensolution  (B.9)  cannot  be  sero 
at  more  than  l  -  I  consecutive  grid  points  without  being  identically  scro.  It  follows 
that  one  baa 

£j£«-*-<;£-')|  >**T  (»“) 

for  some  A«,  so  long  as  T  >  To  >  thj  max,  C,.  Squarerooting  and  using  (B.15),  we 
get  (B.ll),  as  desired.  | 

Proof  of  Theorem  4.2. 3  (two-level  cam) 

Now  we  prove 


It  seems  clear  that  this  kind  of  setup  should  produce  growth  with  respect  to  initial 
data  proportional  to  y/N-  However,  no  matter  how  smooth  the  envelope  in  Fig.  B.3 
is,  the  solution  will  not  satisfy  the  boundary  conditions  for  Q  exactly,  and  wc  are 
faced  again  wiih  the  problem  of  treating  "equivalent  boundary  data  "  It  turns  out 
that  this  can  be  done  by  means  of  Duhamet's  principle,  but  in  the  end  one  gains 
nothing  by  having  considered  the  process  of  Fig.  B.2  rather  than  that  of  Fig.  B.l. 

Therefore  consider  again  exactly  the  setup  of  the  last  proof.  Let  {»")  again 
denote  the  solution  obtained  under  Q  on  (-00,00)  with  initial  data  (B.H).  Since  S  is 
the  solution  operator  for  the  model  Q  with  homogeneous  boundary  data,  we  have  in 
general  vn+l  Svn.  However,  for  each  n  >  1,  let  (v"4-1}  be  defined  by  the  formula 


£  s,.-.*:*1  -  »*.  (»•«) 

J-0 

with  gn,  as  usual,  given  by  (B.8).  By  Ass.  4.1  (solvability),  r"4*  is  a  bounded  function 
of  9”,  and  with  (B.19)  this  implies 

Now  by  (B.8)  and  (B.22),  we  have  Svm  =  *"+l  -  v"4,f  that  it, 


1  =vn*'  +  $*". 


Iterating  this  equation  (Duhamcl’s  principle),  one  obtains 


Theorem  4.2.3.  Svppoie  Q  is  Cauchy  stable  but  0  admits  a  strictly  rightgorng 
generoHud  eigeneoiution  (B.8),  as  bc/#r«.  Then 

>  <»»»*•  (B.3I) 

for  infinitely  many  integer*  n  >  0. 


Proof.  The  most  obvious  proof  was  described  in  $4.2,  especially  Fig.  4.3.  To 
adapt  that  argument  to  the  present  frnmework  of  considering  the  Cauchy  problem 
modeled  by  Q,  we  could  consider  the  process  illustrated  in  Fig.  B.3: 


-  »"  +  Si"-'  +  s*i"-’  +  •  •  •  +  S"-'i'  +  SHv°,  (B.H) 
where  the  laat  term  is  0-  This  implies 

hence  by  (B.23)  and  (B.H), 

max  IIS’*!!  >  const.  ||*N||  >  const.  >/Jv. 
os«SN-i  ” 

This  proves  (B.21).  | 

Extension  to  multilevel  difference  roodals 

To  prove  Thms.  4.2.3  and  4.2.4  in  full  generality,  we  must  extend  the  above  ar¬ 
guments  to  formulas  involving  vectors  rather  than  scalars  and  an  arbitrary  number  of 
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► 
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levels  rather  than  two.  The  extension  to  vectors  is  straightforward,  given  Assumption 
2.1  (diagonalisability)  and  the  consequent  developments  of  $2.5,  §3.8,  and  §41.2,  ao  we 
will  not  discuss  jL  What  we  will  do  is  indicate  how  the  extension  to  multilevel  (but 
scalar)  schemes  can  bo  treated.  We  will  describe  only  Lemma  D.l,  as  this  is  the  heart 
of  the  proofs. 

Let  Q  be  an  s  +  2-level  scalar  difference  formula  applied  on  (-00,00).  We  can 
reduce  Q  to  *  two-level  model  of  dimension  *  -f  1  in  the  standard  way  |Ri67j  by 
introducing  the  vectors 

»*(i)  =  . o"*‘(*))T.  (fl.JS) 


Lao*  ao  B.l' — multilevel  case.  Let  p(x)  belong  to  Cj  and  toittfy  p"  €  Lt.  Lot 
Q  bo  s pplxtl  with  mitral  data 

**(*)  -  ^c<)  n  *  0 . .  !  =  w*. 

Then  for  any  n  >  0  and  any  <  6  III,  *"(*)  satisjtss 

!•*(*)  -  -  Cl)|  <  cm*  «M„ 

m here  t  *  nk. 

Proof.  The  initial  data  have  the  vector  form 


If  Q  has  the  form  (2.1.3),  then  the  equivalent  two-level  scheme  has  the  structure  of  a 
companion  matrix, 


/  0  1 

0 


0 


0 


»"(*)■ 


0  1 

V«:'.o.  ■  ■  <?:'«.  »:ioJ 

Taking  the  Fourier  transform,  we  obtain 

•*v,(0  =  c(0«*(0» 


(*•  27) 


where  each  w*(0  is  a  vector  of  length  s  1  and  <7(0  is  a  square  matrix  of  this  die 
called  the  amph/ie  at  ion  matrix.  Dy  iterating  (B.27)  and  taking  the  inverse  transform, 
we  obtain  the  representation 

«"(*)« /_c"UW°U)«-<-<i<.  (fl.w) 

For  any  wave  number  £,  the  eigenvalues  of  <7(0  are  the  associated  frequencies  w. 
Typically  there  arc  a  +  l  of  these,  but  for  some  values  of  (  several  eigenvalues  will 
come  together  with  multiplicity  greater  than  I,  and  <7(0  will  be  defective  (cf.  Tbm. 
2-1.1).  It  is  this  possibility  that  makes  (B.28)  more  complicated  than  the  corresponding 
scalar  formula.  However,  if  (0  »i»d  •«  real,  then  Cauchy  stability  implies  that  up 
is  simple  (Thm.  2.2.1),  and  Thm.  2.3.1  shows  further  that  one  can  choose  w  »  w(() 
with  w((o)  «  wq  such  that  a  bound  (B.3)  is  satisfied.  These  facts  make  Lemma  B.1 
attend  ss  fellows  to  multilevel  formulas. 

m 


»°(i)  -  (W»).  -  ck), -*h*  -  c.t))T.-«-. 

and  the  Fourier  transform  of  this  is 

»»({)  =  -  (*), 

where  W(0  denotes 

>*'(()  -  (I,  ....  ,•!— ««-C-,>-)r.  (a.  JO) 

By  the  argument  above,  <7(0  has  an  eigenvalue  for  all  <  such  that  w«)  satisfies 
(B.3)  and  Im  w(0  >  0.  The  corresponding  eigenvector  is 

W(0  =  (1,  ,e~«)tk)r.  (Bit) 

Because  W  U  an  eigenvector  of  G,  (B.28)  can  be  rewritten 

«*<*)  -  J_m  C({)[lV(£)  +  W{()  -  *(£)]«£  -  £,).-«•  d( 

- /_  [e~ «>*1V(£)  +  <r(£)(lV(£)  -  »'(£))]«£  -  £»)e-*<'rf£. 

From  this  expression  we  need  only  the  first  component,  which  is  v*(*).  By  (B4I),  the 
first  component  of  the  integral  of  the  first  term  is  simply 

/“.-«>•«£  -£„).-<•  a. 

This  is  exactly  the  integral  we  estimated  in  the  proof  of  Lemma  B.l,  and  we  showed 
that  it  differs  from  -  Cl)  by  at  most  MI|l)T|||.  Therefore  (B.29)  will 

18fi 
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l 

i 

\ 
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be  established  if  we  can  bound  the  integral  of  the  second  term  correspondingly, 

|/.„  -  w(()W  -  <«)«"** « j  <  «IIp"IIi-  (BM) 

Now  by  Cauchy  stability,  l|C'*|l  is  uniformly  bounded  for  alt  n.  Moreover  from  (0.30), 
(0.31),  (E.3),  and  the  fact  used  before  that  tj  «*’»  is  a  contraction  map  for  Im  if  >  0, 
one  has 

iwo-flm.  s~~t.  «-«*• 

Eq.  (0.32)  follows  from  these  facts,  since  as  before  we  can  eliminate  the  term  ((  —  &>)* 
by  replacing  p  by  p”.  | 
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